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Preface

Time relaxation and hysteresis are common strongly nonlinear phenomena
which occur in many industrial, physical and economic systems. The wording
‘strongly nonlinear’ means that linearization will not encapsulate the observed phe-
nomena. Often these two types of phenomena manifest different stages of the same
or similar processes. A number of fundamental hysteresis models can be consid-
ered as limit cases of time relaxation processes, or admit an approximation by a
differential equation which is singular with respect to a particular parameter.

However, the amount of interaction between practitioners of theories of sys-
tems with time relaxation and systems with hysteresis (and between the ‘relaxation’
and ‘hysteresis’ research communities) is quite low. Thus, the International Work-
shop on Relaxation Oscillations & Hysteresis was held at University College Cork,
Ireland on April 1-6, 2002 as an initial attempt to address this situation. Among
the aims of the workshop were

e to bring together leading experts in time relaxation and hysteresis phenomena
in applied problems;

e to discuss important problems in areas such as reacting systems, semiconduc-
tor lasers, shock phenomena in economic modelling, fluid mechanics, etc. with
the emphasis on hysteresis and singular perturbations;

e to learn and to share modern techniques in areas of common interest.

Further details concerning the workshop can found at
http://www.ucc.ie/ucc/depts/physics/ins/roh2002.htm

This book is based on results of the workshop. It is hoped that it will fa-
cilitate the cross-fertilization process between these two important topics, and the
emergence of promising new areas of research.

The first chapter presents an introduction to a relationship between singularly
perturbed differential equations and equations with hysteresis. The basic notions of
hysteresis and singular perturbations theory are introduced. The chapter contains
a number of very simple examples from both physics and mathematics.

The second chapter is entirely devoted to applications of models of hysteresis
in economics. The authors introduce a simple model of human motivation and
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investigate its consequences for the original formulation of the El Farol bar problem
of W. Brian Arthur.

In the third chapter a discontinuous hysteresis law is rigorously derived as
a singular limit in differential equations with non-monotone nonlinearities, which
arises, for example, in a model for instabilities of a fluid flow in a tube with a pump
and a valve with uncertain parameters.

Various aspects of the asymptotic theory of singularly perturbed systems are
presented in following three chapters.

A structured and synthetic presentation of Vasilieva’s combined expansions is
given in the fourth chapter. These expansions simultaneously take into account the
limit layer and the slow motion of solutions of a singularly perturbed differential
equation.

In the fifth and sixth chapters singularly perturbed partial differential equa-
tions are considered and typical problems of the asymptotic theory of contrast
structures are discussed.

The last four chapters are concerned with the geometrical approach to an
investigation of models with singular perturbations and hysteresis.

The integral manifold method is elaborated in Chapter 7, which is devoted
to the study of different critical cases in the theory of singular perturbations. The
presentation of mathematical results is combined with applications to problems of
mechanics and of control.

A further development of this method, with applications to lasers, control and
problems of chemical kinetics and combustion, is contained in the eighth chapter.

In the ninth chapter the integral manifold method is used to investigate the
problem of pressure driven flames in inert porous media.

The last chapter is devoted to an extension of the geometric approach to
systems with small hysteresis. The chaotic behavior of laser models is examined to
demonstrate the validity of this approach.

We wish to record our thanks to the authors for their important contributions.
We believe this book brings together many important recent developments in the
analysis of singular perturbation and hysteresis phenomena in an accessible and
reasonably comprehensive fashion. We want the reader to share the excitement of
present day research in this rapidly growing field. We hope this book will not only
be a useful and accessible introduction to techniques and the research literature,
but will also generate new ideas for researchers, and attract new researchers into
this vibrant and dynamic field.

Finally, we wish to gratefully acknowledge the support of the Boole Centre for
Research in Informatics, University College Cork.

The Editors



Chapter 1

A Naive View of Time
Relaxation and Hysteresis

A. Pokrovskii and V. Sobolev

Relationships between singularly perturbed equations and equations with hys-
teresis are discussed.

1.1 Introduction

1.1.1 Stop and Play nonlinearities

Singular perturbations® (including time relaxation) and hysteresis phenomena are
among the most common strongly nonlinear elements which arise in almost any in-
dustrial, physical or economic system. Often these two types of phenomena manifest
different stages of the same or similar processes. In this introductory section we il-
lustrate the relationships between hysteresis nonlinearities and singularly perturbed
equations by a very simple example.

Let us consider the mechanical device pictured in Fig. 1.1.

Here a small bead B can be moved along the string. We control a frame F
which can also be moved along a string to the left or to the right. The position
z(t), t > 0 of the right edge of the frame is a varying input. The bead moves only if
the left end of the frame pushes it to right, or if the right end of the frame pushes
it to the left. The varying distance y(t), t > 0 between the bead and the right edge
of the frame is the output. This ‘device’ is called the Stop nonlinearity (with the
limits 0 and h, where h coincides with the width of the frame). We suppose, that
the size of bead is negligible compared with h. If, as the output, we measure the
position z(¢) of the bead with respect to the string then the same device represents

IWe recall that a system of differential equations & = f(-), ey = g(-) is said to be singularly
perturbed if € is a small parameter.
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Stop O%I)Ut y(t)

Bead ~ Strin
\n‘; . Ing
] "~ Frame
Handle
| ! Scale
‘ [T / [T \ T ‘ LT ‘ ‘
Play output z(t) Input x(t)

Figure 1.1. The Play nonlinearity

a Play nonlinearity (with the width h)2. The Play nonlinearity is sometimes called
the Backlash nonlinearity [54].

The relationships between an input z(t), ¢ > 0, and the corresponding out-
puts of the Stop or Play nonlinearities are independent of the time scale: these
nonlinearities are rate independent. This means that if y(¢), z(¢) t > 0, are possible
dynamics of the (relative for the Stop or absolute for the Play) bead positions for
a given z(t), t > 0, then the functions v(t) = y(at), w(t) = z(at) describe possi-
ble dynamics of a bead for the input u(t) = z(at). Thus, we can represent these
relationships by a two-dimensional graph, see Fig. 1.2, where a typical trajectory
(z(t),y(t)) is represented by the directed bold line. Fig. 1.1 is the analogue of Fig.

£

Figure 1.2. A typical phase diagram for the Stop nonlinearity

2The definition of a Play nonlinearity may vary slightly in different texts: e.g. in the monograph
[28], p.8 the input is interpreted as the position of the left edge of the frame; in some other
publications the input is interpreted as the position of the handle, etc.
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1.2 for the Play nonlinearity; see Chapter 3 for more detail.

Figure 1.3. A typical phase diagram for the Play nonlinearity

The Stop and Play nonlinearities are simple but important examples of hys-
teresis relationships between scalar functions z(¢) and y(¢). We note, for example,
that the Stop nonlinearity is the classical Prandtl model of an elastic element [45, 46]
with Young’s modulus 1 and with plasticity limits 0 and h. The same nonlinearity
is sometimes referred to as the main nonlinearity in aircraft and rocket engineering
[33, 34].

The relationship between z(t) and y(¢) is not a function: for the same current
position z(t) of the frame the relative position y(t) of the bead within the frame
could be different. Note that the output y(t) for ¢ > 0 of the Stop (or the Play)
nonlinearity depends only on the input x(¢), ¢ > 0 and on the initial position of the
bead. We can use the operator notations: y(t) = S[yo|x(t) for the Stop nonlinearity
and z(t) = P[zo]z(t) for the Play nonlinearity. Here yo = y(0) and zp = z(0) play
the role of parameters. Operators S[yo] and Plyg] obviously satisfy the formula:

Slyola(t) + Plzolz(t) = x(t), (1.1)

where the initial states satisfy the equality yo + 2o = 2(0).

Although the device shown in Fig. 1.1 is extremely simple, as are typical
phase diagrams in Fig. 1.2, 1.3, it is not easy to suggest a convenient description
for the operators S[yp] and P[yo] for sufficiently general inputs, e.g. for all continu-
ous z(t), which is critically important in the investigation of differential equations
with hysteretic terms. The ‘naive’ attempt to describe the operators S[yolz(¢) and
Plyo]x(t) would be via the standard differential equations:

y:f(x(t)ay)v or z:g(x(t),z), (12)

where x(t) is a given input (that is z(-) plays the role of a functional parameter).
This, however, is hopeless, because the relationships between x(t) and solutions of
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the equation (1.2) are not rate independent. Indeed, the substitution t = a7 changes
equation (1.2) to

a~'y = f(z(ar),y).
This obstacle is conceptual: in contemporary scientific language hysteresis is defined
as Rate Independent Memory [56]. This instructive definition will be discussed in
more detail later.

1.1.2 Netushil’s representation

Now we come to one of the motivations of this paper. The operators S[yo] and P|yo]
may be explicitly described in terms of singular limits of an auxiliary singularly
perturbed scalar differential equation of the form

ez = f(z(t), 2). (1.3)

Here z(t) is a given continuous function, which again plays the role of a functional
parameter, and € is a small positive parameter. Denote by z(t; z9,£) the unique
solution of equation (1.3) satisfying the initial condition

2(0) = z. (1.4)

Recall that the singular limit z(Z,z) of the initial value problem (1.3), (1.4) is
defined as
2(t,2z0) = lirré z(t, 29, €). (1.5)
E—

We introduce an auxiliary function

—u, if 0 < u,
Gu) = 0, if —h<u<O,
—(U+h), Zf ’U’S _ha

see Fig. 1.4.
Let us consider the following singularly perturbed equation

ez = G(z — x(t)). (1.6)
The following important observation is due to Netushil [33, 34]:

The singular limit (1.5) exists for any continuous x(t), and the function
x(t)—z(t, 20) coincides with the output S[yolx(t) of the Stop nonlinearity,
where yo + 2o = x(0).

Fig. 1.5 (compare with Fig. 1.2) demonstrates the effectiveness of using the singular
perturbation approach suggested by Netushil in the approximation of the Stop
nonlinearity.

We will make some comments on Netushil’s observation. We return to a
general singularly perturbed equation of the form

i = f(x(t), 2), (1.7)
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Figure 1.4. Graph of the function G(u)

1.5 15
1 1
y(t) y(t)
/ i /
q 05968 1 15 2 g o5 9 05 1 15 2
() x(t)
(a) e=0.1 (b) e = 0.001

Figure 1.5. h = 1,z(t) = "3 (2.5sint + 0.1 cost)

and suppose that the function f is strictly positive for z < R(z) and strictly negative
for z > R(z), where R(z) is a continuous function on —oo < x < oo, see Fig.
1.6. This situation is usual in classical singular perturbation theory. It is well
known that for z(0) = R(x(0)) the singular limit of equation (1.7) can be described
by the functional relationship: z(t) = R(x(¢)), [32]. It suffices to note that for
‘infinitesimally’ small ¢ > 0 the derivative Z is ’equal to +o00’ for z < R(z(t)), is
‘equal to —oo’ for z > R(z(t)).

The situation is different if the set of zeros of the function f(z,z) has a more
complicated structure: as the reader will see, in this case singular limits of the
corresponding equations are operators of a hysteresis nature. Let us consider, in
particular, the case when the set of zeros of the function f(z,z) is a strip bounded
by the graphs of two different continuous functions z = R_(z) and z = R, (z),
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f(z,2) <0

/ flz,2) >0

Figure 1.6. Function R(zx)

satisfying the inequality R_(z) < Ri(x). We also suppose that the functions
R_(x) and R (x) are continuous and monotone in z, and that f is positive for
z < R_(z), and is negative for z > R (x), see Fig. 1.7.

A z=Ry(

Figure 1.7. Functions R_(x) and Ry (x)

In this case for infinitesimally small € > 0 the derivative Z is equal to +oo for
z < R_(z(t)), is equal to —oo for z > R, (z(t)), and is equal to 0 for R_(z(t)) <
z < R_(z(t)). It indicates that the singular limit of the phase diagram for equation
(1.6) can be described by Fig. 1.8.

In the case when

R_(z)=x2—h, Ri(x)=u,

this diagram coincides with Fig. 1.3. That is, the singular limit z(¢, zp) of the
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Z(%/ flz,2) >0

=1 1

(a) e =10.3 (b) e =0.02

Figure 1.9. h = 1,z(t) = cost

equation
ez = G(z —x(t)), (1.8)

describes the Play nonlinearity: z(t,z9) = P[zo]x(t). Thus, the equality (1.1) may
be rewritten as S[yo|z(t) = z(t) — z(¢, z0) with yo + 20 = x(0). This coincides with
the Netushil’s observation. To conclude, we present some graphs illustrating the
convergence of the the phase diagrams of the singularly perturbed equation (1.8)
to the corresponding input-output diagrams of the Play nonlinearity, see Fig. 1.9,
1.10 and 1.11.

1.1.3 General principle

Netushil’s observation is a manifestation of the following guiding principle:
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Figure 1.11. h=1,¢=0.1

Hysteresis operators can be often represented/approximated by

where z(t) is a singular limit of an appropriate singularly perturbed equa-
tion.

We list a few observations which support this principle.

Firstly, we note that the Netushil representation implies immediately that
the guiding principle holds for some classical models of elasto-plasticity, such as the
Besseling Model [6] and the Ishlinskii Model [25]. We recall that the Besseling Model
is a weighted sum of a finite number of Stop nonlinearities with different widths,
whereas the Ishlinskii model uses appropriate integrals instead of finite sums. More-
over, a natural modification of our constructions shows that this principle is intact
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for classical von Mises and Tresca models of vector plasticity phenomena, see [28]
and further references therein. This is again straightforward, since these models
can be interpreted as multi-dimensional Stop nonlinearities.

Secondly, we observe that Figure 1.8 represents so-called Generalized Play
[28], p.8. The role of this nonlinearity is based on the Identification Theorem, [28],
p-59, stating that any hysteresis nonlinearity I' with a memory which is stable with
respect to noises of small amplitude may be reduced to a form

Ta(t) = H(x(t), Plzo)x(t)),

where H(x, z) is continuous and strictly monotone in z, and P is a Generalized Play.
In other words, any canonical hysteron [28], p.31, has a singular limit representation
satisfying the guiding principle given above.

Thirdly, later in this Chapter and in Chapter 3 it will be demonstrated that
some other types of hysteresis nonlinearities, e.g. non-ideal relays, can also be
represented as singular limits of equation (1.7) (with functions f(z, z) for which the
set of solutions of f(x,z) = 0 has a structure different from that considered above).

Finally, one more partial explanation for the validity of this principle is the
following. The dependence between the input x(t) and the singular limit of the
solutions z(t, to, z0) of the corresponding initial value problem for equation (1.7) is
always rate independent, although it is not true for any given strictly positive value
of the parameter . The italicized statement is easy to prove. Indeed, let, for a
given € > 0 and given z(t), the function z(t,¢) be a solution of equation (1.7), and
let us consider for some « > 0 the functions w(t,e) = z(at,e). Then, clearly, we
can write

bir = [ (w,x(at)),

where § = ¢/a. That is,
w(t,e/a) = z(at, €).

Let now z.(t) be a singular limit of the equation (1.7). Then the limit transition
as ¢ — 0 proves that the the function w,(t) = z.(«at) is a singular limit for the
equation (1.7). This proves our assertion.

1.1.4 Closed loop systems

The hysteresis nonlinearities considered above are ’open-loop’ systems with an input
z(t) and an output y(¢). In many cases they are, however, parts of a closed loop
system where other elements are described by differential equations.

Consider, for instance, forced oscillations of a pendulum on an elastic-plastic
element with Young’s modulus equal to one both in the elastic and plastic compo-
nents and with the plasticity limits 0, h. This can be described by the differential-
operator equation

Z 4z + y(t) = sin(wt),

1.9
y(t) = Slyolx(t). (-9
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This is a differential-operator equation, where the initial state y(0) = yo €

[0, k] of the Stop nonlinearity is a parameter. It can be shown that for any initial
condition

l‘(O) = X, x(O) = .fo, (1.10)

this equation has a unique solution (x(t), y(t)).

In this situation we can link the solutions of the equation with hysteresis to
limit solutions of the singularly perturbed system (using an additional auxiliary
variable z),

4z +y = sin(wt),
y=x— 2z, (1.11)
ez =G(z—x).

Recall that the singular limit of the initial value problem
x(0) = xg, 2(0) =0, 2(0)=2

for the system (1.11) is the limit of the corresponding solutions (z.(t),z:(t)) as
¢ — 0. Namely, by Netushil’s observation, the following is true.

The solution of the initial value problem (1.9), (1.10) coincides with the
pair (z(t), z(t) — z(t)), where (x(t), z(t)) denotes the singular limit of the
solutions of equation (1.11) with the initial conditions

x(0) = xg, %(0) =z9, 2(0)=2x(0)—yo.

We present some graphs illustrating the convergence of phase diagrams, in the
(z,y)-plane of the singularly perturbed equation (1.11), to the corresponding phase
diagrams of the equation with the Play nonlinearity ((1.9), see Fig. 1.12 and 1.13
(in both cases w = 2).

The italicized observation above is again a manifestation of the general prin-
ciple.

Equations with hysteresis nonlinearities are singular limits of appropri-
ate singularly perturbed equations. Vice versa: Singular limits of equa-
tions with singular perturbations are solutions of equations with appro-
priate hysteresis nonlinearities.

This principle is very useful, and different aspects of its application will be
discussed later in this chapter. Here we mention only that it highlights the role
of equations with hysteresis in the asymptotic analysis of some multi-rate systems.
Consider, as an example, a system of the form

j" = Ef(x7 y7z)’
y- :g(x’ y’ Z)’
02 = h(z,y, 2),



1.1. Introduction 11
2 2
15 15
vt 4 y(t) 4

»

2 GJ 4

(a) (z(t),y(t))-plane (b) (t,y(t))-plane

Figure 1.12. h=1,e =0.1
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Figure 1.13. h =1,e = 0.001

where £, > 0 are small. Then the first stage of the asymptotic analysis of the
system is replacing the last equation with its singular limit, with the subsequent
use of an appropriate averaging procedure [52]. As we discussed in the case when
the function h is not monotone in z, this singular limit is a hysteretic nonlinearity.
Thus, the asymptotic analysis of the whole system reduces to the analysis of the
differential operator equations

:1.7 = €f(:r’ y’ Z)’
y=y9(zy,2),
z(t) = Lay(t),

where ' is a hysteresis-type operator which depends on the parameter x.



12 Chapter 1. A Naive View of Time Relaxation and Hysteresis

To finalize this long introduction, we would like to express our view that
bearing in mind the simple guiding principles mentioned above could be of great
benefit to both the ‘hysteretic’ and the ‘singularly perturbed’ scientific communities.

The remainder of this chapter is dedicated to some further ‘promotion’ of
this view. Firstly, in Section 1.2, we will discuss an approach to mathematical
models of hysteresis as suggested by Krasnosel’skii, and especially to a modern
interpretation of the Preisach model developed by Krasnosel’skii (with co-authors)
and I. Mayergoyz. The Preisach Model nowadays plays a major role in different
subject areas, especially in micromagnetism; see, for instance, the Special Issue of
Physica B; Condensed Matter, 306, December 2001, No 1-4. This Issue devoted the
main bulk of its 270 pages to applications of the Preisach model of hysteresis to
different physical problems. The basis of many contributions is the Krasnosel’skii-
Mayergoyz concept of the Preisach operator, which is the topic of the first part
of the introductory chapter. We mention also the 5th International Symposium
on Hysteresis and Micromagnetic Modeling (May 30 - June 1, 2005, Budapest,
Hungary,

http://www. HMM2005.bme.hu ),

which is devoted to the 100th anniversary of the birth of F. Preisach. In the second
part of this chapter (Section 1.3) we discuss important phenomena related to sin-
gularly perturbed equations via simple piece-wise linear examples. This approach
has allowed us illustrate such phenomena as initial layer, jump points, canard tra-
jectories etc by explicit formulas. We note also that the piece-wise linear singularly
perturbed equations play an key role in engineering applications. Afterwards, in
Section 1.4, we will come back to the relationship between hysteresis and singular
perturbation phenomena.

We mention that in writing this text we were inspired by the famous paper
[37].

1.2 Hysteresis Phenomena
1.2.1 Why bother with equations with hysteresis?

We consider an iron pendulum oscillating in an external magnetic field, see Fig.
1.14.

Such oscillators are common in nature. Without a magnetic field, the pendu-
lum dynamics are described (in a linear approximation) by the equation

¥+ at + x = sin(wt),

which can be integrated explicitly. The situation when the magnetic field is present
is, however, much more complex. The iron of the pendulum will be magnetized and
demagnetized. This process is called ferromagnetic hysteresis. The magnetization
will interact with the external magnetic field, and thus the equation will have the
form

Z+at+z =sin(wt) +y(t), y(t) =Tz(t), (1.12)
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Figure 1.14. An iron pendulum in a magnetic field

where the nonlinearity I'z(¢), which describes the interaction between the external
magnetic field and the magnetized pendulum itself, will be described more fully
later. This term, I'z(t), depends on the pendulum’s position as well as on its
magnetization. The pendulum’s current magnetization depends in turn on the
whole previous history of the pendulum’s motion. Thus the actual equation is of a
differential-operator type.

To proceed with a quantitative and qualitative analysis of equation (1.12), we
need a convenient description of the operator I" that acts on the function z(t). Some
important requirements for such a description are:

1. Tt should be amenable to physical observation;

2. Tt should admit a convenient numerical implementation (to allow computer
modelling of the equations);

3. It should have “nice” properties as an operator in some function space (to
develop a qualitative theory of the equation with hysteresis).

It is not clear, a priori, whether such a description of ferromagnetic hysteresis
exists. However, we shall discuss this question within a broader setting below.

The outline of the remainder of this section is as follows:

In Subsection 1.2.2 we discuss the modern understanding of the phrase hys-
teresis phenomenon. In Subsections 1.2.3-1.2.6 we discuss one of the important
mathematical models of hysteresis: the Preisach nonlinearity. In Subsection 1.2.6
we explain how this particular model satisfies requirement 2 above. In Subsections
1.2.7-1.2.8 we discuss the important Identification Principle that justifies require-
ment 1. Finally in Subsection 1.2.9 we discuss the numerical and qualitative analysis
of closed loop systems using the Preisach model (requirement 3).



14 Chapter 1. A Naive View of Time Relaxation and Hysteresis

1.2.2 Generalities

The word hysteresis is of Greek origin and means etymologically ‘to lag behind’. It
was introduced into the scientific vocabulary about 120 years ago by the Scottish
physicist Alfred Ewing as follows “when there are two quantities M and N, such
that cyclic variations of N cause cyclic variations of M, then if the changes of M
lag behind those of N, we may say that there is hysteresis in the relation of M and
N7 [18]. Further interesting historical details are presented in [10].

Nowadays, “hysteresis” is one of the most ‘multi-valued’ of terms (like, say, ‘en-
tropy’). For example, it is widely used in mechanics (plastic hysteresis) [30], physics
(ferromagnetic hysteresis) [31], phase transitions [9], hydrology (soil-moisture hys-
teresis) [38], and economics (shock analysis) [11]. In many scientific and general
encyclopedias, the meaning of the word is illustrated by a picture like Fig. 1.15:

AY

vl

Figure 1.15. A typical hysteresis input-output diagram

The quantities x, y, marked as the horizontal and the vertical coordinates, can
have different physical meanings, such as deformation versus stress (plastic hystere-
sis) or external magnetic field versus magnetization (ferromagnetic hysteresis).

In fact, this picture alone contains the basic points for an operational definition
of hysteresis. We can suggest immediately that, in engineering language, a hysteresis
nonlinearity is a kind of transducer I' which relates the variable output y(t) to a
variable input z(t), see Fig. 1.16.

This transducer I' is not a function: for the same current value z(t.) of the
input, different output values y(t.) can be observed (geometrically some vertical
lines have multiple intersections with the input-output curve in Fig. 1.15). In other
words, an output y(t), after a certain reference time ¢,, depends not only the input
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Figure 1.16. A hysteresis transducer

x(t), t > t., but also on an internal/initial state w = w(t.) of the transducer T.
Sometimes, this internal state can be characterized in suitable physical terms; in
other cases, it is a kind of condensed memory of the history for ¢t < t,; sometimes it
is just an abstract parameter. Moreover, since there is no mention of a time scale in
Fig. 1.15, we can suggest that the input-output relationships are (at least in the first
approximation) rate-independent, or, equivalently, invariant with respect to time
scaling. That is, if the pair (x(t), y(¢)) is an admissible input-output correspondence,
then the correspondence (x(at + b), y(at + b)) is also admissible for any real b and
positive a, see Fig. 1.17 below.

In formal mathematical language the ‘input-output’ relationships are to be
understood as operators in a suitable function space. Rate independence means
that these operators are invariant with respect to the action of the group G of affine
transformations of the time-scale.

We have now arrived at one of the modern formal definitions of a hysteresis
nonlinearity. Omitting a few technicalities, hysteresis nonlinearities are defined as
deterministic, rate independent operators® [56]). Surprisingly, this general definition
is sufficient for developing interesting formal concepts with various applications.
This fact was understood by a group of Russian mathematicians in the early 1970s,
see [28] and the bibliography therein. The general structure of these formal concepts
is as follows:

1. Choose elementary hysteresis nonlinearities, so called hysterons (such as a
non-ideal relay, Generalized Play [28], Prandtl or Duhem models, etc).

2. Treat complex hysteresis nonlinearities as block-diagrams of hysterons.
3. Establish identification principles.

Nowadays, this approach to hysteresis is standard [27] and it contains a wide
variety of ‘branches’; depending on the choice of hysterons in item 1 and /or the basic
type of the block-diagrams in item 2. Below we shall discuss only one such branch:
the Preisach model. In this model the role of hysterons is that of non-ideal relay
nonlinearities, or, as they are also called, thermostat nonlinearities. Block-diagrams
are essentially the standard parallel connection of a number of hysterons.

3We note, in passing, a result of F. Holland (a personal communication): the only linear integral
operator satisfying the rate independence property is the Hilbert transform.
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Figure 1.17. Rate independence

Figure 1.18. Non-ideal relay R, g

1.2.3 Non-ideal relay

The non-ideal relay (with threshold values oo < ) is the simplest hysteretic trans-
ducer. This transducer is denoted by R, g; its output y(¢) can take one of two
values 0 or 1: at any moment the relay is either ‘switched off’ or ‘switched on’. The
dynamics of the relay are usually described as in Fig. 1.18.

The variable output y(t)

y(t) = Ra,ﬁ[thT/O]I(t)? t Z t07

depends on the variable input z(t) (¢t > to) and on the initial state ny. Here the
input is an arbitrary continuous scalar function; 7y is either 0 or 1. The scalar
function y(¢) has at most a finite number of jumps on any finite interval ¢y <t < ¢;.

The output behaves rather ‘lazily’: it prefers to be unchanged, as long as the
phase pair (x(t),y(t)) belongs to one of two bold lines in Fig. 1.18. The value of
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Figure 1.19. Input and output or non-ideal relay R, g

the function y at a moment ¢ is defined by the following explicit formula:
no, ifa<az(r)<pforall 7€ [to,t];

1, if there exists t; € [to, t] such that
y(t) = Ra glto, nolz(t) = x(t1) > B, (1) > a for all T € [ty,1];

0,  if there exists ¢; € [to,t] such that
z(t1) <o, () < ffor all T € [t1,1].

The equalities y(t) = 1 for z(t) > [ and y(t) = 0 for z(¢) < a always hold for t > t.

Fig. 1.19 gives another geometrical illustration of the definition of a non-ideal
relay. Here we combine on the same graph a typical input and the corresponding
output of the relay.

From the physical point of view, the definition of the output is verifiable only
for those inputs that haven’t got local minima equal to a or local maxima equal to
8. The question whether the corresponding switching would happen or not for such
inputs is affected by small uncontrollable noises, which are present in any physical
system. The physically meaningful definition of (the set) of possible outputs for
such ‘critical’ inputs requires a special construction.

We note, finally, that such relay operators are discontinuous in any reasonable
sense. A nice and important property of the non-ideal relay is its monotonicity with
respect to both the input and the initial state: if no1 < no2 and x1(t) < x2(t) for
all t € [to,t1], then y1(t) < y2(t) for all t € [to,t1].

There is another way to represent the non-ideal relay which will be of great
use later on. Any non-ideal relay Rq, ,, @0 < (o, can be represented as a point
(g, Bo) in the half plane a < 3, and any point above the diagonal represents a non-
ideal relay. This half plane will be known hence forth as the ‘Preisach Half Plane’
or for convenience the ‘Preisach Plane’. The reader may have noticed that this
new representation involves no reference to input or output. It is in the calculation
of output that the true elegance of this representation comes to the fore. In this
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Figure 1.20. Non-ideal relay Ra, 3,, on Preisach plane with variable input x(t)

representation the input, 2(t), moves along the horizontal and controls the point
on the diagonal o« = (8 directly above itself. When moving toward the upper right
corner, the point on the diagonal drags the horizontal line with itself, and ‘shades’
the domain below this line and above the diagonal. When moving towards the
bottom left corner, the point on the diagonal drags the vertical line with itself, and
‘un-shades’ everything to the right of this line and above the diagonal. The output,
y(t), is then determined by whether the point (ayg, Bp) is within the shaded’ region
or not. Those relays with coordinates (g, B9) which are within the shaded region
are ‘turned on’ and thus their output is 1. Those relays that are not within the
shaded region are ‘turned off’, so yield an output of 0.

In 1.20(a), with initial input z(¢1), the relay Ry, g, is not within the shaded
region at the moment ¢; (this region is dark shaded in the picture) and so has an
output of 0. As the input is increased to z(t2) the shaded area increases as described
above and the extra lighter shaded area is incorporated. Thus, the region shaded at
the moment t5 is the union of the darker and lighter shaded areas. Therefore, at the
input z(t2), the relay Ry, g, is within the shaded portion of the Preisach plane and
thus its output is changed to 1. Let us move now to Fig. 1.20(b) which represents
the situation when an input x(¢) decreases from xz(t1) to z(t2). The region shaded
at the moment t; is here the union of the darker and lighter shaded areas; the relay
Ra, 8, is contained in the shaded region and contributes 1 to the output. As the
input is decreased to z(t2) the vertical line moves through the black dot, and the
lightly shaded portion is removed from the gray area, leaving only the darker shaded
piece. That is, the region shaded at the moment t5 coincides with the darker shaded
area. In particular, at the moment ¢, the relay R, g, is no longer contained in the
shaded region and thus the output for that relay is then 0.

While these pictorial representations hopefully aid the understanding of the
process, those that may not immediately grasp the concept are encouraged to try
the applets (interactive web pages) at
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http://phys.ucc.ie/~oll /hysteresis/nodel.htm

1.2.4 The parallel connection of non-ideal relays

Take, now, a number of relays: R/ = Ra; 5,5, 1 < j < n. Consider a parallel
connection of the relays R7, with the weights p; = pu(j) > 0. Fig. 1.21 illustrates
this situation.

> R(nﬂl
M1
I(t) > R(lz;ﬁ:s /5 Z —>y<t)

Figure 1.21. Weighted parallel connection of a finite number of non-ideal relays

As shown in Fig. 1.21 the same input, z(t), is fed into each of the non-ideal
relays (transducers) that are connected in parallel. Each output is then multiplied
by its corresponding weight u; as defined above. The output of the entire system
then, is the sum as shown in the equation

y(t) = ylto, mo)(t ZM; Lo, mo(H)]x(t), ¢ =to.

To get a visualization of how this parallel connection of non-ideal relays works, we
shall represent the situation graphically in two ways. The first is as in Fig. 1.21. In
this situation the relays are stacked one on top of another. This situation is shown
in Fig. 1.22(a) for 3 random relays in parallel. As mentioned the same input is fed
into each relay. The reader can imagine each relay being switched on in turn and
visualize the output increasing as each relay is switched on. Fig. 1.22(b) then shows
the 3 relays as points on the Preisach plane, the dynamics of which were introduced
above. The result of identical inputs, x(t), to either ‘block diagram’ (the relays or
the Preisach plane) with identical initial states will be identical outputs, y(¢), for
all time ¢ > tg.

Though it may seem like overkill to present both representations for the case of
3 relays in parallel, it is simply an illustration to show that each relay can indeed be
represented on the Preisach plane. The power of the Preisach plane representation
will become apparent in sections 1.2.6.
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Figure 1.22. Parallel connection of 3 non-ideal relays

1.2.5 Preisach model
Definition

Consider a family R of relays R¥ = R, g, with threshold values o, By, w € Q.
The index set 2 may be finite or infinite, and we shall call such a family a bundle
of relays. Suppose that the set €2 is endowed with a probability measure u. We
further suppose that both functions «.,, 5, are measurable with respect to u.

We call any measurable function n(w) : @ — {0,1} the initial state of the
bundle R.

For any initial state 7o(w) and any continuous input z(t), t > to, we define
the function

y(t) = ylto, mol(t /R [to, 1o (w)]z(t) dps, t > to. (1.13)

We refer to this model as a Preisach nonlinearity (or when convenient, a
Preisach model or Preisach operator). Here y(t) is the output of the Preisach
model from the initial state 7y and the input z(t).

If the measure p has a finite support wy, ..., w,, then the definition (1.13)
may be rewritten as a parallel connection of the relays R*9 = Rq,, g, with the

weights f1; = p(w;) > 0:
y(t) = ylto, nol(t Zuj ito, mo(w))la(t),  t>to.

Thus, from the point of view of system theory, the Preisach nonlinearity cor-
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Figure 1.23. Parallel connection of two Preisach transducers

z(t) f f(x(t)) y(t)

—_— P—>

Figure 1.24. Cascade connection of a function and a Preisach transducer

responds to a parallel connection of a continuous bundle of non-ideal relays.
For t > tg, it is also convenient to interpret the function

n(w) : w — R?[to, no(w)]z(t)

as the state of the Preisach nonlinearity at the moment ¢.

Although the individual relays are discontinuous in any reasonable sense, the
Preisach operators are often continuous with respect to the uniform norm and have
other nice properties, see [28].

The class of Preisach transducers is closed with respect to some natural op-
erations. For instance, the weighted parallel connections of a number of Preisach
transducers P;, with positive weights, is a Preisach transducer, see Fig. 1.23. This
fact follows immediately from the definitions.

We also note the following useful fact.

Proposition 1.2.1. Let the function f(x), be strictly increasing for x_ <z < x4,
and g(x) be strictly positive on the same interval. Then the cascade connection P f
of a functional link f : x — f(x) with a Preisach transducer P, as shown in Fig.
1.24, is a Preisach transducer (with another measure p). Also the transducer g P,
which multiplies the output y(t) of the Preisach transducer by factor g(x(t)), is a
Preisach transducer.

This fact is nontrivial. It follows from the so-called Identification Principle ,
see below. We note that generally the connection fP is not a Preisach transducer.
The Preisach model was first suggested almost two thirds of a century ago
[47] to describe ferromagnetism. The same model was independently invented and
extensively studied in the 1950’s in relation to adsorption hysteresis by D. H. Everet,
see [14, 15, 16, 17]. Hysteresis in phase transitions is another area where Preisach
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type models have been used successfully. The monograph [9] is devoted to this
topic. In the remainder of this section we mention briefly more areas where there
is a convincing naive explanation of the applicability of the Preisach model.

First Impressions Last: Preisach Model in a Social Context

It has been noted that hysteresis helps to describe the dynamics of many physical
and technical systems. Another area in which hysteresis may be involved is in a
social context.

The saying goes that: ‘first impressions last’ and this is exactly what happens
with a non-ideal relay. Once a person’s mind is made up, one way or the other, it
is more difficult to change it to the opposite than it is to convince him in the first
place. Obviously it is a discontinuous situation when a person changes his mind.

So, take as an example the business concept of goodwill — the idea that there
can be a monetary value attached to the customers that a business presently has.
The idea goes far beyond that fact that the customers buy goods from the agent, to
the respect that the customer has for that particular agent. It is easy to imagine that
the first time a consumer becomes a customer of a particular firm and is satisfied
with the goods or services provided that they would prefer to bring their custom to
that firm. So, that consumer has goodwill towards that firm.

When a consumer becomes dissatisfied with their present supplier they will
take their custom elsewhere. The level of satisfaction at which a consumer abandons
their supplier will not be the same as that at which they first became a customer.
Thus the satisfaction-custom relation can be represented by a non-ideal relay.

no, ifa<z(r)<ploral 7€ to,t];

1,  if there exists t; € [to,t] such that
y(t) = Ra glto, nolz(t) = x(t1) > B, (1) > a for all T € [tq,t];

0,  if there exists ¢; € [to,¢] such that
xz(t1) < a, z(r) < B for all T € [ty,1].

Here 7y represents the initial inclination of the consumer, he may have purchased
goods from the firm but has not developed any loyalty to the firm. Enough trust has
not yet been built up. 0 then means that that particular consumer is not a customer
of the firm. At some point he was indeed a customer but became so dissatisfied that
he ceased to do business with the firm. The output value of 1 obviously means that
that consumer is a customer of the firm and does have goodwill toward the firm.

The amount of goodwill that a consumer has toward a particular firm varies
from one customer to another. One consumer is easily pleased, say, while another is
more difficult to satisfy. The width of the non-ideal relay r = 6 — « is representative
of how difficult it is to please a given consumer.

One might expect that the switch up and switch down satisfaction rates would
be symmetric about zero satisfaction, but the asymmetry can be justified by the
interaction between consumers. Those consumers with |3| > |a| are influenced by
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customers that are happy with the firm and those for which |3| < |a] are influenced
by consumers that are dissatisfied with the firm. In the same way, as the satisfac-
tion of present customers increases they will influence those that are not presently
customers of the firm. i.e. as satisfaction increases so does the customer base of
the firm. As mentioned earlier the amount of goodwill that a customer has for that
firm depends on the consumer.

Summing over all consumers then leads to the total value of goodwill. It is
easy to see that this summation is identical to some Preisach type model similar to
those presented in the previous chapter. The probability distribution of the model
would most likely however not be so simple as the grid points of the discrete model
described earlier. The majority of consumers would have close to symmetric ‘up’
and ‘down’ satisfaction rates, thus the relays would be concentrated close to the
line & = —f3. Neither would there be a vast difference in the width of the relays.

Consider also slander. A mere retraction of the slur against a person or group
is of course not a satisfactory resolution. The damage has been done, people will
remember the slur. It is like trying to un-ring a bell. Many people have turned
against the person and will not return their favor until a great deal of trust is again
built up, again like the non-ideal relay.

Of course some time dependence is required to model these situations since
few of us are blessed with perfect memories.

If a situation arose that the popularity of a person were crucial at a particular
time, would there be an optimum time at which to do the ‘good deed’? In a election
for example, would there be a perfect time in the campaign to release a particular
piece of news, such that its impact induces the electorate to vote for you. Say, for
example, that oil prices suddenly dropped or that taxes were cut just before election
day. Even though they might have increased dramatically during the tenure of the
present government the meagre drop might be fresh in the mind of the electorate
and outweigh the steady increase that went before. See Chapter 2 and the references
therein for further discussion on hysteresis in some sociological situations.

Preisach model in hydrology

This section introduces the idea of hysteresis in hydrology.

So-called soil-moisture hysteresis is important in terrestrial hydrology. The
essence of this phenomenon is that “Less mechanical work is required to insert
water into unsaturated soil than to remove it - good for agriculture!” [23].

It has been shown experimentally, as far back as 1941 [51], that there is a
hysteresis effect in the relation between water retention and soil-moisture tension.
The hysteresis effect is evident in the Soil-Water Characteristic Curve (SWCC), in
that it is different depending on whether it is for wetting or drying. The origin of
the hysteretic effect may be attributed to several factors [23]:

1. Geometric nonuniformity of individual pores, resulting in the so called “ink
bottle effect”.

2. Different spatial connectivity of pores during drying and wetting.

3. Variations in liquid-solid contact angle.

4. Air entrapment.
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Important and successful mathematical descriptions of soil-moisture hysteresis
have been suggested. The fundamental work on the subject appears in [1, 24, 38, 39],
with further references therein. More recently some new one parameter classes of
Preisach operators were introduced which were used as models of soil-moisture
hysteresis for particular soils [19].

To describe the SWCC an appropriate equation is required. The most popular
one is the van Genuchten equation, which takes the following form:

h nq—m
QZF(h):9r+(9s_0r)|:]—+(>:| ,

hg
where 6 is the volumetric water content, 6, is the residual water content (in most
cases this is zero),  is the volumetric water content at natural saturation which
is chosen as the water content scale parameter, h is the soil water pressure head
(also known as the matric potential), where this variable is taken to be negative
and expressed in cm of water, and hy is the van Genuchten pressure head scale
parameter. The two dimensionless water retention shape parameters, m and n, are
related by m =1 —1/n.

All of these parameters for many different soil types can be found in [22],
where experimental and field data were successfully fitted with Van Genuchten
type functions. The Van Genuchten type Main Drying curves can be used as the
basis for a Preisach model, which may be examined quantitatively. Note that the
Van Genuchen form for the curves discussed is not the only possible equation to
describe them. Reference should be made to [22] and the bibliography therein for
further details.

1.2.6 Controllable Preisach nonlinearities

The analysis of the Preisach nonlinearity P can be reduced to the case when the
set €2 is the Preisach half-plane II = {(a,8) : B > a} (see [28]). Moreover, it
is sufficient to consider the case when the initial and varying states 7o, n(t) are
characteristic functions of sets .S, which look like the shaded set in Fig 1.26. That
is, S is located to the left of the line o = § and below a continuous piece-wise linear
curve L, whose links are parallel to one of the coordinate axes. (If the measure y is
not absolutely continuous the horizontal links of L, excluding their right endpoints,
must belong to S, whereas the vertical links, excluding their bottom endpoints,
do not belong to S.) Additionally, in this standard case, the coordinates of the
intersection of L with the diagonal coincide with the current value of the input x.
This case describes all Preisach nonlinearities which are controllable in a natural
sense [28].

This case is convenient because the evolution of the varying states admits a
simple geometrical interpretation, see Fig. 1.27, 1.28. Here the input z(t), moves
along the horizontal scroll-bar, and controls the point on the diagonal o = 3 im-
mediately above itself. When moving toward the upper right corner, this point on
the diagonal drags the horizontal line, and shades the domain below this line and
above the diagonal. (For instance, if, in Fig. 1.27, = increases from the value u
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Water Pressure Head

Figure 1.25. Schematic diagram of the hysteresis model with the main
drying curve (MDC), primary wetting curve (PWC) and a secondary drying curve
(SDC) branching off the PWC

to the value v, the gray area is increased by the lighter shaded triangle.) When
moving towards the bottom left corner, the diagonal point drags the vertical line,
and ‘clears’ everything to the right of this line and above the diagonal as in Fig.
1.28. The output y(¢) is the area of the shaded domain with respect to the measure
-

The rules to calculate outputs of a controllable Preisach nonlinearity follow
immediately from the description of a non-ideal relay presented at the end of Section
1.2.3.

We also mention the important wiping out principle as formulated in [31].
Each local input maximum wipes out those vertices of L(t) whose a-coordinates
are less than this maximum, and each local input minimum wipes out the vertices
whose [-coordinates are above this minimum. That is, only the alternating series of
dominant input extrema are stored by the Preisach model. All other input extrema
are wiped out. See further details in [31].

Numerical implementation

For a given measure pu, it is easy to write a computer program to calculate the
output of the Preisach model for an input function x(t). We encourage readers to
experiment with such a program via the interactive homepage

http://physics.ucc.ie/ ~oll /hysteresis/node8.htm
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Figure 1.26. Typical state of a Preisach model

Fig. 1.29 gives some outputs of this program for an irregular input, and for the
standard Lebesgue measure as p.

1.2.7 Minor loops
Definition

The phrase hysteresis loop is commonly used in the natural sciences to indicate
closed curves in the (z,y) plane associated with outputs of hysteresis nonlinear-
ities corresponding to periodic inputs. In this section we will discuss important
properties of hysteresis loops for Preisach nonlinearities.

We consider a harmonic input of the Preisach nonlinearity

a+b+a—b
2 2

z(t) = x(t;a,b) = cos(t), t>0.

For any initial state 7, the corresponding output

y(t) = y(t,a,b;m)

is 2m-periodic for ¢t > .

The corresponding phase diagram (z(t), y(t)), t > , is a closed curve called a
minor hysteresis loop (with the limits a,b); denoted by L(a,b;n). In contrast, the
curve with the parametric representation (z(t),y(t)), 0 < ¢ < m, corresponds to the
transient process, see Fig. 1.30.
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Figure 1.27. Dynamics of the state of a Preisach model (an increasing input)

Figure 1.28. Dynamics of the state of a Preisach model (a decreasing input)
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Figure 1.30. A phase portrait of a hysteresis loop and a transient part
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Loop 1

Figure 1.31. Congruence of hysteresis loops

While a hysteresis loop depends on the initial state ny = n(0), the loops
corresponding to different 7y are congruent. This is the Congruence Property of
the Preisach nonlinearity, see Fig. 1.31.

From Fig. 1.27 and 1.28 we see that the lower branch of a minor loop L(a, b; 1)
is congruent to the graph of the function y_(z) = u(A(a,x)), where A(a, ) is the
triangle with the vertices (a,a), (a, ), (x,x):

Aa,2) ={(e, ) :a<a<f <z},

see Fig. 1.32. In the same way the upper branch is congruent to the graph of the
function y4 (z) = —u(A(x,b)).
In particular, the value

F(CL, b) = y(27ra a, b7 77) - y(ﬂa a, b7 77) (114)

is not dependent on n by the Congruence Property. It is called the loop-magnitude
function. By definition, F'(a,b), a < b, coincides with the p-measure of the triangle
A(a,b):
F(a7 b) = M(A(aa b)) >0,
and
F(a,b) = —F(b,a).

Moreover,
F(al,bl) + F(a2,b2) — (F(ag,bl) + F(al,bz)) >0 (115)

for any a1 < ag < by < by, since the expression in the left hand side coincides with
the p-measure of the rectangle Q(ay, b1, az, by) with vertices

(a17 b1)7 (ala bZ)a (a27b1)> (a27 b2)7

see Fig. 1.32.
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A0 A5

Q(a1, a2, by, bo)

Y
Y

Figure 1.32.  Left: triangle A(a,x) (shaded).  Right: rectangle
Q(a1,a2,b1,b2) (shaded)

Fast settling property and extended congruence property

We consider in more detail the minor loops for an arbitrary continuous 27-periodic
input z(t), t > 0. Let 71 be the first time that x(t) achieves its global maximum, and
7_ be the first time that z(¢) achieves its global minimum, and let 7 = max{7_, 71 }.

Lemma 1.2.1. The output y(t,n9) is 2w-periodic for t > 7.

This assertion is called the Fast Settling Property of the Preisach model.
We also consider the curves, in the phase plane, given by

yp(xmo) = sup y(tsmo),  y—(z;mo) = inf  y(t;no). (1.16)

tx(t)=z tx(t)=z

That is, for a given value x, € [min; 2(t), max; 2(t)], the number y (x;ng) is the
ordinate of the highest intersection of the vertical line x = z, with the phase portrait
of the trajectory (z(t),y(t)). Similarly, the number y_(z;7n9) is the ordinate of
the lowest intersection of the vertical line x = x, with the phase portrait of the
trajectory (z(t), y(t)).

The union of the curves (1.16) (or the area between them) is called the prin-
cipal minor loop; it depends on the initial condition 79, as well as on the function
x(t). The following observation holds

Lemma 1.2.2. Any principal minor loop is congruent to a minor loop with the
limits min x(t), max x(t).

We will call this observation the Extended Congruence Property of the Preisach
model. It is illustrated in Fig. 1.33.
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Figure 1.33. FEztended Congruence Property of Preisach model, with a
principal minor loop shown by a directed bold line

1.2.8 Identification Principle
Formulation

A Preisach model was first suggested almost two thirds of a century ago [47] to de-
scribe ferromagnetism. According to the Weiss theory, ferromagnets are composed
of a large number of elementary magnets (domains). Under an applied external
magnetic field H(t) the state of each elementary magnet depends on the external
field as well as an internal interaction with other domains which is a function of
the magnetization state, M (t). The resulting magnetization state contains a pos-
itive feedback mechanism which leads to hysteresis, and the Preisach model was
suggested to capture some features of this process. Individual relays reflect the role
of individual domains.

The approach described in the previous paragraph was based on ideas about
the microstructure of ferromagnets. Formally, it does not take into account the
interaction between domains and thus might seem inadequate even for this subject.
However, the Preisach model appears to be extremely successful, and is now recog-
nized as a fundamental tool in describing a wide range of hysteresis phenomena in
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quite different subject areas (physics, mechanics, superconductivity, tectonics, eco-
nomics, etc.) The interested reader might consult the recent special issue of Physica
B [41], and the bibliography therein. The modern explanation of the pivotal role
of the Preisach nonlinearity is based on an operational, phenomenological approach
and on special identification theorems. It will be briefly discussed in this subsection.

We begin with the following observation: careful physical experiments show
the following for ferromagnetic hysteresis in a wide range of experimental conditions.
The input-output correspondence satisfies the Extended Congruence Property, and
the Fast Settling Property. Moreover, the corresponding loop-magnitude function
F(a,b) satisfies the inequality (1.15).

Thus, Preisach nonlinearities can be used to describe some ferromagnetic phe-
nomena. However, the Preisach model has much wider and fundamental impli-
cations. The following fundamental Principle is (in a different form) due to I.
Mayergoyz, see [31].

Identification Principle. Let a rate-independent transducer I' satisfy the Fx-
tended Congruence Property and the Fast Settling Property. Let, further, the corre-
sponding function (1.14) satisfy the inequality (1.15). Then T can be identified with
a parallel connection of a suitable Preisach nonlinearity and a functional transducer

T — ().

Thus, if a rate independent phenomenon satisfies the conditions of the Iden-
tification Principle, within the accuracy of experimental observations, then that
phenomenon can be identified with an appropriate Preisach model. For example,
this guarantees that the Preisach model describes a range of plastic hysteresis phe-
nomena, embracing the classical Prandtl, Besseling, and Ishlinskii models.

Discussing the Identification Principle

The Identification Principle , as formulated above, is not yet a rigorous mathemat-
ical theorem. However, we will give a “physical argument” for why it should hold,
and also formulate the simplest rigorous statement related to this principle.

The informal justification of the principle can be divided into four steps.

Step 1. As explained above, for the Preisach model the combination
F(ay,b1) + F(az,ba) — (F(az,b1) + F(a1,b))
coincides with the p-measure of the rectangle Q(a1, b1, ag, be) with vertices
(a1,b1), (a1,b2), (a2, b1), (az, b2).
On this basis, we define the measure u by the equality

u(Q(a1,b1,a2,b2)) = F(al,bl) + F(a27b2) — (F(az,bl) =+ F(a17b2>).

Step 2. Now we define the function ¢, up to an additive constant, as the function
Y(x) given by
o

o) =3 F (M)
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for large N (or, more rigorously, as the corresponding limit as N — 00).

Step 3. Using the extended congruence property, it is easy to demonstrate that the
settled phase portrait of any hysteresis loop for the transducer I' is congruent
to the hysteresis loop of the parallel connection P, + .

Step 4. In a physical paradigm only repeatable input-output relationships are of
interest; that is, we can concentrate on controllable transducers. But this
means that each fragment of the input-output pair (z(t), y(t)) can be realized
as part of a settled periodic correspondence.

It is important that the first two steps provide a basis for the approximate
identification of the measure p and the function .

The task of converting this plausible justification of the Identification Principle
into a rigorous mathematical theorem would seem to be a nontrivial task. We now
give the simplest rigorous statement related to the Identification Principle.

Let B be a black box. Further, let the corresponding function (1.14) satisfy
the inequality (1.15) with continuous inputs. In mathematical language this black
box is the totality B of possible input-output pairs (x(t), y(t)). Let X (M) be the set
of admissible continuous inputs z(t), t > 0, satisfying the estimate |x(¢)| < M, and
where the possible corresponding outputs y(t), t > 0 are continuous. Suppose that
B has the Fast Settling Property and the Extended Congruence Property for these
inputs. Then we can introduce the loop-magnitude function F(a,b), |al,|b] < M,
by (1.14). Let us suppose that this function satisfies the inequality (1.15), and that
for some A\ > 0 the Lipschitz estimate F'(a,b) < Ala — b| holds.

Consider the subset Xy of X'(M) consisting of the functions which satisfy the
equalities

z(0)=—-M, =z(1)=M.

Theorem 1. There exist a measure p on the triangle —M < o < 8 < M and a
continuous function @(x) which have the following property. If x(t) € Xy, and y(t)
is a possible output of the black box for this input, then, for t > 1, the function y(t)
coincides with the function

p(x(t)) + Pull,mz(t),
where the initial state satisfies n(a,f) =1, —M <a< <M.

1.2.9 Closed loop systems with hysteresis
Basic example

The strength of the Preisach model resides in its combination of physical generality
and mathematical simplicity. These features are especially important when analyz-
ing closed loop systems with hysteresis. As an illustration we return to the forced
oscillation of an iron pendulum in a magnetic field, Fig. 1.34.

For small oscillations, this is described by the equation

Z+at+z =sin(wt) +y(t), y(t)=Txz(t), (1.17)
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Figure 1.34. An iron pendulum in magnetic field

where x(t) is the displacement from its equilibrium position at * = 0, and the
nonlinearity I'z(¢) describes the interaction between the external magnetic field and
the magnetized pendulum itself. Since the ferromagnetic substance is an aggregate
of dipoles, this equation for ¢ > ty can be rewritten as

¥+ az +z = sin(wt) + H' ()M (t).

Here H(x) is magnetic field at the point x, and M (t) is the resulting magnetization
of the pendulum. As we mentioned above, M (¢) can be often represented as

M(t) = Pylto, no] H (z(1)),

where P, is the Preisach operator with an appropriate measure p. Let us suppose
further that the function H(z) is monotone. Then we can use Proposition 1.2.1,
and rewrite our equation in a simpler form

&+ ax + x = sin(wt) + Pglto, nolx(t),

with a new measure f.
We emphasize once more that equation (1.17) is a differential-operator equa-
tion, not a purely differential one.

Numerical experiments

We have an algorithm and a computer program to calculate the Preisach operator.
Thus we can immediately calculate trajectories of equation (1.17) numerically, using
modifications of Euler or Runge-Kutta type methods. For instance, Fig. 1.35, 1.36
give a picture of a numerical solution of equation (1.17) with a = 0 i.e., no damping,
and we note the presence of beats when hysteresis is absent. Here we have chosen
w = /2, and p proportional to the Lebesgue measure.
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Figure 1.35. Pendulum with (dashed), and without (solid), hysteresis;

early stage of oscillations
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Figure 1.36. Pendulum with (dashed), and without (solid), hysteresis; late

stage of oscillations

We observe that the solution of the equation with hysteresis approaches a pe-
riodic function with the frequency w. Readers can proceed with further experiments

at the interactive homepage

http://physics.ucc.ie/~oll /hysteresis/node22.htm

Asymptotic analysis: non-resonant case

Since the qualitative properties of the Preisach model are nowadays well understood,
we can investigate rigorously the qualitative features of equations with hysteresis.
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We consider the equation
I+ x = sin(wt) +ey(t), y(t) =Tx(t), (1.18)

where the forcing frequency w is irrational, and € is a small positive parameter. This
equation describes non-resonant forced oscillations of a ferromagnetic pendulum in a
weak magnetic field with negligible viscous damping. It is well known that solutions
of the unperturbed equation are beats i.e., the sums of two periodic functions with
different frequencies, and there exists only one 27 /w-periodic solution given by

xo(t) = sin(wt). (1.19)

1—w?
The principal question here is whether the role of hysteresis is similar to that of the
standard damping given by a term like az. Both physical reasons and the results of
numerical experiments, see Fig. 1.35, 1.36, suggest the answer is in the affirmative.
The theorem below has been proved rigorously.

Theorem 2. Let w be irrational and € > 0 be small. Then any solution of the
equation (1.18) is attracted to a small neighbourhood of the function (1.19).

We emphasize that this result requires an understanding of subtle properties
of the Preisach nonlinearity in the class of irregular, beat-like inputs. Some of the
ideas can be found in [20].

We will return to the resonant case in Subsection 1.4.3.

Asymptotically stable oscillations

The next example deals with the equation
F+at+x=pl)+ylt)+ flz), yi)=Tz().

Theorem 3. Let a > 2, ¢(t) be T-periodic, and f be monotone and bounded. Then
there exists a stable T-periodic solution x(t). If additionally, f is a real analytic
function, and T is a parallel connection of a finite number of relays, then there exists
an asymptotically stable T-periodic solution.

This is a particular case of results established in [43]. We note that the solution
x(t) in Theorem 3 is well defined (see the last paragraph in Subsection 1.2.3): it
does not have local minima equal to aj or local maxima equal to Bi, where ay, Gk
are the thresholds of the corresponding relays.

The proof of Theorem 3 relies upon the monotonicity property of the non-
ideal relay, as described at the end of Subsection 1.2.3, and upon special theorems
about solutions of equations with monotone discontinuous nonlinearities [56]. These
theorems were originally designed for systems with non-ideal relays. However they
seem to be of much broader applicability. For example, the assertion of Theorem
3 appears to be new and unexpected even in the case when no relays are present;
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that is, the theorem applies to
E+at+x=o(t)+ f(z).
In this case, we can state

Corollary 1.2.1. Let a > 2, p(t) be T-periodic and f be monotone and bounded.
Then there exists a stable T-periodic solution x(t). If additionally, f is a real
analytic function, then there exists an asymptotically stable T-periodic solution.

Under the conditions of Corollary 1.2.1 it is possible that there exist many
T-periodic solutions, some of which may be unstable.

1.3 Singular Perturbation Phenomena

In this section, via extremely simple examples, some phenomena of singular per-
turbation theory are demonstrated. We have focussed our attention on piecewise
linear systems for a number of reasons. From the methodological standpoint, sys-
tems of this kind are convenient because they are integrable. Such systems, on
the other hand, are used extensively in the modelling of a wide range of physical
processes and, more importantly, such systems are presented as continuous models
of hysteresis-like behaviour.

1.3.1 Initial layer

Consider the planar initial value problem
& =y, z(0) = zo;
. (1.20)
ey = —az — by, y(0) = yo,

on t > 0, where a,b(b # 0) are constants, and for some small positive parameter ¢.
Setting € = 0, we obtain the degenerate problem:

0= —az — by. .

The slow curve is described by the equation
0= —ax — by.
The unique solution to (1.20) is
z(t) = CreMt + Coe??!,

y(t) = CihieMt + Corget2t,
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An important role is played by two trajectories, which are the straight lines

Y=\

and
Y= Aox

Using the asymptotic representations
A = —a/b—ea®/b® + O(e?),

Ay = e [=b+ea/b+ O(e?)]

it is easy to see that the trajectory y = Az is attractive when b > 0 and repul-
sive when b < 0. Note that the solution of the degenerate problem (1.21) can be
considered as a limiting solution (as ¢ — 0) with respect to the solution of original
problem (1.20) when b > 0; see [35, 36, 55].

It is possible to say that y = Az is the slow integral manifold and y = Aoz
is the fast integral manifold [53] (see, for details, Chapters 7 and 8 in this volume
and references therein). Any trajectory of (1.20) can be represented as a trajectory
on the attractive slow integral manifold plus an asymptotically negligible term when
b > 0 (see Fig. 1.37 which demonstrates that trajectories go through the slow curve
and approach the slow integral manifold).

1.3.2  Jump point

Consider the following piecewise linear differential system

i=1,

ey =z +1yl,

corresponding to the phase plane equation

dy
eo =T+ lyl-

The slow curve is described by the equation
z+[y[ =0,

and consists of an attractive part (y < 0) and a repulsive one (y > 0), which are
separated by the jump point v =y = 0.
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Figure 1.37. Trajectories (solid lines) going through the slow curve (dotted
line) and approach the slow invariant manifold (solid straight line)(a = b= 1,e =
0.1)

As usual, an important role is played by the attractive slow invariant manifold
y=x—¢,y<0
and the repulsive slow invariant manifold
y=—x—e¢c,y>0,

hand in hand with their extensions
_ {.73 — g, x<e

Y= 1 2eele—e)/e — g — e, T >E¢,
and

—r — €, x < —€,

y = {256(1+5)/5+x5, —e<z<ev,

e(l+v)eevele —p—c ev<a,

where v is the root of 217" +v — 1 =0 (see Fig. 1.38).

The phenomenon of a jump point is common in the theory of relaxation oscil-
lations [32].

1.3.3 Canard trajectory

In some specific cases it is possible to glue together the attractive and the repul-
sive slow integral manifolds with the result that an attractive/repulsive trajectory
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Figure 1.38. The slow curve (dotted line), slow invariant manifolds (solid

straight lines) and their extensions (solid lines)(e = 0.09)

appears. Such behaviour can be illustrated with the system

where a > 0 and

jj:_yv
ey = az + f(y),

_Jep, lyl<ep
1) {|y, Iyl > ep.

The slow curve is described by the equation az + f(y) = 0. It is a straightfor-

ward exercise to verify that the curve

where F' is the function

Fleo) = {

with

F(z,y,e) =0,

(ax +ep)?/a+ey? — 2p?a(l/a — 1/v)? — 3p?, |y| <ep
Iyl + vz, ly| > ep,

v=(1-+v1-4ae)/2e,

is a trajectory of the differential system under consideration. This trajectory con-
sists of three parts: attractive (y < 0) and repulsive (y > 0) slow integral manifolds

given by

lyl +vz =0, |y| > ep,
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y

Figure 1.39. The slow curve (dotted line) and the trajectory (solid line)
(a=p=1,¢=0.1)

and the curve
(azx + sp)2/a +ey? = 52p2a(1/a — 1/1/)2 +3p?, ly| < ep

which vanishes as ¢ — 0 (see Fig. 1.39, the polygonal path corresponds to the slow
curve of the system under consideration). Moreover, linearity makes the system
solvable.

Such behaviour is an example of a fascinating phenomenon called a canard (see
[3, 4, 5], and Chapters 4 and 8 of this volume with the references therein). More
precisely, trajectories which at first pass along the stable integral manifold and
then continue for a while along the unstable integral manifold are called canards.
Trajectories of other types are displayed in Fig. 1.40.

The slow curve together with the three different canard trajectories are dis-
played in Fig. 1.41.

The situation considered above is not typical of canard theory, since we did
not need an additional parameter to demonstrate the existence of canards. Usually
a canard corresponds to a specific (bifurcation) value of an additional parameter.
Such a situation will be considered in subsection 2.5 of this chapter. A more detailed
analysis of systems without additional parameters will be presented in Chapter 8
(see Examples 2-5, therein).

1.3.4 Relaxation oscillations and hysteresis-like behaviour

The purpose of this subsection is to demonstrate a relaxation oscillation phenom-
enon using a piecewise linear model. The name relaxation oscillation was used by
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Figure 1.40. Typical trajectories (a=p=1,e=0.1)

Balthasar van der Pol [48], who investigated the differential equation, now known
as the van der Pol equation, as an application of the modelling of triode valves
and heartbeats. A relaxation oscillation is characterized by an abrupt motion in
a periodic orbit which exhibits two distinct and characteristic phases: one during
which energy is stored up slowly and the other in which the energy is discharged
nearly instantaneously when a certain critical threshold potential is attained. The
mathematical theory of relaxation oscillations is set forth in Mishchenko and Rozov
[32].
Consider the following piecewise linear differential system:

T =y,

-my—1-—-m, y<-—1,
f(y)={y, ye[-1,1],

-my+1+m, y>1,

where

€ is a small positive parameter, and m is a positive parameter This is a system with
typical hysteresis behaviour (see Fig. 1.42 in which the behaviour of trajectories for
different values of the parameters is exhibited).

Canard cycle

The occurrence of canards in systems with relaxation oscillations was demonstrated
in [13] with the van der Pol equation. We demonstrate this with a piecewise linear
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Figure 1.41. Slow curve (dotted line) together with the three canards (solid
lines) (a=p=1,=0.1)

(b) € = 0.02.

Figure 1.42. Hysteresis-type behaviour (m = 2). The slow curve (dotted
line) and trajectories (solid lines)

model.
Consider now the modified system with hysteresis

j":y_a‘a

ey = —x+ f(y);
with
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3

Figure 1.43. The slow curve (dotted line) and the periodic canard trajec-
tory (solid line) (k = —0.226,m = 2, n = —0.12,p = 0.05,q¢ = 0.120454545,¢ =
0.2,a = —0.9765)

—-my—1l-—m, y<-1-p,
—-my+1+m, y>1,

where the choice k := (n — m)(1 4+ p) + m;q := (n — k)/(n + 1) guarantees the
continuity of f. It is possible to choose a value of the additional parameter a in
such a way that the modified system possesses a periodic canard trajectory (see
Fig. 1.43). This bifurcation value of a is called a canard value of the parameter.
Such values of control parameters play a very important role in the construction of

separating solutions corresponding to the critical regimes of chemical reactions (see
Chapter 8).

1.4 Hysteresis vs Time Relaxation
1.4.1 Generalities
An instructive singularly perturbed or slow-fast system is the following

= f(t,r,y),
ey = g(z,y),
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Figure 1.44. Relay as a singularly perturbed ODE

where € > 0 is a small parameter. We concentrate first on the auxiliary equation

ey = g(z(t),y),

where z(t) is an arbitrary function. We denote the solution of this equation, with
a given initial condition y(tg) = yo, by

y(t) = Velto, yolz(t).

Under suitable technical conditions it can be proved that for a generic function x(t)
there exists a limit

Y« (t) = Vto, yolz(t) = F}E%Va[to, Yolz(t).

The solutions of the original system are then approximated as € — 0 by the solutions
of the differential-operator equation

&= [tz y(t), y(t) = Vlto, yolz(t). (1.22)

The following observation is straightforward:
Lemma 1.4.1. The limit operator V is rate-independent.

Thus, the global analysis of singularly perturbed equations becomes, in the first
approximation, an investigation of equations with hysteresis nonlinearities. This
is the point of contact between equations with hysteresis and singularly perturbed
equations. We will demonstrate how this observation works in Subsection 1.4.2

Example 1.4.1. Let the function g be such that it can be described by the picture
in Fig. 1.44.

Suppose xz(t) does not have local minima equal to « or local mazima equal to
B. Then the operator V is well defined on x(t) and

Vto, yolz(t) = Ra,plto, yolz(t)
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for all t >ty such that
z(t) #a and z(t) # O

(See Section 1.2.3 for the definition of Ry .)

This example shows that some singularly perturbed equations can approximate
equations with hysteresis. This is the second point of contact between equations
with hysteresis and singularly perturbed equations. This approach is especially
important if there are some physical reasons to believe that the relay (or any other
discontinuous hysteresis nonlinearity) is an idealization of a limit operator similar
to V. Sometimes, however, discontinuous hysteresis operators are idealizations of
quite different continuous operators. The application of methods used in systems
with singular perturbations to these new types of singular approximations is the
third point of contact between equations with hysteresis and singularly perturbed
equations. We will discuss this briefly in Subsection 1.4.3.

As the next step in the same direction we mention that the Preisach model
with an absolutely continuous measure can be uniformly approximated by a finite
number of relays. Thus we conclude that, for example, equation (1.22) can be
approximated by a finite system of singularly perturbed equations of the following
form:

:t:f(t7x7yla'-'ayN>7
eyi = gi(z,y), i=1,...,N.

We note in conclusion that numerous mathematical models of physical, me-
chanical and other systems can be described by equations of the form

j: = f(t7x7y7 z)’
y =Tz(t),
€z = g(a:,y,z),

where T" is a continuous hysteresis nonlinearity acting on a function z(¢) (for, in-
stance, a Preisach nonlinearity P, with an absolutely continuous measure ;). The
analysis of such systems will require the combination of ideas in both the areas
of systems with hysteresis and singularly perturbed systems. The main technical
problem lies in the fact that hysteresis operators are not smooth in a standard sense:
they only satisfy a Lipschitz condition as operators in function spaces. Thus even
the notions of stable and unstable manifolds must be adjusted accordingly.

The work begins here. We mention the method of split-hyperbolicity [44],
and, especially, the results of O. Rasskazov [49] on the existence and properties of
stable and unstable manifolds for systems with hysteresis nonlinearities.
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1.4.2 Hysteresis technique in the analysis of singularly
perturbed equations

General ideas

Today, powerful methods of analysis for equations with hysteresis are known. These
methods can be used to understand the global dynamics of equation (1.22), and thus
yield some progress on the global analysis of systems featuring singular perturba-
tions.
We will discuss just one example:
L(d/dt)z = o(t) + () +y, (1.2
ey =M(y) — .

Here L(p) and M (y) are polynomials with deg(L) > 1 and deg(M) > 1. The forcing
function ¢ is continuous and 27-periodic, and the function v is real and analytic.

Lemma 1.4.2. Let all roots of L be real and negative. Further suppose that ¥ is
bounded and monotone, that deg(M) is odd, and that the leading coefficient of M
18 positive.

Then there exists at least one 2m-periodic Lyapunov stable solution x.(t) of
the limit equation

L(d/dt)x = ¢(t) + ¥ (x) + y,
y = Vlto, yolz(t).

We note the availability of a constructive algorithm to find z.(t).
This lemma and some standard constructions imply the following assertion.

Theorem 4. Under the conditions of Lemma 1.4.2, for sufficiently small € > 0,
the system (1.23) admits at least one 2m-periodic Lyapunov stable solution.

The proofs of Lemma 1.4.2 and Theorem 4 follow the general scheme suggested
in [43]. This scheme also suggests the existence of asymptotically stable and isolated
2m-periodic solutions; we hope to prove this soon in collaboration with P. Krejci.

1.4.3 Hysteresis phenomena as a source of new singularly
perturbed problems

Discussion

We consider again the pendulum in a magnetic field, described by the equation
&+ x =bsin(t) + y(t), y(t)=2R_ggz(t)—1. (1.24)

From the physical point of view, this is a case of a resonance and the magnet
is a ferromagnetic monocrystal. It can be shown that for b < 4/7 the system
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Figure 1.45. Pendulum (left), and the transducer 2R_g gx(t) — 1 (right)

is dissipative. Thus we can expect periodic solutions with period 27, and these
solutions are important to understand the global behaviour of the system. However,
equation (1.24) does not have periodic solutions in the standard sense. The root of
the problem is, of course, in the discontinuity of the relay nonlinearity.

Now we will apply ideas of singular perturbations to the more delicate analysis
of this equation. The idea is to approximate the equation (1.24) by a continuous
system and to investigate the limit behaviour of 27-periodic solutions of this con-
tinuous system.

We first suggest that (1.24) is an idealization of the singularly perturbed sys-
tem

&+ x = bsin(wt) + v,
ey =9(x,y).

Here g is as depicted in Fig. 1.44. It can be shown that for small € this system
has a canard-type solution with phase diagrams represented by Fig. 1.46.

This is fine from a mathematical point of view, but not quite satisfactory from
the physical one. The trouble is that ferromagnetic monocrystals should be consid-
ered as the limit case of a different procedure. This procedure will be introduced
in the next subsection; afterwards we will come to the corresponding canard-type
solutions.

Generalized Play

Ferromagnetic monocrystals can be considered as an idealization of an interesting
hysteresis nonlinearity called Generalized Play [28]. This will be denoted by L.,
and is illustrated in Fig. 1.47.

Formally, this nonlinearity can be described as follows. We denote by €2 the
set of pairs (z,y) satisfying

Y- (7) <y < vy ().

For a continuous input z(¢) and for an initial state 7y satisfying (z(¢o)),n0) € ©,
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Figure 1.46. Parametric plots of canards
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Figure 1.47. Generalized Play L.

the output
y(t) = Le[to, molx(t)

is the unique continuous function such that, firstly, y(t9) = no; secondly,
(z(t),y(t) € Q, &> to;

thirdly, the inclusion
(x(t),y(r)) €Q, T<t<o,

implies that y(t) = y(r) for 7 < t < 0. Thus, the output behaves ‘lazily’: it
prefers to remain unchanged when the phase pair (z(t),y(t)) belongs to Q. Fig.
1.48 provides the graph of a typical phase trajectory.

L. can be also represented by the Preisach model with an appropriate measure.

2005,
page .
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Figure 1.48. Phase portrait of a typical trajectory for the Generalized Play L.

Lemma 1.4.3. Suppose x(t) has no local minima equal to « or local maxima equal
to B, and let yo be either 0 or 1. Then the limit

yult) = lim Leto, yola(1)

is well defined, and

y«(t) = R—p plto, yolz ()
for all t >ty such that

z(t) Za and xz(t) #S.

In other words, for generic input functions z(t) the discontinuous nonlinearity
2R_p gx(t) — 1 is a limit of continuous nonlinearities L.[to, yo] as € — 0.
Hysteretic canards
We return to the resonance equation (1.24):

&+ x=bsin(t) +y(t), y(t)=2R_ggz(t)—1.
By Lemma 1.4.3 this is to be considered as an idealization of the equation

&+ x =bsin(wt) + y(t), y(t) = L.x(t), (1.25)
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where L. is a Generalized Play from the previous subsection, and € > 0 is a small
parameter.

(a) Functions zo(¢) (sine like function)  (b) Parametric plot of (xo(t), yo(t))
and yo(t) (step like function)

Figure 1.49. Symmetric hysteretic canard
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(a) Functions x4 (¢) (sine like function)  (b) Parametric plot of (x1(t), y1(t))
and y () (step like function)

Figure 1.50. Asymmetric hysteretic canard

We will say that a pair (x.(t),y.(t)) is a limiting periodic solution of the
equation (1.25), if it can be approximated by some solutions (z.(t),y<(t)) of the
system (1.25) with arbitrary small e. That is, if for any o > 0, there exists ¢g > 0
such that for 0 < € < g¢ the equation (1.25) has a periodic solution (z¢(t), ye(t))
satisfying

27
max |z (t) — z.(t)| < o, /0 |ze(t) — z.(t)| dt < 0.
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Theorem 5. Let 0 < b < 4/m, then equation (1.25) has exactly three limiting
periodic solutions:

(@o(t),50(t)),  (21(), y1(t),  (22(t),y2(t)).
We now give explicit formulas for these solutions. We introduce
b . b .
xo(t,b) = —Fcost + i(smt —tcost) + Z(cost — Dsignt, —w <t <,

— b —
1 (t+ 7r27—;b) =—(1+B)cost + 3 <sin;sint—tcos (t—i— U 5 T))

b
+1+ M(wst— L)(signt +1), 7 =21 <t <7,

l‘g(t) = —$1(t — 7T).
Here 7 = 7(b), for 0 < b < 4/, is defined by the relationships

13 ., B—=1+(B+1)cosT
1+ p STET b_2sin(T/2)(SinT+T—27T)'

arccos
We also introduce 27-periodic functions yo(t), y1(t), y2(t) by the equalities

wh |
yo(t;0) = —ngmt7 —r<t<m,

- b
Y1 (t—&-ﬂ-27-;b) :1—%sin%(1+signt), T=2r<t<T,

y2(t) = =y (t — 7).
Proposition 1.4.1. These functions satisfy Theorem 5 .

Theorem 5 and Proposition 1.4.1 are similar to those proved in [7].

Figures 1.49 graph xo(t), yo(t) for § = 1. Similarly, Figures 1.50 graph the
functions x1(t), y1 (¢).

We claim that these limit solutions are analogues of canard solutions from
Subsection 1.4.3. In particular, (xo(t), yo(t)) is an analogue of the symmetric canard
from Fig. 1.46(a), and (x1(t),y1(¢)) is an analogue of the asymmetric canard from
Fig. 1.46(b).

e The first reason is that classical canards and these solutions are mathematical
explanations of the same physical phenomena: the limit behaviour of periodic
solutions of a family of differential equations approximating a given equation
with a discontinuous, relay-type nonlinearity.
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e Secondly, in both cases the limit solutions demonstrate strange behaviour: in
the classical canard situation they follow unstable manifolds for a time; in the
‘hysteretic canard’ situation, the solutions can stop in the course of a jump,
and then hover for a while at an intermediate level.

e Thirdly, similar methods can probably be applied to analyze both situations.
For example, the topological degree approach used to prove the last theorem
could be useful for the rough location of classical canards. On the other hand,
the typical ‘canard community’ methods of investigation will be useful in a
more subtle asymptotic analysis of hysteretic canards.

1.5 Concluding Remarks

Using simple elementary examples we have highlighted basic ideas of the theory of
singularly perturbed equations and the theory of hysteresis. We have also shown
that these two mathematical theories are intertwined. In particular:

e Hysteresis operators can often be represented, or approximated, by singular
limits of an appropriate singularly perturbed equation. Therefore, singularly
perturbed equations can approximate equations with hysteresis.

e Equations with hysteresis nonlinearities are singular limits of appropriate sin-
gularly perturbed equations. Vice versa: Singular limits of equations with
singular perturbations are solutions of equations with appropriate hysteresis
nonlinearities.

e The global analysis of singularly perturbed equations becomes, in the first
approximation, an investigation of equations with hysteresis nonlinearities.

e Specific methods for the analysis of equations with hysteresis can yield some
progress on the global analysis of systems with singular perturbations.

e Hysteresis nonlinearities can be considered a source of new modifications of
exciting singularly perturbed phenomena, such as canards.
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Chapter 2

Frustration Minimization,
Hysteresis and the El
Farol Problem

R. Cross, M. Grinfeld, H. Lamba, and A. Pittock

The parable, due to Arthur, of the El Farol bar provides an account of the
aggregate dynamics resulting from individuals using heterogeneous inductive pre-
dictors when deciding whether or not to attend the bar. In the Arthur formula-
tion individuals make their bar attendance decisions on the basis of observing how
crowded the bar has been in the preceding weeks. We modify this approach to
take account of the times an individual experienced the enjoyment of an uncrowded
bar and the regret at either having been at a too crowded bar, or at not having
come when the bar was uncrowded. In our formulation the attendance decision is
driven by the dominant component of enjoyment or regret. We allow for hysteresis
thresholds and our simulations show that this modification to our model leads to
an increase of the periodicity of aggregate bar attendance.

2.1 Introduction

In this paper we introduce a simple conception of human motivation and investigate
its consequences for the original formulation of the El Farol bar problem of W. Brian
Arthur [2]. The decision facing the individual is whether or not to attend the El
Farol bar in view of the possibility that it might be too crowded. In the Arthur
representation, individuals observe the aggregate dynamics of bar attendance and
choose from a set of predictors the ones that have most accurately predicted the
actual recent bar attendance. The “active” or successful predictors are selected by
a process of induction (see section 2.2 for more details).

This approach contrasts with the deductive approach to the “rationality” of
decision-taking traditionally used in economics, such as in the expected utility the-
ory: see [19] and [10] for critical survey assessments. In the traditional approach,
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“rationality” is defined in the instrumentalist sense [20] of consistency with a set
of simple axioms such as those articulated by [17]. Many violations of such axioms
have been observed (see [5]). Of the alternative explanations of decision-taking,
prospect theory [11], regret theory [14] and cognitive dissonance [1] are amongst
the most prominent.

The innovation in the present paper is to introduce some layers of psychology
into the inductive learning involved in the formulation given in [2]: see [13]. Our
procedure is to introduce the insights of the regret theory of [3, 8, 14] into the deci-
sion whether or not to attend the El Farol bar. This is done by taking into account
the times the individual experienced the enjoyment of a non-crowded bar, the regret
or disappointment at having attended the bar when it was too crowded, and the lost
opportunities associated with not having attended when the bar was not crowded.
The cognitive dissonance of [1] is introduced by allowing the individuals to have
hysteresis thresholds with respect to enjoyment, disappointment, and lost opportu-
nities. Thus attendance strategies can be retained even when the bar attendance
dynamics that led to the strategies have been removed. While taking regret and
cognitive dissonance into account, our analysis attempts to retain a strong flavour
of the induction present in the original formulation in [2]. The behaviour described
is rational only in the “bounded” sense of Herbert A. Simon [18]. We contend
that rationality in the El Farol conditions of incomplete information requires not
only inductive learning but also knowing one’s psychological requirements, that is,
knowing oneself (see [4]). We feel that Socrates would have agreed.

The resulting model is simple to state and relatively easy to simulate on a
computer. Its analysis, due to the discontinuous strategy-switching which is a nec-
essary consequence of our assumptions, is non-trivial. There are a myriad of possible
modifications and elaborations of the basic setup that can be further explored.

The structure of the paper is as follows. In Section 2.2 we briefly review
Arthur’s formulation and approach to the El Farol problem. This is not so much
a “problem” as a benchmark example which can be used to see how different ap-
proaches to the decision-making of individuals are reflected in the aggregate dy-
namics (occupation dynamics of the bar in the El Farol case). In Section 2.3 we
put forward our approach to human motivation. In Section 2.4 we express cognitive
dissonance in terms of our key variables and show that this gives rise to hysteretic
behaviour at the level of the individual. Finally, in Section 2.5 we present results
of some simulations of the model that indicate a huge richness of dynamics arising
from our very simple assumptions; this, as work on even low-dimensional dynamical
systems (e.g., [12]) shows, is not unexpected.

2.2 The Arthur Approach

In his classic paper Arthur [2] considers the following situation: there is only one bar
in the town, the El Farol bar, and every citizen over licensing age, of which there are
100, has each week to make a decision whether or not to go to the bar on Thursday
night, when they play Irish music. It is known that if the number of occupants in
the bar on a particular night is larger than some critical number, say 60, no-one
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will have a good time (too crowded, service will be slow, etc.). The question is to
understand how reasonable assumptions on the decision-making procedures used by
the individuals are expressed in the occupancy dynamics of the bar.

Arthur’s approach to the problem is as follows. He assumes that there is a
set of n predictors P = {p1, ..., pn}, of which the j-th individual (j = 1,..., 100)
is “issued” with a subset P; of cardinality m < n. Each of these predictors uses
information on past occupancy to predict the occupancy next Thursday. Each
individual picks, at each decision time (say, on Thursday afternoon), the prediction
of the predictor that had done best the previous Thursday afternoon in predicting
the occupancy on that Thursday night, and acts accordingly: if the prediction is
that the number of people will be larger than 60, the individual in question will
not go, and so on. Now, even though not taking into account the overall record of
predictors and judging by last week’s performance only, such a choice of a predictor
on which to base a decision can be defended on the grounds that the individual is
obliged to learn inductively in the absence of any deductive means of figuring out
the aggregate bar attendance.

Before we suggest an arguably more realistic alternative, we would like to
introduce a distinction between data and the construction placed on the data.
Henceforth by data we will just mean the facts relevant to the situation and by the
construction, data filtered by the individual and put into a form useful for decision-
making. Thus, data in Arthur’s approach consists of the history of the occupancy
of the bar in previous weeks. For simplicity, we will assume infinite memory of the
individuals; this is of course not realistic. Finite memory clutters the notation, but
can be incorporated. If Vi is number of people in the bar in week k, after week ¢
the data consists of the vector

N; ={N, ... N;}.

(Thus, for any given 4, a predictor p € P takes IN; as its input and predicts N;;1.)
The construction for individual j after week i therefore consists of a number
[ defining the predictor p; € P; that best predicted the occupancy on the previous
Thursday, i.e. the number [ that minimizes |p;(IN;—1) — N;| and the number p;(IN;).
Note that in this case data is shared, while the construction is private, since
the sets P; are different from individual to individual, and in fact, the sum total of
individual differences is contained in the sets P;.

2.3 An Alternative Approach to Decision Making

We would like to suggest a different picture of decision making. We introduce a layer
of psychology and hereby attempt to populate our model with homo sapiens (see
[21]). In our view, people are subject to multiple tensions and frustrations, which
provide the motivation for action. One could organize the different tensions into
one composite function, and try to minimize it, but we feel that the consequent
mathematical simplicity has not much to commend it. Such tensions define the
psychological state of an individual as a vector only in a very high-dimensional
space. A person’s actions, in our view, are mainly of the “fire-extinguishing” variety:
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an individual will always attend to the dominant component of the vector, that is,
will try to relieve the most prominent tension. Anyone who has sat on a needle
while having tooth-ache will intuitively see the reason for this assumption.

We will now spell out the consequences of such assumptions for the El Farol
situation. We are careful at each stage to distinguish between data and the psycho-
logical construction placed on it.

2.3.1 Data

Clearly, Arthur’s model overlooks an obvious source of data: in addition to IN;,
which is data shared between all the individuals, each individual j also has access
to her own record of bar attendance. We define the variable s} to be 1 if individual
J was in the bar in week ¢ and 0 otherwise. Thus, individual j also knows s% =
{s}, ceey 53} and can use that when formulating a bar attendance strategy.

2.3.2 Construction

Consider the following numbers:

Di=#{le{1,....i}| N, > 60, s& =1},

Li=t{le{l ..., i} N, <60, si =0},

El=t{le{l ..., i}| N, <60, s =1}.

Here f denotes the cardinality of a set. D; counts the times up to and including the
i-th week, when the individual did not have a good time in the bar (disappointment),
L} is the count of lost opportunities to have a good time, and E? is the number of
times when the individual enjoyed herself in the bar.

So far no account has been taken of human variability. Clearly, people differ
in the way past experience impinges on their self-perception. One way to encode
this is to give different weights to occurrences depending on their distance in time
from the present. That is a possibility, but we shall pursue a different approach,
by noting that some people attach little weight to lost opportunities while others
attach more weight to disappointments than to good times. Hence we associate
each of the numbers D}, L’ and E} with positive weights d;, I}, e; (see [19]). The
construction used to make a decision is encoded in the state of the individual j,

8% = (Did;, Lil;, Ele;).

2.3.3 Decision making

One way to define “quasi-rational” (in the sense of [21]) behaviour for individual j
would be to have her maximize E}*'e;, and simultaneously minimize D;*'d; and

L;-Hlj; or, alternatively, to maximize an additive expression such as

i+1 i+1 i+1
Ej Ej _Lj ZJ—DJ dj,
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given S;, that is, to make a choice of sj-“. Were we to follow this approach, we

would have mainly to explain the j-th individual’s (quasi-rational) prediction for
the number of visitors in week i + 1, W;H. Then, with slight modifications, this
approach would collapse to that of Arthur, notwithstanding the layer of psychology
that we have introduced.

However, if the “fire-extinguishing” approach suggested above is to be fol-

lowed, it makes sense to define
Ojl = max{D;dj, L;lj, E;e]}

Our representation of human motivation is then to say that the bar attendance
decision is determineAd simply by C%: if C = Ele; or Cj = Lil;, then s§+1 =1,
and if C’J’ = Dédj, s;ﬂ = 0. Of course one could introduce probabilities to take
into account inertia, but even without that the resulting well-defined (non-smooth)
dynamical system seems interesting enough. Thus our model is iterated as follows:
at time ¢ compute C; for all the individuals and update s?‘l. The parameters could
in principle be calibrated by experimental economics techniques.

We are not saying that the individuals are not anticipatory systems in the
sense of [16], in that they do not carry within themselves a predictive model of the
environment. We just claim that our model only takes account of psychological
constructions placed on different predictions. If what makes the individual suffer is
the thought of lost opportunities, she will try to alleviate this suffering by making
sure the weight of lost opportunities does not become heavier, even at the expense
of disappointment from visiting an overcrowded bar.

It is not clear that, in relation to challenges occurring over a relatively short
time-span, human behaviour should be expected to have been shaped by evolution-
ary forces (see the discussion of [7]). Attending to a pressing psychological need at
the expense of a less pressing one can have survival value, though obviously does not
encompass the whole gamut of behavioural strategies that would be “rational” in
an evolutionary sense. It is possible to find parameter values for which the average
bar occupancy is around 60%, in which case the behaviour of the cohort as a whole
can be deemed “rational” (since on the average the bar is neither overcrowded nor
underused). We do not restrict ourselves a priori to such parameter regimes, since
our aim is to model actual, and not “desirable” behaviour.

Clearly, as more information becomes available, it can be incorporated in the
decision-making process. Thus, if a person is driven by disappointment and at the
same time knows for certain that the bar will be empty next Thursday night, there
is no reason why she should not go. In the simple setup we are considering, just as
in life, such infallible oracles do not exist.

2.4 Hysteresis

The possibility of hysteretic behaviour is mentioned by Arthur but without elabo-
ration. For a discussion of hysteresis in economics see [6, 9, 15] for hysteresis set
in a probabilistic context. In the present context, hysteresis involves the retention
of a strategy once the stimulus that led to the adoption of the strategy has been
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removed. This is recognizably human: the expression in the economic arena of
cognitive dissonance and habit formation.

We now describe one possible method of introducing hysteretic behaviour in
terms of our variables: an individual is hysteretic with respect, say, to disappoint-
ment if

Cj = Did; though Djd; # max{D}d;, L}l;, Eje;}
whenever D;fldj = maX_{D;-fldj? L;fllj, E;flej},
and  max{D'd;, Lil;, Eie;} — Di™'d; <,

where ¢; is the hysteresis, the strength of j-th individual’s cognitive dissonance
(with respect to disappointment in this case).

It should be clear that if people are hysteretic with respect to enjoyment or
lost opportunities (i.e. envy) occupancy levels at the bar will be higher than if there
is no hysteresis. This indicates that a successful bar management strategy would try
to induce and keep high hysteresis levels with respect to these two tension sources.

2.5 Numerics

We now present some numerical simulations using the above model, both with and
without hysteresis. The range of dynamical behaviour that can be observed is
very large depending upon the parameters entered into the model. Of particular
interest is the observation that the overall occupancy of the bar from week-to-week
can display approximate periodicity even though a significant percentage of the
participants do not show this periodicity in their individual behaviour. Chaotic (no
discernible periodicity) and intermittent (switching between two apparently stable
but distinct modes of behaviour at seemingly random times) parameter regimes
can also be observed. We also examine the effects of introducing hysteresis on the
behaviour of individuals and on the overall bar occupancy rate.

In what follows we simulate the behaviour of 100 individuals and set the
optimum occupancy rate of the bar at 60. This leaves us with 300 parameters to be
chosen, namely the weights d;,[;,e;, 1 < j < 100. We define these by drawing each
d; from a uniform probability distribution defined on a certain interval [aq, bq]. The
same is done for each I; and e; using intervals [a;, b;] and [ae, be] respectively. Thus,
in a statistical sense, the model is reduced to one with only 6 parameters. While
this method of assigning weights is certainly simplistic, it is sufficient to display a
wide range of system dynamics and also allows for a controlled exploration of the
parameter space by, for example, changing the average value of d; and observing
the effects.

The parameters used for the first simulations are [aq4, bg] = [3, 6], [a;, bi] = [1, 3]
and [ac, be] = [3,4]. At the start of the simulation the values of D;, L; and E; are
randomly assigned to be either 1,2 or 3 to define an initial attendance history for
the j*® individual. The model was then iterated for 100 weeks.

The first row of Fig. 1 shows two plots — the left plot is a plot of the attendance
for the last 30 weeks displaying the asymptotic or long-time dynamics after any
initial transients have decayed away. The right plot shows the attendance record
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of 20 randomly selected individuals over the same 30 week period. Circles denote
attendance while the absence of a circle denotes abs(tin)ence for that particular
week.

After 100 weeks, hysteresis was introduced into the model which was then
iterated for a further 100 weeks. This hysteresis is with respect to disappointment,
loss and enjoyment, that is to say

Cj = max{Dj 'd;, L’ 'l;, E; 'e;}

if  max{Did;, L’l;, Ele;} —max{D} 'd;, L"'l;, B/ 'e;} <¢;.

For simplicity €; = 2 for all j. The lower plots of Fig. 1 were created in exactly
the same way as the upper ones but show the last 30 weeks of the second 100-
week period. It should be noted that the weights dj;,l; and e; are precisely the
same for both sets of plots and the 20 randomly selected individuals are also the
same. This permits a much more direct comparison of the effects of cognitive
dissonance/hysteresis.
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Figure 1. The top row shows the behaviour of the system without hysteresis
while the lower row shows the effects of including hysteresis.

The most striking effect of including hysteresis is an increase in the approxi-
mate period of the aggregate behaviour. This was observed in a large majority of
the simulations that were run, and is consistent over a very large parameter range.
Also, as noted above, the behaviour of individuals is much less predictable than the
overall bar-attendance. As can be seen from Fig. 1 a wide variety of bar-attending
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behaviour naturally emerges, ranging from people who are present almost every
week to those who turn up very rarely.

Fig. 2 is produced in exactly the same way as Fig. 1 but with new parameters
[ag,bq] = [6,7],[ar, )] = [2,3] and [ae, be] = [3,10]. The results without hysteresis
are similar to those in Fig. 1 with an approximate periodic component of length
2-3 weeks. The addition of hysteresis once again appears to increase the length
of any approximate periodicity that is present. However, the resulting aggregate
attendance plot differs significantly from its counterpart in Fig. 1 and forcefully
demonstrates that even very simple frustration minimization strategies at the indi-
vidual level can result in highly complex and unpredictable group dynamics.
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Figure 2. As Fig. 1 but with data generated using different weighting
parameters (see text).

2.6 Concluding Remarks

The noticeable degree of periodicity present in the numerical simulations of the
previous section — perhaps higher than would be expected in reality — can be ex-
plained by the fact that the El Farol bar problem is extremely simplified. Following
Arthur, we have made no distinction between there being 61 patrons in the bar
and 100. Clearly, in realistic situations the quality of the service, amount of noise,
etc. depend “continuously” on the number of people, and one would expect that
having been present in a bar with another 99 punters, one would give it a wide
berth for a long time. It is reasonably obvious how to incorporate such depen-
dencies into our construction-creation mechanisms by making d; time-dependent



2.6. Concluding Remarks 69

through dependence on INV;, and so on. Other shortcomings, such as the absence of
external random influences and the infinite memory of the participants can also be
incorporated.

We would, however, argue that by endowing our El Farol punters with a
capacity for disappointment and regret at lost opportunities, and by allowing for
cognitive dissonance and stickiness in habits, the bar becomes a more recognizable
place. It is also plausible to allow the punters to remember whether or not they
attended the bar (assuming they were not too drunk for that).

We finally remark that Arthur’s model can be regarded as a parable that
applies to a wider class of problems. It could, for example, be applied to firms
making market entry-exit decisions, in which case the different predictors stand for
the opinions expressed around the different executive board tables. Our notions of
disappointment, lost opportunity, enjoyment and frustration minimization extend
quite naturally to such situations.
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Chapter 3

Hysteresis in Singularly
Perturbed Problems

P. Krejci

A discontinuous hysteresis law is derived as a singular limit in differential
equations with non-monotone nonlinearities arising, for example, in a model for
instabilities of a fluid flow in a tube with pump and valve with uncertain parameters.
The input-output relation is considered in the space of regulated functions, and it
is shown that it preserves the property of uniformly bounded oscillation. Stability
is obtained in a small neighbourhood of the equilibrium.

3.1 Introduction

The paper deals with a model of singular input-output v — x behaviour described
by the differential equation

ai(t) + g(z(t)) = u(t), z(0)=uxo, (3.1)

where u is a given function, o > 0 is a small parameter, and g : R — R is a
continuous function of the form

gi(x) for ze€J =]—o0,2_],
glx) = g2(x) for z e Jy=]z_,z4[, (3.2)
g3(x) for z € J3=[x4,+o00[,

for some x_ < x4, with g, decreasing and ¢, gs increasing in their respective
domains J;, i = 1,2,3, g(£o0) = +oo, see Fig. 3.1. We denote

gi(z_) == Gy > G- :=g3(zy).

73
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Following [5, 12], we show in detail in Section 3.2 how equations of the type
(3.1) with sequences uy of inputs and x of outputs arise in a model for sponta-
neous oscillations occurring in a pump-valve hydraulic system. Intuitively, it can
be expected that the limit u — x behaviour for o very small will have a hysteretic
character. The mathematical problem consists in finding an appropriate functional
framework in which the convergences uy — w and zp — x should take place if no
lower bound for the uncertain values of « is available. Uniform convergence will
certainly not be the right choice, as the hysteretic jumps are not a priori localized
in time. On the other hand, weak-star convergence in L is too weak to guarantee
convergence in the nonlinear term. If u has bounded variation and x stays in a left
or right neighbourhood of a local maximum of g, then x may not have uniformly
bounded variation independently of a.

gY

Figure 3.1. The u — x diagram

A convergence concept (so-called r-convergence, see Definition 3.3 below) has
been proposed in [11] in the space G(0,T) of regulated functions defined in an in-
terval [0, T]. Recall that a function u : [a,b] — R is said to be regulated according
to [1], if both one-sided limits u(t+), u(t—) exist at each point ¢t € [a,b] with the
convention u(a—) = u(a), u(b+) = u(b). It was shown in [11] that all solutions asso-
ciated with an r-convergent sequence of inputs and with arbitrary a > 0 constitute
a set containing an r-convergent subsequence.

This result is not fully satisfactory because of the fact that the limit of an
r-convergent sequence of regulated functions is not necessarily regulated, although
it has at most countably many discontinuity points. Our goal here is, therefore, to
derive a higher regularity result in this direction. We use the concept of uniformly
bounded e-variation introduced by Frankovd in [4], see Definition 3.2 below. The
remarkable Theorem 3.8 of [4] states, as a generalization of the Helly Selection Prin-
ciple, that every bounded sequence of regulated functions with uniformly bounded
e-variation contains a pointwise convergent subsequence and the limit is regulated.
We use this result and prove even more, namely, that every bounded sequence in
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G(0,T) with uniformly bounded e-variation contains an r-convergent subsequence.
As the main results stated in Section 3.3, we show that all solutions = associated
with a bounded set of inputs v with uniformly bounded e-variation and with arbi-
trary o > 0 constitute a set with uniformly bounded e-variation (Theorem 3.6), and
that the limit as & — 0 defines a deterministic pointwise u +— x hysteresis relation
in G(0,T) (Theorems 3.7, 3.8).

The argument relies substantially on the so-called Play operator defined as the
solution operator of a variational inequality in integral form. We use only its scalar
version with continuous inputs here; the general regulated Hilbert-valued case has
been investigated in [2, 10]. Some basic properties of the play are listed in Section
3.4.

Sections 3.5 and 3.6 are reserved for proofs. In Section 3.5 we analyze the
relationship between uniformly bounded e-variation and various convergence con-
cepts in the space of regulated functions, and in Section 3.6 we prove Theorems 3.6
— 3.8. In the concluding Section 3.7 we come back to the original problem presented
in Section 3.2 and find sufficient conditions for the existence of a stable regime in
which the undesirable oscillatory behaviour does not occur.

3.2 Physical Motivation

This research was originally motivated by the engineering problem of unstable spon-
taneous pressure oscillations having a hysteresis character and arising in a pump-
valve system, see [5]. We briefly describe a simple mathematical model which reflects
the main features. Consider a tube of length ¢ placed along the horizontal z-axis
with a pump at z = 0 and valve at x = ¢, and assume that the fluid flow in the
tube obeys the linear law

Dt +CQI

" top for (z,t) €]0,€[x]0, 00| , (3.3)

where p and ¢ are the dimensionless pressure and discharge, respectively, and ¢ > 0 is
a constant sound speed. The system is coupled with initial and boundary conditions

p(z7 O) = po(z)7

g(2,0) = (), for z € [0,4], (3.4)
aqi(0,t) + f(q(0,1)) +p(0,t) = pe+ p(t),

p(6,t) = Kq(l,t), for ¢t >0, (3.5)

where p°, ¢° are given continuous functions satisfying the compatibility condition
0 _ 0
p(f) = Kq'(0), (3.6)

a > 01is a (small) constant called “pump inertance”, f is a continuous (typically non-
monotone) function describing the discharge-pressure characteristic of the pump,
K > 0 is the valve parameter, p, is a constant external pressure and p(t) is a
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given function which is regulated on each bounded interval and represents external
pressure fluctuations. Using the dimensionless independent variables

p_d g

0’ 0’ 0’

and omitting the primes, we can rewrite system (3.3) — (3.6) in the form

‘g = 0,
P e for (z,t) €]0,1[x]0,00[,  (3.7)
qt +p1 = 07
70 = O )
p(,0) po(x) for z€0,1, (3.8)
q(z,0) q'(z),
0,¢ 0, 0, 4Bt
aq:(0,t) + f(q(0,1)) + p(0, ) Pe +D(t) for £ 0. (3.9)
p(1,t) = Kq(1,1),
and
P) = K¢(1). (3.10)
The solution to (3.7) — (3.10) will be constructed in the usual way by the method
of characteristics; that is, we look for functions ¢ : [—=1,00[— R, ¢ : [0,00[— R
such that
+ ,t = t— y
(a+ ) plt =) for (z,t) €]0,1[x ]0, 00| . (3.11)
(q _p>($7t) = w(t + $)7
Conditions (3.8) imply that
— 00 _ 0
¥(z) qo(x) po(ac) ’ for x €]0,1[.
o(—z) = q'(z)+p°(2),
Set o1
A= g €11l (3.12)

From the second condition in (3.9) and (3.11) it follows that
PE+1) = =dp(t—1), for t>0.

This enables us to extend the domain of ¢ by putting 1 (t) = 1o(¢) for t € [0,2],
where

) - p). for ¢ €[0,1[,

volt) = { A2t + p(2-1)), for ¢ e [1,2], (3.13)

and g is continuous on [0, 2] by virtue of (3.10).
Let us consider now a sequence of equations with unknown functions yg, k =
0,1,2,..., in the form

agi(t) + g(ykt) = ¥i(t) + pr(t), for t € 10,2], (3.14)
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analogous to (3.1), with initial conditions
¥0(0) =¢°(0),  y&(0) = yr—1(2), for k=1,2,..., (3.15)

where v is given by (3.13) and

9(y) =y + f(y) — pe. for ye R, (3.16)
Pr(t) = p(t + 2k), for k=0,1,2,... and t€]0,2], (3.17)
Vr(t) = A (Vp_1(t) — 2yp_1(t)), fork=1,2,... and t€[0,2]. (3.18)

)

Note that by (3.13), (3.15), (3.18) we have 1, (0) = A (¢°(0) + p°(0)) = vo(2
an easy induction yields

Yr41(0) = Ve (2) = A (Yr(0) — ¥—1(2) — 2 (yx(0) — yx—1(2))) = 0,

for every k =1,2,.... Setting

Y(t) = Pt —2k),
y(t) = wn(t—2k),

, and

for t€[2k,2k+2[, k=0,1,2,..., (3.19)

and

o _ 2(t) — ¥(), for t>0,
T O+ pO(—t),  for te[-1,0],

we see that 1, ¢,y are continuous, the functions

pla,t) = S(plt — ) — (t + )

and
aler,1) = 3t = 2) + 9t + )

satisfy (3.8) — (3.10) pointwise, and equations (3.7) hold in the sense of distributions.
We have thus transformed the investigation of the long time behaviour of
solutions to (3.7) — (3.10) into the problem of convergence for sequences {yx}, {¢x}
defined by (3.14) — (3.18). The function g in (3.16) typically has the shape as
in Fig. 3.1, and hence we are in the situation of equation (3.1) with a recurrent
relation between the right-hand sides and previously computed solutions. The next
four sections are devoted to a general analysis of the u — « relation in (3.1), in the
last section we derive a stability result for the particular problem (3.14) — (3.18).

3.3 Statement of the Problem and Main Results

As has been mentioned in the introduction, we work in the space G(a, b) of regulated
functions [a,b] — R which we endow with the family of seminorms

Hu||[c7d] = sup{lu(t)]; a <c <t <d<b}.
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Indeed, [|-]|(, s is @ norm which transforms G(a,b) into a Banach space, see [1].
More about regulated functions can be found e.g., in [4].

We denote by G (a,b) and Gr(a,b) the subspaces of G(a, b) of left-continuous
and right-continuous functions, respectively, and by BV (a,b), BV (a,b), BVg(a,b)
the corresponding (dense) subsets of G(a,b), Gr(a,b), Ggr(a,b), respectively, of
functions of bounded variation. The closed subspace of G(a,b) with respect to the
norm |[-[|, ;) consisting of all continuous real functions on [a, b] will be denoted by
C(a,b), and we set CBV (a,b) = C(a,b) N BV (a,b).

Here, and subsequently, we consider a fixed interval [0,T] with some T > 0,
and denote by R™ the open interval 0, +oo].

Definition 3.1. A set U C G(0,T) is said to have uniformly bounded oscillation
if

(i) there exists a constant R > 0 such that

lu(t) —u(s)] < R, VueU Vs,tel0,T],

(ii) there exists a mon-increasing function N : R" — R" such that for every
r >0 and every system {]ag,bx[ ; kK =1,...,m} of pairwise disjoint intervals
lak, bi[ C [0, T the implication

(|u(bk)7u(ak)|2r szl,...,m> = m<N(r)

holds for every u € U.

Definition 3.2. ([4]) A set U C G(0,T) is said to have uniformly bounded e-
variation if there ezists a non-increasing function L : R" = R" such that

Ve>0 YueU 3peBV(0,T): |u—¢loq<e, [\gaTr]ng(a).

Definition 3.3. ([11]) Let {u, ; n € N} be a sequence of functions [0,T] — R, and
let u:[0,T] — R be a given function. For 6 > 0 put
Ms; = {t€[0,T]; 3s, — t : limsup |uy(s,) —u(t)] > d}. (3.20)

We say that u, r-converges to u, and write u, — u as n — oo, if My is finite for
every § > 0.

In order to characterize the relationship between the concepts introduced
above, we first mention, without proof, the following special case of Theorem 2.2 in
[2].

Proposition 3.4. A set U C G(0,T) has uniformly bounded oscillation if and only
if it has uniformly bounded e-variation.
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In Section 3.5, we prove the following hierarchy in convergence concepts in

G(a,b).

Proposition 3.5. Let {u,; n € N} be a sequence of functions [0,T] — R.

() If u, — u, then there exists a countable set M* C [0,T] such that each t €
[0, TI\M* is a continuity point of u, and u,(t) — u(t) for everyt € [0, 7]\ M*
as n — oo.

(ii) If {un; n € N} is a bounded sequence in G(0,T) with uniformly bounded e-
variation, then there exists u € G(0,T) and a subsequence {un,} such that
Up, — u and un, (t) — u(t) for every t € [0,T] as k — oo.

(i) If all u, are in G(0,T) and converge uniformly to a function u € G(0,T),
then {u, ; n € N} has uniformly bounded e-variation.

As a generalization of Helly’s Selection Principle, it was shown in Theorem 3.8
in [4] that every bounded sequence of regulated functions with uniformly bounded
e-variation contains a pointwise convergent subsequence and the limit is regulated.
Parts (i), (ii) of Proposition 3.5 thus improve this result. Part (iii) follows, for
instance, from Proposition 5.6 in [10], but we give an elementary alternative proof
here.

We now state the main results of this paper.

Theorem 3.6. Let U C GL(0,T) be a bounded set with uniformly bounded oscilla-
tion, and let ¢ > 0 be a constant. Then the set X C W1>°(0,T) C GL(0,T) of all
solutions x to (3.1) - (3.2), with u € U, xy € [—c,c], and a > 0, is bounded and
has uniformly bounded oscillation.

Let now u € GL(0,T) and z € R be fixed. As we intend to let « tend to 0,
we denote by z, the solution of (3.1) for each value « of the singular parameter.
We have the following two convergence results.

Theorem 3.7. Let u € G1(0,T) and xg € R be given, and let [t1,t2] C [0,T] be
an arbitrary interval.

(i) Ifu(ti+) > G4 and u(t) > G_ for every t €lt1,ta], then for every t* €]t1,ts]
there exists ag > 0 such that

zo(t) € Js, Vit € [t*, to] and Ya €]0, ag], (3.21)
lim To(t) = g3 (u(t)), Vt €t1,ta] . (3.22)

(i) Ifu(ti+) < G- and u(t) < G+ for every t €t1,1ts], then for every t* € |t1,to]
there exists ag > 0 such that

zo(t) € J, Vit € [t*, ta] and Yo €]0, ap],
lim wolt) = o7 u(t), V€l by
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Theorem 3.8. Let u € G1(0,T) and zo € R be given. Assume that one of the
following two conditions holds:

(i) zo & Ja,
(i) zo € Ja2, u(0+) # g(xo).

Then there exists a function x € Gr(0,T) such that z(t) ¢ Jo and g(z(t)) = u(t)
for every t €]0,T], and limy .04 zo(t) = 2(t) for every t € [0,T].

Theorem 3.6 can be considered in the context of Propositions 3.4, 3.5 as a
regularity result with respect to Theorem 3.2 in [11] which states that if u, — u,
xl — xo, and a, — 0, then the corresponding sequence {x,} of solutions to (3.1)
— (3.2) contains an r-convergent subsequence.

The example

0, for t=0, 0, for te[0,1/(nm)],
{ un(t) = {

sint, for t€]0,1/7], sint, for tell/(nm),1/7],

u(t) =

illustrates the main drawback of the r-convergence: we have u, — u and u, (t) —
u(t) for every t € [0,1/x], but the r-limit is not regulated although all functions w,,
are continuous and the sequence is uniformly bounded. The advantage of Theorem
3.6 thus lies in the fact that it allows us to stay within the framework of regulated
functions after passing to the limit.

Theorems 3.7 and 3.8 show the hysteresis character of the limit u +— =z relation.
The values of x leave the interval J; only if u exceeds G4 from above, and the
interval J3 only if u exceeds G_ from below, cf. Fig. 3.1. The interval Js is the
instability region. Note also that in the case u(0+) = g(xo), o € Ja there is no
convergence in general, see Remark below, cf. also Theorem 3.3 in [11].

We now devote Section 3.4 to a brief overview of results on the Play operator
as the main tool in our analysis. The proof of Proposition 3.5 will be given in
Section 3.5, and Theorems 3.6 — 3.8 will be proved in Section 3.6.

3.4 The Play Operator

In this section we consider the problem
Problem (P). For a given r > 0, u € C(0,T), and zy € [—r,r], find
&€ CBV(0,T) such that

u(t) —€@) € [-rr],  Wtelo,T], (3.23)
u(0) — £(0) = zo, (3.24)

T
/0 (u(r) — &(r) — y(r) de(r) 2 0, ¥y € CO,T), lyllgz <7 (3:25)

The integral in (3.25) is the Riemann-Stieltjes integral. A vectorial counter-
part of Problem (P) was investigated in [8] and the extension to regulated inputs

2005,
page ¢
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was done in [10]. The following results, Proposition 3.9 and Proposition 3.10, can
be found in Proposition II.1.1, Remark I1.1.3, and Exercise 1.3.2 of [8].

Proposition 3.9. For every r > 0 and (z9,u) € [—r,7r] x C(0,T), there exists a
unique £ € CBV(0,T) satisfying (3.23) — (3.25). Moreover, if &1,& are solutions
of (3.23) — (3.25) corresponding to (28, u;) € [—r,7] x C(0,T), i = 1,2, respectively,
then for every t € [0,T] we have

161 = &l = max{[£&(0) = &(0)], lur — w2l 4}

Proposition 3.10. Let (zo,u) € [—r,7] x C(0,T) be given, and let £ € CBV(0,T)
satisfy (8.28) — (8.25). Then for every 0 < a < b <T we have

b
/ (u(r) — &(r) — y(1) de(r) 20,  Vye Clab), Iyluy <7

As an easy consequence of Proposition 3.9, we have

Corollary 3.11. Let £ = P, [z0,u] for some (z0,u) € [—r, 7] x C(0,T). Then for
every 0 < s <t <T we have

@) = &(s)] < flu() —us)lsy -

Proposition 3.9 enables us to define the one-parameter family of solution op-
erators

p,:[—rr]xC(0,T) = CBV(0,T) : (20,u) — &=1,[20,1]

of Problem (P) called the Play operators. They were originally introduced in [7],
and their various aspects have been systematically studied e. g. in [3, 8, 13, 14]. The
extension to arbitrary measurable inputs has been done in [9] in a different setting.
In Sections 3.5, 3.6 we make substantial use of the following characterization of the
play which is typical for the scalar situation, see Fig. 3.2.

Proposition 3.12. Let r > 0 and (z0,u) € [—r,r] x C(0,T) be given, and let
& =9.[20,u]. Then there exists a partition

O=sp<tg<s1<t1<...<8p <ty =T

such that & is

(i) monotone in [tp_1,sk] fork=1,...,m,
(ii) constant in [sg,ti] for k=0,...,m,
(iii) non-monotone in [ti—1,tx + 0] for any 6 >0 and k=1,...,m—1,
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and

(u(sp) — E(sp)) (u(ty) — E(tg)) = —r2, for k=1,....m—1, (3.26)
| > 2r, for k=2,....m—1. (3.27)

Before giving the proof of Proposition 3.12, we start with the following auxil-
iary result.

Lemma 3.13. Let (29,u) € [—r,7] x C(0,T) be given, and let & = P,[z0,u]. Then
for every t € [0,T] the following implications hold.

(i) If u(t) — &(t) > —r, then there exists 6 > 0 such that & is non-decreasing in
[t - 67t + 6] N [OaT]7

(ii) If u(t) — &(t) < r, then there exists 6 > 0 such that § is non-increasing in
[t—6,t+4d]N[0,T);

Proof. The argument is the same in each of the cases (i), (ii). In (i), for instance,
we find § > 0 and ¢ > 0 such that u(7) —&(7) > —r+pfor 7 € [t —0,t+ 0] N[0, T].
For every [a,b] C [t —d,t+ ] N[0, T] we define y(7) = u(r) — &(7) — o for 7 € [a, b].
Then —r < y(1) < u(r) — &(7) < r for every 7 € [a, b], and Proposition 3.10 yields

b
0(§(b) —&(a)) = / (u(r) = &(7) —y(r)) dé(r) = 0,
hence ¢ is non-decreasing in [t — §,t + 6] N[0, T]. The proof of case (ii) is similar. O

Proof of Proposition 3.12.



3.5. Uniformly Bounded Oscillation 83

If ju(r) — &(7)| < r for every 7 € [0,T[, then ¢ is constant in [0,7] and the
assertion is trivial. If this is not the case, we put

to = min{t € [0,T[; |u(t) — @) =1}.

By Lemma 3.13, we have £(7) = £(0) for all 7 € [0,tg]. Assume, for instance, that
u(to) — &(tg) = r; the other case is obtained by symmetry. By Lemma 3.13, there
exists & > 0 such that & is non-decreasing in [tg, to + J], and we may put

t;1 = sup{t €]to,T]; £ is non-decreasing in [to,t]} .

We stop the algorithm if t; = T. Otherwise, we have by Lemma 3.13 that u(t;) —

&(t1) = —r. We continue by induction and construct a sequence 0 < ¢ty < t; < to
< ... passing from tj to tx41 provided t; < T, with the properties
ulty) = &(ty) = (=1)Fr, (3.28)
(—1)*71¢ is non-decreasing in [tp_1,tx], (3.29)
& is non-monotone in [ty_1,t; +J] forany §>0. (3.30)

We fix any ¢ € N such that t, < T, and for k = 1,2, ..., ¢ we define the points
s = min{t € [tr_1,t]; () = §(th)} -

Assume that (—1)*1(u(sg) — &(sg)) < r. We may use Lemma 3.13 to obtain that
(—1)k~1¢ is non-increasing in [sy — &, s3] for some § > 0, and hence, by (3.29), ¢ is
constant in [sp — 0, sg], which contradicts the definition of s,. Consequently,

(=D Yu(sy) —€(sk) = 7, tp1<sp<t, for k=1,2,....0. (3.31)
For k =2,...,£, we have by (3.29), (3.31) that

(=D (ulsi) = ulsp-1)) = (=1 (ulsr) — E(sx) — uls-1)

+ &(sk-1)) + (D)1 (E(tr) — E(te-1))
> 2r. (3.32)

Since u is continuous, the number ¢ cannot be arbitrarily large, and there exists
necessarily m € N such that t,, = T, £ < m — 1. Consequently, (3.26) follows from
(3.28) and (3.31), (3.27) follows from (3.32), and Proposition 3.12 is proved. 0O

3.5 Uniformly Bounded Oscillation

This section is devoted to the proof of Proposition 3.5.
Proof of Proposition 3.5.

(i) Let Mjs be the sets (3.20). Then M* :=J;~, My, is countable, and for
every t € [0,T]\ M* and every sequence s,, — t we have

lm u,(s,) = u(t).

n—oo
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In particular, u, (t) — u(t) for every ¢t € [0,T] \ M*. We now check that
u(t—) = u(t) = u(t+), Vte[0,T]\M".

Let t €]0,7]\ M* and § > 0 be given, and let t; / t be an arbitrary sequence in
[0,7]. There exists kg € N such that tj, ¢ Mg, for k > k. For each such k and for
n sufficiently large put s? =t — 1/n. We have limsup,,_, ., |un(s}) — u(tr)| < §/2,
hence for every k > ko we can find nj, > k such that |u,, (s;*) — u(ty)| < /2. The
points o, := s;* satisfy t, — 1/k < o) < tj, hence

lim o, =t, lim |y, (o)) —u(t)| =0.
k—o00 —0o0

We find k1 > ko such that for k > ki we have |uy, (o) — u(t)| < §/2, hence
lu(ty) —u(t)| < ¢, for k>k .

We conclude that u(t) = u(t—) for all ¢ € [0,T] \ M*. The argument for u(t+) is
similar.
(ii) According to Theorem 3.8 in [4], we may assume that

lm wu,(t) = u(t), vVt € [0,T].

n—00

The argument will be based on a gradual selection of subsequences and diagonal-

ization. For this purpose, we denote by &(N) the system of all infinite subsets of
N.

Assume for the purpose of contradiction the hypothesis that
{un} does not contain any r-convergent subsequence. (3.33)

Then the number
01 := inf{d > 0; M; is finite},

where M; is the set from (3.20), is positive. We fix t; € Mj, 2, a set K1 € EN),
and a sequence {sl;n € K;} in [0,T] such that

lim sl = tp,
n—oo, n€ Ky
lun (L) —u(ty)] > 61/4, Vn e K.
By hypothesis (3.33), {u,; n € K1} is not r-convergent, hence we may put
d2 = inf{d > 0; Ms(K3) is finite} > 0,

where M;(K) for some K € E(N) denotes the set (3.20) related to the subsequence
{un; n € K}. Note that for K, K’ € E(N), K’ C K, we have

Ms(K') € Ms(K),  V¥6>0. (3.34)
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This implies in particular that do < d;. The set Ms, /o (K1) contains infinitely many
points, hence we may fix ¢ty € Mj, 2(K1), t2 # t1, a set Ko C Ky, K» € EN), and
a sequence {s2; n € Ky} in [0,7] such that

lim si = to,
n—oo,ne€ Ko

|un(5%) — ’U,(tQ)‘ Z 52/4, Vn € KQ .

We continue by induction and construct a sequence {K; ; j € N} of sets K; € E(N),
N> K; D Ky D ..., positive numbers d; > § > ..., and sequences {s?;n € K;}
of elements of [0, T] such that for all j € N we have

d; = inf{6 > 0; Ms(K;_1) is finite},
tj € Ms, jo(Kj-1), t;#t; for i#j,

lim sho=t;
n—oo, neK; n 7

fun(sh) —ult)] = 8;/4,  Vnek;.

We proceed by diagonalization, and construct a set K* = {n;; j € N} € EN) of
integers such that n; € Kj, nj41 > nj for every j € N. By hypothesis (3.33), the
sequence {uy, ; j € N} does not r-converge, hence

§* = inf{0 > 0; Ms(K™) is finite} > 0.
The argument of (3.34) yields
Ms(K*) C Ms(K;), V8§ >0 and Vj € N,
hence §; > §* for every j € N. We further have

lim s/ = t;, VjeN,

n—oo, ne K* n
lun(sh) —u(t;)| > §;/4 > 6°/4, Vne K*, n>n;.

We now obtain the contradiction by proving that the sequence {u,; n € K*} does
not have uniformly bounded oscillation, and using Proposition 3.4. This will be
done in the following way. For each m € N we find n(m) € K* such that for all
7 =1,...,m we have

. 1 . . . .
|S‘Z7.(m)7t.7| < §mln{‘tj7ti|;2:17"'7m7 27&]}7
I > &
|u”(m) (Sn(m)) - ’LL( J)‘ ftl Z ’
5*
[wnemy (t5) —ulty)]l < <

This yields that \un(m)(si(m)) — Uy (m)(t;)] > 6*/8 for each j = 1,...,m, hence the
sequence {u, ; n € K*} does not have uniformly bounded oscillation, and the proof
is complete.
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(iii) For > 0 and n € N put
N, (r) = max{m € N; 3{]ag,bx[C [0,T]; k=1,...,m} pairwise disjoint,
|un(br) = un(ax)| = 7},
Noo(r) = max{m € N; 3{]ag,bx[C [0,T]; k=1,...,m} pairwise disjoint,
u(br) —ular)| = r}
All these numbers are well defined, as u,,,u are regulated. Let n(r) € N be such
that [uy, — ulljg 7y < 7/4 for n > n(r). For such n we then have Ny, (r) < Noo(r/2),
hence

sgg Np(r) < max{Ny(r/2), max{N,(r);n=1,...,n(r)}},

hence the system {u, ; n € N} has uniformly bounded oscillation, and the assertion
follows from Proposition 3.4. 0O

3.6 Singularly Perturbed Equations
We start this section with an easy Lemma.
Lemma 3.14. Let [a,b] C R be an interval such that g(a) < g(b). Let a > 0,

u€ Gr(0,T), and xg € [—c,c| be arbitrary, and let x be the corresponding solution
of (3.1). Assume that there exists an interval [s,t] C [0,T] such that

(i) u(r) € [g(a), g(D)] for every T €]s, ],
(i) z(s) € [a, D).

Then x(7) € [a,b] for all T € [s,1].

Proof. Set

g(a), for y<a,

gly) =< gly), for yela,b],
g(b), for y>b,

and consider the differential equation in [s, t]
az(r) +g(z(7) =u(r),  z(s) ==(s).

We test the identity
az(r) +g(z(1)) — g(b) = u(r) —g(b)

by (z(7) — b)™ := max{0, z(7) — b}. The implication 2(7) > b = g(z(7)) = g(b)
yields i
1

§E((Z(T)_b)+)2 < 0 ace in ]st[,
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and hence (2(7) — b))t < (x(s) —b)* = 0 for every 7 € [s,t]. Similarly, testing the
identity
az(r) +g(z(t) —gla) = u(t) —g(a)

by (2(7) — a)” := max{0, —z(7) + a}, we obtain (2(7) —a)” < (z(s) —a)” = 0.
Hence z(7) = z(7) € [a, b] for every T € [s,t] and a > 0, and the proof is complete.
a

The proof of Theorem 3.6 consists of several steps.

Proof of Theorem 3.6.
Step 1. Boundedness of X.
We fix real numbers A < B such that

A < min{—c,g;*(G-)}, B > max{c, g3 (G4)},

and g(A) < u(t) < g(B) for each u € U and t € [0,T], see Fig. 3.1. From Lemma
3.14 we conclude that

x(t) € [A,B] forevery t€[0,T], a >0, and velU. (3.35)

We now choose an arbitrary r > 0 which we keep fixed in Step 2 — Step 4
below.

Step 2. Oscillations of n = p,.[0, z].
Let a > 0, 29 € [—¢,c], and u € U be given, let z € X be a solution of (3.1),
and put 7 = P,.[0, z]. Invoking Proposition 3.12 we construct a partition

O=s9g<tg<s1<t1 <...<8 <ty =T

such that 7 is

(i) monotone in [ty_1,sk] for k=1,...,m,
(ii) constant in [sg,tx] for k=0,...,m,
(iii) non-monotone in [ty_1,t; + 0] for any 6 >0 and k=1,...,m — 1.

We may assume that 7 is non-decreasing in [sg, s1]; the other case is analogous.
Then (—1)*~19 is non-decreasing in [s;_1, sx]; hence, in particular,

(=) () —n(sk) < 0 for t€[sk_1,8%4+1], k=1,...,m—1. (3.36)
By (3.31) we have
(1) Y(x(sk) —n(s)) = r, for k=1,....m—1, (3.37)
and from (3.36) — (3.37) we obtain

(D" M@ (sk) — 2(sk-1)) = (=1)* "z (sk) — nsk) + n(sk-1) — 2(sx-1))
+ (1) (n(sk) = nlsk—1)) > 2r (3.38)
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for k=2,...,m—1, similarly to (3.32). The elementary inequality |z(t) —n(t)| <r
and (3.36) — (3.37) yield for t € [sg—_1,Sk+1), K =1,...,m — 1, that
(=DM @(t) = 2(s1)) = (=) (a(t) = n(t) +n(sk) — z(sr))
+ (=D () —n(se)) < 0. (3.39)
Integrating equation (3.1) we obtain from (3.39), for h > 0 sufficiently small, that
N Y
(0 [ )~ gtatr)dr
Sk
= (-1)F 1 (@lsi+ k) —a(sw) < 0,
r—11l [
(015 [ ) - gla(r)ar
Skfh
a
= ( 1)]“71#%(810 —a(sy —h)) = 0,
and letting h — 0+ we obtain, for £ =1,...,m — 1, the inequalities
(=1 ulsi+) — g(z(s1))) <0, (3.40)
(=" H(u(sk) — g(z(sx))) = 0. (3.41)
Step 3. Oscillations of u.
Set
w(r) =inf{|g;(v) — g;(w)|; vyw e J;, lv—w|>r, i=1,2,3}, (3.42)
1
k(r) = 3 min {G* — G, u(r)} . (3.43)
We claim that:
For every k =2,...m — 3 there exists an interval [ay,bg] C [Sk—1, Sk+2]
such that |u(by) — u(ag)| > k(r).
(3.44)
To prove the claim, we classify the points s1, ..., s;m—1 by introducing the sets
©;, = {sk; ke{l,....m—1}, z(sx) € J;} for i=1,2,3,
and fix k € {2,...,m — 3}. We say that the quadruple {si_1, Sk, Sg+1, Sk+2} is of
type
(ij) if there exists ¢ € {k,k+1,k+ 2} such that s,y € ©;, s, € ©;, 14,5 =1,2,3,
(ijp) if there exists ¢ € {k,k + 1} such that s,_; € ©;, sp € O;, s41 € O,
i, J,p=1,2,3,
(ijpa) if sx—1 € Oy, sk € O}, sp41 € Op, Sp12 € Og, 1,7,p,¢=1,2,3.
We distinguish the following categories A — E.
—®
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A. (i) fori=1,3.
By (3.38), (3.40) — (3.42) we have
(=1 (ulse) = use—1)) = (1) (u(se) = g((s0)) + g(x(se-1)) = u(se-1))
+ (=) gl (s0) — g(a(se-1)))
> |g(x(se)) — g(x(se-1))] = p(2r),
and it suffices to put ax = s¢_1, b = sy.
B. (22i) fori=1,2,3.
We again use (3.38), (3.40) — (3.42) to estimate
(=1 (ulse+) = ulse-1+))
= (=) (ulset+) = g(x(s0)) + g(w(s0-1)) = ulse-1+))
+ (=) gl (s0) — g(a(se-1)))
< —lg(a(se)) — g(@(se-1))| < —p(2r).
We obtain (3.44) by choosing ay €]ss—1, s¢] sufficiently close to sy_1 and by €
|se, se+1] sufficiently close to sg.
C. (1ij) fori=2,3,j=1,2.
We have x(sp—1) < z_ < z(sg), hence £ is odd, and we find
70 = max{7 € [sp—1,8¢[; x(T) =2x_}.
From equation (3.1) it follows that
u(ret) = Gy = g(a(n)), (3.45)
and (3.40) — (3.41) yield
u(set) < g(a(se), ulser) < g@(ses)). (3.46)
We now make finer distinctions by considering the following subcategories.
C1. (121).
We have x(sg41) < z(7e), and either
x(re) — x(se41) > 7, (3.47)
or
2(1e) — x(se41) < T. (3.48)
If (3.47) holds, then it follows from (3.45) — (3.46) that
u(ret) —u(serr) = g(x(me)) — g(x(se1)) = plr),
and we choose ay € |7y, s¢] sufficiently close to 74, and by = sp+1 -
—®
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If (3.48) holds, then (3.38) yields z(s;) — z(7¢) > r, and it follows from (3.45)
~ (3.46) that
w(ret) —u(set) = g(x(me)) —g(x(se)) = p(r),
and we choose ay, €7y, s¢] sufficiently close to 74, and by, € ]sy, s¢+1] sufficiently close
to sg.
Cc2. (122).
We have x(7p) = - < x(sp41) < x(s¢), and x(sg) — x(7¢) > z(s¢) — x(Se41) >
2r by (3.38). From (3.45) — (3.46) it follows that
w(ret) —u(set+) = g(z(m)) —g(x(se) = p(2r),
and we choose suitable ay, €]7y, s¢] and by € sy, sg4+1] as above.
C3. (13i) fori=1,2.
We have z(sp—1) < z_ < zy < x(sg), ©(s¢) > x4 > —x(se41). We find
o¢ = max{7T € [s¢, Se41[; x(7) =24}
Using equation (3.1) we argue as in (3.45), and obtain
w(oe+) < G- = gla(or))
We therefore have u(os+) — u(m+) > G+ — G_, and it suffices to choose suitable
ay €|71¢,8¢] and by, €]oy, Set1]-
D. (3ij) fori=1,2,j=2,3.
This case is completely symmetric with respect to C, with the subcategories
D1: (323), D2: (322), D3: (31i) for i = 2,3. We leave the details to the reader.
E. (123), (321), (1332), (2113), (2331), (3112), (ijji) for i,j = 1,2,3,
i 7.
These cases cannot occur, as this would mean z(s;—1) < x(s¢) < x(sp+1) or
x(sp—1) > x(sg) > x(sp+1) for some £ € {k,k + 1}, in contradiction to (3.38).
Table 1 below shows that the above list exhausts all possible cases (ijpq),
i, J,p,q =1,2,3.
. P4 11 (12 |13 |21 |22 |23 |31 | 32 | 33
1
11 AlA A A A JE |[A |A |A
12 A |Cl|Cl|E B B E E E
13 A | C3|C3|E C3|C3|E E A
21 A | E E Cl|C2|E C3|C3|A
22 A |B B B B B B B A
23 A | D3 |D3|E D2 | D1 | E E A
31 A |E E D3 | D3 | E D3 | D3| A
32 E E E B B E D1 |D1| A
33 A|A A JE |A A |A |A |A
Table 1: Distribution of cases (ijpq) into categories A — E
—®
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Step 4. Total variation of 7.

By hypothesis, the set U has uniformly bounded oscillation. Hence, the num-
ber m* of intervals ]ag,bi| such that (3.44) holds is at most N(x(r)). By (3.44),
we may choose Ja1,bi[ C [s1,54], Jaz,bo[ C [s4,57],..., Ja;,bj[ C [s3j-2, s341] for
7=1,...m"* aslong as 35 + 1 < m — 1. Putting

m* =max{j e N;3j+1<m—1},

we have

m < 3m*+4 < 3N(k(r)) +4.
Using Step 1, Step 2 and Corollary 3.11, we obtain

n(sk—1)| < ZHﬁC ) = (k1) |l (s 5]
k=1

A) < (B=A)(BN(k(r)) +4).

= HMS

| /\

Since ||z — 77H[0’T] < r, by definition of the play, and since the above argument is
valid for arbitrary r > 0, we conclude that X has uniformly bounded e-variation,
and the assertion of Proposition 3.4 completes the proof of Theorem 3.6. O

We now investigate the limit passage as @ — 0. With the notation from
Theorem 3.7, we first establish the following result.

Lemma 3.15. Let [a,b] C R and [s,t] C [0,7T] be intervals such that
(i) g is increasing in [a, b],
(i) zo(T) € [a,b] for every T € [s,t] and for a sufficiently small.

Then we have

’LL(T) € [g(a)ag(b)}v lim xa(T) = (g|[a,b])

a—0+

! (u(T))  for every T €]s,t].

Proof. Assume, for instance, that u(7) < g(a) for some 7 € ]s,¢]. We fix h €0, 7—s]
and € > 0 such that u(o) < g(a) — ¢ for o € [T — h,7]. Integrating equation (3.1)
from 7—h to T we obtain that oz (7) —z4(7—h)) < —he, which is a contradiction
for « sufficiently small. The same contradiction is obtained if u(7) > ¢(b).

The system {z,; o > 0} is bounded and has uniformly bounded e-variation,
hence, according to Theorem 3.8 in [4], there exists a sequence o, — 0 and a
function z* € G(0,T) such that

lim z,, (1) = z*(7), V1 € [0,7T]. (3.49)

We therefore have 2*(7) € [a,b] for 7 € [s,t]. Lemma 3.15 will be proved if we check
that

g(z* (1)) = u(r) for every T €]s,t]. (3.50)
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Indeed, then z*(1) = (g\[a,b])fl (u(7)) is the unique limit of z,(7) as a — 0+
independently of the subsequence a,.

o
For every test function w € W 11(0,T) we have

o [ i = [ (a0, () = ur)) wir)dr.
and letting «,, — 0 we obtain
g(x*(1)) = u(7), for a.e. 7€]0,7T7.

To prove (3.50), we fix 7 €]s,¢], and an arbitrary ¢ > 0. Let § > 0 and
h €]0,7 — s[ be such that

6 = minflg(y) —g(2)[; v,z € [a,], |y —2[ = €},

)

celr—h,7] = J|ulo)—u(r)| < 3

Let or /" 7 be a sequence such that 0 < 7 — g < h, and g(z*(ox)) = u(gx) for
every k € N. For all o € [px, 7] and k € N, we then have

(0)] N [ulor) — 6, u(or) + d]
O] N g(z*(or) — ), 9(x*(ox) + )] -

For each fixed k € N, we find n(k) such that, for n > n(k), we have |z, (0r) —
x*(ok)| < €. We now apply Lemma 3.14 for o = a, on intervals [g, 7] instead of
[s,t] and [a,b] N [z*(or) — &, 2*(0k) + €] instead of [a,b] and obtain

€ g
C [g(a),g

Za, (0) € [a,b]N[z"(or) —&,2™(0k) + €], Vo € [ok, 7] Yn >n(k).

Then (3.49) yields that |x*(7) — z*(ox)| < €, and letting & — oo we obtain that
|x* (1) — 2*(7—)| < e. Since € > 0 has been chosen arbitrarily, we conclude that
x*(1) = a*(7—) for every T €]s,t]. Consequently, g(z*(7)) and u(r) are two left-
continuous regulated functions which coincide almost everywhere, hence (3.50) holds
and Lemma 3.15 is proved. 0O

We conclude this section by proving Theorems 3.7 and 3.8.

Proof of Theorem 3.7. The cases (i), (ii) are fully symmetric, and we therefore
establish just (i). The crucial step consists in proving the following statement:

Vt €]t1,t2] s €]t1,t] Jao >0 such that for a €]0,a0] we have z4(s) € J3. (3.51)

We then obtain (3.21) and (3.22) immediately from Lemmas 3.14 and 3.15.
To prove (3.51), consider an arbitrary ¢ €]¢1,t2]. We fix e > 0, § > 0, and
o €lt1, [ such that u(r) > G4 + ¢ for 7 € [0 — §,0], and put

ed
B-A’
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where A, B are as in (3.35). For 7 € [0 — §, 0] we have
ada(r) + g(za(r)) > G4 + €. (3.52)

If g(xo (7)) < Gy for all 7 € [0 — §, 0], then the inequality (3.52) would imply that
a(B — A) > a(ra(s) — xo(s — §) > b, which is a contradiction for o < cg. Hence,
there exists s € [0 — §, 0] such that x,(s) € J3, and (3.51) follows. O

Proof of Theorem 3.8. The solution z, does not depend on the value of u(0) and
we may assume throughout the proof that u(0) = u(0+). In case (i) set

to = inf{t €]0,T]; u(t) ¢ [G-,G+]}, (3.53)

and assume that 0 < ¢y < T (otherwise the assertion follows from Lemmas 3.14,
3.15), and that, for instance, there exists a sequence s; \ to such that u(s;) > G+

for all i. For j =1,2,... we put recursively
t2j,1 = max{t E]tgj,Q,T] 3 U(S) >G_for se }tQj,Q,t]},
tgj = max{t E]tgj_l,T] 3 U(S) < G+ for s G]tgj_l,ﬂ}

until ¢,, = T for some m. The sequence {tx} is finite as u is regulated, and the
convergence in [0, tg], if tg > 0, follows from Lemmas 3.14, 3.15. For k =1,...,m
and for any ¢ € |t;_1,tx], we find s € Jtx_1, 1] such that u(s+) > G4 if k is odd and
u(s+) < G_ if k is even, and use Theorem 3.7 in the interval |s,¢;]. We know that
the function z(t) = lima—o4+ x4 (t) is regulated by Theorem 3.6 and Propositions 3.4,
3.5. Moreover, z is left-continuous on each interval [0,¢o], |tx—1,tk], k =1,...,m,
hence z € G1(0,T) and the assertion is proved.

In case (ii) assume, for instance, that u(0+) > g(xg); the other inequality is
similar. We fix some 7 €]0,T] and ¢ > 0 such that

u(t) —g(xg) > 9, for te]0,7]. (3.54)
For a > 0 set

sa = max{t € [0,7]; g(za(t)) — g(zo) < 6/2},
to =sup{t € [0,7]; zo(t) € Jo}.

We first check that s, > t,. Indeed, assuming s, < t,, we obtain for t €]0, s,]
that

aio(t) + g(za(t)) — g(zo) = u(t) —gl(zo) = 9,
and hence

T (t) — x0(s) > %(t—s), VO<s<t<sq. (3.55)
The function g is decreasing in Ja, hence g(z4(t)) — g(x(0)) < 0 for all ¢ € [0, s4],
which is a contradiction. Inequality (3.55) therefore holds for all 0 < s < t < t,,
and in particular

ta < —(zp—x0) < 7, z4(ta) = x4, (3.56)



94 Chapter 3. Hysteresis in Singularly Perturbed Problems

for « sufficiently small. As in (3.53), put
to = inf{t €]0,7]; u(t) < G_}.

By Lemma 3.14 we have x,(t) > x4 for all t € [ts, o], and the convergence in each
interval [t,to] for ¢ €]0,to[ follows from Lemma 3.15. For ¢ > ¢y, we proceed as in
case (i) and the proof is complete. O

Remark. The assertion of Theorem 3.8 does not hold in general if zg € Jo
and u(0+) = g(xo). Let us consider the set

Y = {ueGr(0,7); u(0) =u(0+) = g(zo), ut) € [G-,G4] Vte€[0,T},
and a sequence a; \, 0 as j — oco. Let x;, for j € N, be the solution to the problem
a;i; +g(z;(t) = u(t), w;(0)=o.

For a fixed £ €]0,7] and for j € N, we define the sets A}, = {u € Y; x;(f) <
zy —aj}, AL ={ueY;x;(f) >z +a;}, BL =2, AL. Then each A}, A7 is
closed in Y, and hence each Bi, B’ is also closed. The sets Bi (and analogously

B ) are nowhere dense in Y. Indeed, each u € Bi can be uniformly approximated
by functions u(™ € Y of the form

") (f) = u(0), for ¢t e [0,¢,],
" = minfu(t) + Gy}, for telt,T],

for r — 0+, where ¢, €]0,%] is chosen in such a way that |u(t) — u(0)| < r/2 for
t € [0,2t,]. The solution .%‘Z(-r) to the problem

@il + gz (1) = (1), 2(0) =

satisfies g(mgr) (t.)) = g(xz0) = w(0) < u"(t,+). The argument (3.54) — (3.56) in
the proof of Theorem 3.8, shifted from ¢ = 0 to t = ¢, for each fixed r > 0, yields
that, for ¢ > j sufficiently large, there exists ¢; €]t,,t[ such that ;vgr) (t;) = z4.
From Lemma 3.14 it follows that %(j) (£) > x4, hence u(™ € Y \ Bﬁ_. By virtue
of Baire’s Theorem (see [6], Chapter II, §3), the set Yy = Y\ U;’;I(Bi UB) is
non-empty. By construction, for u € Yy we have

di>5: x;(t) >z — a4,
vVjieN ,,*‘7, ) >z
Fi'>j 0 wp(t) <z_ +au,

and hence limsup; _, . z;(t) >z, iminf; o 2;(t) <z _.

3.7 Stability of the Flow

The results of the previous sections suggest that a stable regime for t — oo in
Problem (3.14) — (3.18) can be expected only under rather restrictive conditions,
cf. also Section 3 in [12]. Accordingly, we make the following hypothesis.

2005,
page !
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Hypothesis 3.16. There exist z € R, d > 0 and h > 0 such that

d
N d
6 W < oo
2
() 9(2) + o5 2 = 0,
(iii) 9(@) = 9(y) > d foreveryx,y€lz—h,z+h], z#y,
z—y

where X is given by (3.12).

This will certainly be fulfilled if, for example, g is smooth, there exists zy € R
such that g(z9) = 0, ¢’(20) > 0, and the valve parameter K in (3.5) is sufficiently
close to the critical value K = 1. Physically, this means that the valve is adjusted
with a prescribed accuracy so as to kill the reflected wave which otherwise may
cause undesirable interactions with the pump. Under the above conditions, we have
the following stability result.

Proposition 3.17. Let Hypothesis 3.16 hold, let p : [0, 00 — R be a function which
is requlated on each bounded interval, and let there exist v > 0 such that

] (1-g)(d+4)
t)] < < hd ——F5—7, YVt >0,
)] < v T >
Al(d+4
where o = % € [0,1]. Assume that the initial conditions satisfy the in-

equalities
°00) 2| < A,

3.57
lo — 9(Ms < dh—7, (3:57)

with v given by (3.13). Then for every € > % and every a > 0 there exists

t > 0 such that the functions y, defined in (3.19) satisfy the estimate

t)—z| < ¢ _
lv(®) | ; for t>t.

[9(t) — 9(2)l de — 7,

In other words, Proposition 3.17 states that the values of (y(t),(t)) remain
in a small neighbourhood of the equilibrium point (z, g(z)) if the fluctuations p(t)
are small, and y(t) — z, ¥(t) — g(z) as t — o0 if p = 0.

Proof. We construct sequences {ay}, {bx} recursively by the formula

a = by = h, (3.58)
ap = pag—1+ (1 —p)bg_1, (3.50)
b = o(vag—1+(1—v)br_1)+ %w 7, '
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fork=1,2,..., where p = e 2% andv = dL_M. The matrix ( Q’Z Z(Iﬁ V) > has
only real eigenvalues which belong to ] —1,1[, hence the sequence (ay, by,) converges
to (a,b), where
g G-l
(1-o)d

and we have 0 < ap < h, 0 < by < h for every k=0,1,2,....

We further prove by induction that the solutions yx, 1r to (3.14) — (3.18)
satisfy the inequalities

(3.60)

lyr—1 = zlljg,9 < max{ar—1,br-1}, (3.61)
lyk(0) — 2| <ax, (3.62)
1Yk — 9(2)llj,2 < dbrk — - (3.63)

Assume that
lyr—1(0) — 2| < ag-1,

k-1 =92 < dbr-1—1,

for some k. The induction hypothesis is fulfilled for & = 1, thanks to (3.57) and
(3.15). From (3.14) it follows that

agr—1(t)+9(wk-1() —9(2) = r-1(t)—9(2)+Pe-1(D), for ¢ €[0,2]. (3.64)
Let 7 €]0,2] be any point such that |yx—1(t) — 2| < h for all ¢t € [0,7]. Testing
equation (3.64) by sign (yx_1(t) — z) we obtain

d
aakgk,l(t) —z|+dlyp—1(t) — z| < dbg_1, for t€]0,7[,
and hence the inequality

ko1 () — 2| < e~'¥oq_; + (1—e*td/a) b1 (3.65)

holds for all ¢ € [0,7]. Consequently, we may take 7 = 2 and obtain immediately
(3.61) — (3.62) from (3.59) and (3.65). To check that (3.63) holds, we use (3.18)
which yields that

Grlt) = 9(2) = A(roa(t) = 9(2) = 2X (g (8) — ), for € [0,2],
and hence
ok = 9oz < A (I10n-1 = 9oy +2 w1 — 2l o)
<Al (dbg—1 — v + 2 (ar—1 + br_1))
= dby — .

We have thus proved that (3.61) — (3.63) hold for all k =1,2,..., and the assertion
follows from (3.60). O
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Chapter 4

Combined Asymptotic
Expansions

E. Benoit, A. Fruchard, and A. El Hamad:

A structured and synthetic presentation of Vasil’eva’s [7] combined expansions
is proposed. These expansions simultaneously take into account the limit layer and
the slow motion of solutions of a singularly perturbed differential equation. An as-
ymptotic formula is established which gives the distance between two exponentially
close solutions. An “input-output” relation around a canard solution is carried out
in the case of a turning point. Finally, the distance between two canard values of
differential equations with a parameter is given.

We illustrate this study on the Liouville equation and the splitting of energy
levels in the one dimensional steady Schrodinger equation in the symmetric double
well case. The structured nature of our approach allows us to give effective symbolic
algorithms.

This paper is a short version of [1].

4.1 Introduction

Combined asymptotic expansions are studied in the book [7]. They are used to
study singularly perturbed ordinary differential equations. Due to their complexity,
turning points are avoided in the basic literature. In this paper, we use combined
asymptotic expansions to study the global behaviour of solutions around a turning
point. The domain of a combined asymptotic expansion is divided into two parts:
the boundary, or inner, layer with its inner expansion, and the outer expansion valid
outside the layer. In some of the literature, the two domains are connected using
matching techniques, combined asymptotic expansions give approximation formulae
valid in large domains containing the boundary layers and the turning point.

Our presentation of combined asymptotic expansions is more algebraic and

101



102 Chapter 4. Combined Asymptotic Expansions

algorithmic than the classical one. It seems to us that it allows the more efficient
use of this theory. In the presentation here some technical proofs are not given as
the details are given in [1].

For this presentation, we will use Nonstandard Analysis (with the axioms of
Internal Set Theory: see [6]). In fact, all the proofs could be translated into classical
language, but the translation would give more complex formulae: with nonstandard
techniques, we can take a fixed infinitesimal positive real number ¢, then the symbol
¢ is a parameter and not a variable, and we can write f(t) for a function depending
on t and . An object not depending on ¢ is, in our context, a standard object. We
will give some examples of translations from nonstandard language to the classical
one. In addition, this will fix some notation (see [5]):

The formula A = @ (we read “A is infinitesimal”), is translated by

Ya>0 Jeg Ve 0<e<egy = |Alg)|<a.
The formula A = £ (we read “A is limited”), is translated by
AM Feg Ve 0<e<egy = |A(e)|< M.
The formula A = o0 (we read “A is unlimited”), is translated by
VM Feg Ve O0<e<egy = |A(e)|>M .
The formula A = @ (we read “A is appreciable”), is translated by
Ja>0 Jgp Ve 0<e<egy = a<Ae) <1l/a.

The formula “for all positive non limited z, A(z) = £Le~**” (we say “A has S-
exponential decay at infinity”), is translated by

Ja>0 IM Feg g Ve >zp Ve 0<e<egy = |A(x,e)| < Me " .

In the first part of this paper, we introduce combined asymptotic expansions
and we write algorithms for computations with such expansions. These algorithms
are written in Maple and can be downloaded from

http://www.univ-lr.fr/labo/lmca/publications/02-01/02-01.mws

In the second part we give the main lemma, which is very similar to that
given in [7], for the existence of a combined asymptotic expansion for a solution of
a singularly perturbed ordinary differential equation. The lemma is given in the
one-dimensional case; we did not study the n-dimensional case.

In the third part we extend the theory with the introduction of turning points
(canards) and we give an application to compute the exponentially small difference
between the first two energy levels of the stationary Schrodinger equation with a
symmetric double well potential (a problem already studied, for example, in [4] or

31)-
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4.2 Computations with Combined Asymptotic
Expansions

We give first the nonstandard definition of a combined asymptotic expansion, and
after that its translation to classical language.

Definition 4.1. A function ¢ : [ti,ts] — R? has a combined asymptotic ex-
pansion if there are two standard sequences of C™ functions (¢n)neN, (¥n)neN,
On ¢ [ty ta] — RE, ab, - R — IRY such that

N—
oVSIN € N Vit € [t, t2] = > (enlt) + ¥n (

,_.

—h))e" + £eN

=0
oviinc NVe € RT, o,(z)=Le @

The translation into classical language is:
Definition 4.2. A function ¢ : [t,t2]x]0,69] — IR? has a combined asymp-

totic expansion if there are two sequences of C™ functions (¢n)neN, (¥n)neN,
On ¢ [t1,t2] = RE, b, - RY — IRY such that

oVN € IN dC'y Ve 6]0,80] YVt € [tl,tg] s

N-1
@(t) - Z ((pn(t) + Py (%)) el < CN(:‘N
n=0
1
ovVn € IN limsup M < 0.
x—+00 x

The formal sum ¢, (t)e™ is called the slow ezpansion, and the formal sum
> by, (%) g™ the fast expansion.

We note that the approximation is valid for ¢t = t; + £ (usually called the
boundary layer), for ¢ = ¢;4+@ (usually called the exterior domain), but also between
these two domains. In the exterior domain, the functions v,, are exponentially small,
hence smaller than £V, and the fast expansion is negligible. However, in contrast,
the slow expansion is not negligible in the boundary layer.

Proposition 4.3. Let ® be a C> standard function from an open subset U of IR?
to RP and f a function from [t1,ts] to R? having a combined expansion (pn, ).
Suppose that for allt € [t1,tsa], po(t) € U and for all x € RT, ¢o(t1) + ¢o(z) € U.
Then ® o f is well defined and has a computable combined expansion.

Corollary 4.4. If f and g have combined asymptotic expansions on [t1,ts], the
same is true for the sum f + g, the product fg, the scalar product, etc. If g(t) 20,
the same is true for the quotient f/g, etc.
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Corollary 4.5. If ®(u) has an asymptotic expansion for u in a standard open
domain U, if f has a combined asymptotic expansion (on,¥n) on [t1,ta], if Vt €
[t1,t2] @o(t) € U and if Vo € RT @o(t1) + to(x) € U, then ® o f has a combined
asymptotic expansion.

One proves the corollary 4.4 by the application of the proposition to ®(f,g) =
f+g (vesp; fg, {f,9), f/g,-..). To prove corollary 4.5, we apply the proposition to
each function ®,, of the expansion of ®. All the computations of these corollaries
are implemented in Maple (in the one dimensional case).

The proof of the proposition 4.3 is technical, and details can be found in [1].
An outline is as follows: First, we claim that the slow part of the result is the formal
sum @ (> p,e™). Then, we study the difference ®(f(t)) — @(Zg;ol ©ne™). For that
purpose, we have to decompose ® with ®(a + h) = ®(a) + AP(a, h).h where AD
is a C™ standard function defined on a subdomain of U x IR. Then, we replace
t by t; + ex, we expand each term using Taylor’s formula, and we can prove that
the remainders are bounded using the exponential decay of the functions v,,. The
technical difficulties come from the complicated notation in Taylor’s formulae.

Proposition 4.6. If f has a combined asymptotic expansion (©n,n), then F :
[t1,t2] — IRt f:l f(r)dr has a combined asymptotic expansion (®,, V,) given
by
t
Dy (t) :/ wo(T)dT , Wo(z) =0,

t1

and forn > 1:
+oo

@n(t):/ on(T)dT + ; Yp—1(x)dx |

ty

—+oo

\I/n(l’) = — ¢n—1(§)d§ .

x

In particular, we have

/ s [ otar+ Y

t1 n>1

12 +o00
( / on(t)dt + ¢7l_1<z)daz) en |
t1 0

The proof is straightforward using the exponential decay of the ,. The
implementation of this proposition is very easy in Maple, but the computations of
integrals give many difficulties for effective computations in applications.

4.3 Main Lemma

In this section, we study a one-dimensional singularly perturbed equation

et = f(t,u).
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We don’t assume that f is analytic or C*° in e (in our nonstandard presentation &
is a given infinitesimal number, so this kind of regularity with respect to ¢ is not
relevant).

HypoTHESIS 1 — The function f is C* and all its derivatives of standard order
(f included) have e-expansions in a standard open subset U of R?. If we write
flt,u) ~ > fn(t,u)e™, the asymptotic expansions of the derivatives are given by
the derivatives of the f,.

HYPOTHESIS 2 — There is a standard slow curve u = ug(t) in U defined and C*>
on a standard compact interval [t1,ts] , i.e.

Vt € [t1,t2] , (t,uo(t)) € U and fo(t, uo(t)) =0 .

Let ¢ standard be such that the segment joining (¢1,uo(t1)) and (t1,¢o) is in U.

HYPOTHESIS 3 — (attractiveness) The function ag(t,u) := %(t,u) is bounded
above by some standard negative constant on U.

Proposition 4.7. We consider the differential equation

et = f(t,u), (4.1)

where the function f satisfies hypotheses 1,2 and 3. Then, for every number ¢ ~
Ym0 Cn€™, the solution u of (4.1) with the initial condition u(ti) = c is defined
and has a combined asymptotic expansion in [t1,ts]:

u(t) ~ Z un (t)e™ + Z yn(x)e™ . t=t1+ex.

n>0 n>0

Sketch of the proof (details are given in [1]):

e The slow expansion is well known in this situation (even with the weak hy-
pothesis 1.): It is the asymptotic expansion of a solution u? of (4.1), with
uf(t) = ug(t) + O for all ¢ in some standard open interval containing [t1, o],

N—-1
wit) = Y un(t)e” + £V
n=0

It is also the unique formal solution of (4.1), and the u, can be computed
using formal identification.

e Let g and y be defined by
gt) = ut) —u(t) , ylx) = Gt +ex) .
The function y(x) is the solution of

{y’(x) = g(ezy

) y(=),
y(0) = c—w “2)

(x
(0),
where g(t,y) == [f(t,u*(t) +y) — f(t,u?(t))] /y is a function with an asymp-
totic expansion.
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e Then, we formally solve the problem (4.2) to obtain a formal series Y y,, (z)e"
where y, () is given in terms of yo,y1, .-, Yn—1-

b

e The formula shows recursively the exponential decay of the y,,.

e Finally, we have to study the remainder ry defined by

N-1
y(x) = Zyn(ﬂf)€n +7‘N(Z‘)€N .
n=0

We can prove that ry is the solution of a linear differential equation

rv(@) = an(@) rn(@) + by(x)
g(€x7 y(x)) — g(E$7 YN(I’))
an(xz) = ex,Yn(x)) + )
with{ bn(@) = e ¥ {glez, Yn(2))Yn(2) = Yi(2)}
N-1
Yn(z) = > yalx)e".
n=0
We can prove that ay(z) = —@Q for = unlimited, and (after many technical difficul-

ties) that by (x) = £e~®*. That is enough to prove that ry(z) = Le~®*.

4.4 Improvement to Turning Points with Canards

In this section, we replace hypothesis 3 by a weaker hypothesis allowing canards at
a point (¢, uo(to))-

Let us define the function

¢
dfo
Ao(t) = —— (7, uo(7))dt .
o(t) . 5y (7 w0(7))

Its derivative is the function ag controlling the attractivity of the slow curve. As-
sume that there is a turning point at time ¢, i.e. A(t) is decreasing for ¢ in [t1, to],
and increasing for ¢ in [to, t2]. We know (by differentiation with respect to the initial
condition) that the order of magnitude of the distance between two solutions of the
equation (4.1) is exp(Ap(t)/e).
HYPOTHESIS 4 — There exists a canard u®(t), i.e. a solution of (4.1) satisfying
uf(t) =~ ug(t) on an open interval containing [t1,t2]. Moreover, Ag(t) < 0 for all t
in ]t1,t2], and ag(t1,u) <0 for w in [ug(t1),c].

Proposition 4.8. With hypotheses 1, 2 and 4, proposition 4.7 is valid.
For a proof, if t € [t1, (to + t1)/2], we can apply proposition 4.7, and for

bigger t, we know that the difference u(t) — u®(t) and the fast expansion are both
exponentially small.



4.5. Application 107

4.5 Application

In this section, we apply the above theory to the following classical problem: The
energy levels of the stationary Schrodinger equation:

e = (pt)? — E) ¢ with o(t)=1-1.

The energy levels are the values of the parameter E such that there exists a
nontrivial L2-solution. It is known that the first two energy levels E” and E* have
the same asymptotic expansion. Formal computation yields the first terms of this

expansion:
1 9 89
EbNEnN2—*2—72—73 £4.
CT % T3 Tamet TEF

The problem is to evaluate the difference E? — EP.

Proposition 4.9. There is a Maple program to compute an asymptotic expansion
for EY — E* (see

hitp:/ /www.univ-lr.fr/labo /lmca/publications/02-01 /02-01.mws ).

The first terms of this expansion are

32 41 16200 , 2691107
.Eji —_Eb = — [ 1— —¢— 2 _ 3 £ 4
N ( ) ( 06°  18432°  B3osale - |t

Sketch of the proof: .
With the change of variable u = 1 /1, we transform the linear Schrédinger
equation to the Riccati equation

et =pt)? -~ E—u* .

This equation has two slow curves u = +@(¢) intersecting at points ¢t = —1 and
t = 1. These two points are turning points. It is known (see [2, 4]) that an L*-
solution of the Schrodinger equation corresponds to a canard at both points t = £1.
Therefore, we look for a solution u such that

Vi=—-Q, u(t)~ —p(t), and Vt=4Q, u(t)~p(?)

Due to the symmetry, there are two possibilities: a solution u? with u*(0) = oo, and
another u” with u”(0) = 0. The first one has a pole for t = 0.

A difficulty appears due to the pole. To cancel it, we have to do another
change of variables, for example u = 1”;"6‘2 which corresponds to a rotation of the
cylinder (the natural phase space of a Riccati equation) of angle —arctand. In the
computations below, we do not write formulae with this new variable v to avoid
long and complicated formulae, instead we write all with the variable u, knowing
that effective computations need the variable v.

Let us denote by y(t) the difference uf(t)—u’(t). It is a solution of the equation

ey =c(t)y — (BF = E")b(t) , c(t) = (@) +u’(1)) , b(t)=1,
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with  y(0) =00 , y(o0)=0.

We can solve this equation:

y(t1) = y(tz) exp (;1 /tt C(T)dT) + Eﬁ%Eb /tt b(s) exp (;1 /t C(T)d7> ds .

‘We can then write

0(0) () e (<L ey
S bo(s)exp (2 5 e(r)dr) ds

We now apply this formula for t; = 0, and t5 = 2.

Using the theory above, we can compute the combined asymptotic expansions
of ut(t) and u’(t) for t € [0,2] (here we need the other chart v), then of ¢(t) and
b(t), then of the integral A(t) := fttl c(r)dr. We isolate the standard part Ay(t) of
this integral (which has the same meaning as in Section 4.4) and then compute the
asymptotic expansion of exp {(A(t) — Ao(t))/e}.

Doing an asymptotic expansion of a Laplace integral f02 f(t) exp(—Ap(t)/e)dt,
the term /¢ exp (%4 %) appears. All the computations can be done with algorithms
on combined asymptotic expansions. But we have to remember that we are studying
a Riccati equation on the cylinder (t,u) € IR x S!, or better (¢,v) € R x St.

EY—F = ¢
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Chapter 5

Contrast Structures of
Alternating Type

A. Vasilieva

The paper is devoted to spike-type solutions (contrast structures) of singularly
perturbed parabolic equations.

5.1 Equation without Explicit Dependence on u,
We consider the singularly perturbed parabolic equation (e is a small parameter)
2 (Upy —ug) = F(u,x,t), (2,t) € Q:={x €[0,1],t € R}, (5.1)
under the boundary conditions
u(0,t,e) =0, u(l,t,e) =0, (5.2)
and the 27-periodicity condition
u(z,t,e) = u(x,t + 2m,e). (5.3)

Remark. We assume that the boundary conditions (5.2) are homogeneous
for simplicity of presentation of our results. However, one can consider —oo < a <
b < 400, u € [a,b] and the boundary conditions can have the form u(0,t,&) =
ul u(l,t,e) = ul (see [1]).

Let the following assumptions hold:

1) The function F(u,z,t) € C*(G), where G := {R x Q}.

2) The degenerate (¢ = 0) equation

0= F(u,x,t)
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has three roots v1(x,t) < pa(x,t) < @s(x,t) in the domain Q. Moreover

F.(pi(x,t),2,t) >0,(i =1,3), Fu(p2(z,t),z,t) <O. (5.4)
We introduce the auxiliary equation
d*a _
P = F(’uagat)a Te = (aj - 6)/57 (55)
Te

where 0 < ¢ < 1 and ¢ are parameters. The phase plane (@, gg) of this equation

is represented in Fig. 5.1. This picture may be easily obtained, because equation
(5.5) has a first integral in the explicit form

1/2

Z—Z::I: 2/F(u,f,t)du+0 ,

$1

where the indices u and 7 are omitted to keep the last expression from becoming
too involved. We can distinguish the following three cases

2)

P2
/F(u,f,t) du > 0

1

P2
/F(u,f,t)du < 0;

Y1

¥3
/F(u,ﬁ,t)du =0.
Y1
Notice that Fig. 5.1(a) and 5.1(b) contain trajectories corresponding to C # 0,
where arrows indicate increasing time.
By (5.4) the points (¢;(£,t),0), (i = 1,3) are saddles, and the point (p2(&,t),0)
is a center.
We determine functions

ut (1), u§? (10), (€ =0, = /e); ui” (), u§ ) (1), (E=17e=(z—1)/e),

as the solutions of the equation (5.5) with the appropriate boundary conditions:

i (0) = 0,05 (00) = 2(0): w57 (0) = 0, (00) = 03 (0):
ui ™ (0) = 0,7 (—o0) = pr(1); w5 (0) = 0,uf” (—o0) = a(1).
From Fig. 5.1, where 7 =79, we can see that for the existence of the function
u:(LJr)(TO) (for instance) the vertical line w=0 must intersect the separatrix entering

to the saddle (¢1(0,t),0) as 79 — oo. Thus the existence of u§+)(

the position of the value u=0 on the u-axis:

7o) depends on
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da
dre
\ 0 - i
0
(a) 3
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(©) %
¥1 ©2 o3 \0
0 1
Figure 5.1.

in case a), =0 can be any point of the u-axis,
in case b), the inequality 0<1; must be fulfilled,

in case c¢), the inequality 0< 3 must be fulfilled.

In general: The function u:(ﬁ) (Te) (orug ™’ (7¢) ) exists if the vertical line u=0in
the phase plane intersects the separatrix entering the saddle (¢1(&,t),0) as 7¢ — oo
(or (¢3(£,1),0)). The function ug_)(Tg) (or Ug_)(Tg)) exists if the vertical line
u =0 in the phase plane intersects the separatrix entering the saddle (p;(&,t),0)
(or (3(¢,t),0)) as 7 —0.

Remark. Near =0 we need consider only ugﬂ(m) and ug+)(70); near r=1
we need consider only ugﬂ(ﬁ) and uéﬂ(ﬁ).

We now introduce so called boundary layer functions:

(+)
3

1 (70,8) = u{ (70) = 1(0,8), T (7, 8) = {7 () — u (1, 1),

57 (70,8) = u$™ (70) — 030, 8), TS (71, 8) = u ) (11) — @s(1,8),

and add the further assumptions:
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3,1) Let ung)(To), u(f)(Tl) exist, (i.e. let the line u=0 intersect the separatrix
in the phase plane (u,du/dry) entering the saddle (¢1(0,t),0) as 79 = 400 and
let the line u = 1 intersect the separatrix in the phase plane entering the saddle
(@,da/dr) as 71 =—00).

3,3) Let ug+)(70)7u(7)(7'1) exist.

Theorem 5.1. Let assumptions 1), 2) and 3,1) hold. Then for sufficiently
small € there exists a solution ui(x,t,€) of problem (5.1)—(5.8) such that, for 0 <
z <1 and —co<t<4o00, we have the asymptotic expansion

ui(x,t,€) = p1(z,t) + Hgﬂ (10,t) + H(f)(ﬁ, t)+ O(e).

We call the solution uy (z, ¢, €) the lower boundary layer solution. The following
limit relation holds

}in%ul(a?,t,s) =pi(x,t), 0<z<1, —c0o<t<+00.

Remark. A similar theorem is valid for the upper boundary layer solution
uz(z,t,¢) if we replace the condition 3,1) by 3,3):

us(x,t,€) = ps(z,t) + Hz(;r) (10,t) + Héf)(ﬁ?t) + O(e).

To study the solution which has not only boundary layers but also some inte-
rior layers we add the assumptions 4) and 5)
4) The equation

w3(z,t)
I(2,t) = / Flu, ) du = 0 (5.6)
p1(z,t)
defines a periodic function x = xo(t) such that

0 < zo(t) < 1. (5.7)

Moreover, suppose I (xo(t),t) # 0.

Since £ = xo(t), we have a cell (i.e. heteroclinic orbits) as in Fig. 5.1(c)
in the phase plane. The assumption 4) guarantees the existence of the functions
ugf)(r),u(f)(T),ung) (T),u§+)(T) (the index & on 7 is omitted for notational sim-
plicity). Moreover a) the function ug_)(T) is smoothly connected with u§+)(7) (i.e.
there exists a separatrix going from the saddle (p3(zg,t),0) as 7 — —oo to the
saddle (p1(x0,t),0) as 7 — 400), b) the function uz(;)(r) is smoothly connected
with ugﬂ(r).

By means of u,(ci) we obtain H;Ci), for instance HEJ)(T, t) = u(f)(T, t) —
v1(xo(t),t), (similarly for H§+),H§7),H§7)) which we naturally call the interior
layer functions.

We must introduce one more assumption, because the theorem guaranteeing
a solution with an interior layer is proved by the method of differential inequalities.
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The foundation of this method is given in [2, 3]. For applications of this method
in studying singularly perturbed problems, an important role was played by works
of Nefedov (see [4, 5, 6]). Theorem 5.1 is proved by the method of differential
inequalities as well, but without any additional assumptions. So, we add a further
assumption

5) The inequality

e1(2o(t),1)
Fy(u,zo(t),t)du <0 (5.8)
@3 (wo(t),t)
holds. This inequality is called the stability condition.

Theorem 5.2. If assumptions 1), 2), 3,3) for u§+)(7'0), 3,1) for u(l_)(ﬁ), 4)
and 5) all hold, then for sufficiently small e there exists a periodic solution us(z,t, )
such that

w3z, t) + Hé+)(70,t) + Hz(;)(r*,t) +0(e), 0<z<mx,

_ 5.9
o1(,t) + I (7 ) + T (70, 8) + O(e), a* <z <1, (5.9)

’U,31(£L'7t, 5) = {

where ©* = x9+ O(e), 7 = (x — z*) /e.

A more exact asymptotic approximation is constructed in [4, 6].

The solution uz; (z,t,¢€) is called a contrast structure of step type (CSST) with
the passage (transition) from @s(x,t) to ¢1(z,t) and with transition point zq(t).
This solution has a boundary layer near x = 0, a boundary layer near x = 1 and an
interior layer near x = xo(t). The graph of this solution in the (z,u) plane moves
periodically, with z4(t), forward and backward along the z-axis. The transition
point does not reach the boundaries x = 0 and = = 1. It is a moving CSST.

The following limit relation is the result of (5.9)

e—

o1(z,t), zo(t) <z <1

A similar theorem is valid for the solution wuy3(z,t,e) which has a transition
direction from ¢4 (z,t) to p3(x,t). We must, however, interchange the indices 1 and
3 in assumption 5) and in the limit relation (5.10), and use the assumption 3,1) for

u(1+)(7'0) and 3,3) for ug_)(ﬁ).

5.2 Equation with Weak Dependence on u,

We now consider the case when the first derivative, wu,, is present with a small
parameter in the right hand side of (5.1), see [7, 8]:

€2 (Ugz — ur) = Fleug, u,z,t). (5.11)
The first integral of the equation
d* dii
— = F(—,u,&,t 5.12
dré (de,u,g, ) (5.12)
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cannot be obtained in explicit form. But for some special cases, for instance when
F = cau, + (u? — 1)(u — @(z,t)), (5.13)

we can obtain the separatrix connecting the saddle (—1,0) with the saddle (1,0)
(as is necessary for the existence of an interior layer) in the form of a parabola (we
omit the sign “~")

du
- =A(u? - 1). 14
gy = Al =1) (5.14)
The equation (5.12) becomes
d’u du
T = e T (W =D —eE ). (5.15)

Substituting (5.14) into (5.15) and equating terms with the same degree of u we
obtain 242 =1 (i.e. A ==+1/v2), aA = ¢(&,t). The transition point &3 for the
transition from (—1,0) to (1,0) is obtained from the equation ¢(£,t) = —a/v/2;
the equation for the separatrix is du/dr = —1/(v/2)(u? — 1) and we can solve it
explicitly. For the transition point €31 from (1,0) to (—1,0) we have p(&3,t) =
a/V?2, du/dr = 1/(v/2)(u? —1). Thus the separatrix corresponding to £13 is unique
and it is different from the separatrix corresponding to £31. Note that in the case
(5.1), we have two separatrices for each transition point .

5.3 The Case when Degenerate Equation Has
Several Roots

When the derivative u, appears in the right hand side of (5.11) without any small
parameter, the behavior of the solution changes radically. In this case we can
consider only the quasilinear equation because the derivative u, tends to infinity as
e —0.

Thus we consider the quasilinear problem

2 (Upe — ug) = A(u, 2, t)uy, + Blu,z,t), (5.16)
u(a,t,e) =0, u(b,t,e) =0, (5.17)
u(z, t,e) = u(z,t + T, ¢). (5.18)

We impose the following five conditions:
1) A and B are T periodic functions with respect to t and

AcC3RxQ), BEC](RxQ), Q:={a<z<btcR}
2) The degenerate equation Aug,+ B = 0 has two solutions @) (x,t) such that
@ (a,t) =0, @D (bt)=0.
Moreover

A (), x,t) >0, A@@D(z,t),z,t) <0, (1) €

2005,
page
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3) The equation
a7 (z,t)
I(z,t) = / A, 2, ) du = 0 (5.19)
a+) (z,t)

has a solution © = xy(t) such that a < xo(t) < b and I (zo(t),t) # 0 for Vt € R.
4) The function

u

F(u,t) = / A(n, zo(t), 1) dn

a(=) (2o (t),t)

has no roots between w7 (xo(t),t) and aH) (zo(t),t) for Vt € Q.
5) The inequality

I (20(t), 1)
(@ (o(t),t) — @' (o (1), 1))

<0

is satisfied Vt € R.
Remark. Condition 3) corresponds to the previous assumption 4) and con-
dition 5) corresponds to the stability condition (5.8).

Theorem 5.3. If assumptions 1)—5) hold, then for sufficiently small € there
exists a T-periodic solution u(x,t,e) of the problem (5.16)—(5.18), u € Cftl satis-
fying the limit relation

lin(lJ u(z, t,e) =

E—

a7 (x,t), a<ax<at),
a ™) (x,t), xo(t) <z <b.

This solution has no boundary layers, only an interior layer near x = xo(t). It
is the CSST.

A uniform asymptotic representation similar to (5.9) can also be obtained, see
[9].

5.4 Periodic Contrast Structures of Step Type

We have considered a periodic CSST. The important condition for the existence of
such a contrast structure is (5.7): 0 < zo(t) < 1. The following question arises:
what happens to the solution wu(z,t,¢) when the transition point xo(t) approaches
the boundary z = 0 or x = 1. Up until now this question has not been analytically
resolved. We propose a number of examples for which one can give a rough asymp-
totic description, which coincides, in a certain sense, with the results of numerical
computations.

A particular case, for which one can give an exact analysis, will be described
below in Section 5.5.
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Let us consider the equation
£2(Ugz — ug) = Flu,x,t) := (u* — 1)(u — ¢(x,t)) (5.20)

with the additional conditions (5.2), (5.3). In this case equation (5.6) for the tran-
sition point x((t) reduces to

Lp(.%'o(t), t) =0.

To see this, it is sufficient to note that for equation (5.20) we have

+1 +1
I(z,t) = /(u2 —D(u—p)du= —cp/(u2 —1)du,

and I = 0 implies ¢ = 0.
Consider the solution us; (x,t,¢). Let us construct, for this solution, the func-

tion gy (7) which is the smooth connector of ugf)(T) and ugﬂ(r) (see assumption
4) in Section 1 and the subsequent explanatory comments). We have

1-— exp{g(x —xo(t))}

u31(7) = . 5.21
31(7) NG (5.21)
1+ exp{?(az —zo(t))}
From (5.21) we get the relation:
. L, 0<z < zo(t),
ili%ugl(ﬂ N { -1, zo(t) <z <1l
The stability condition (5.8) gives
—1
- [ = Dgatan(t). 0 du <0
+1
or, equivalently
0z (xo(t),t) du > 0. (5.22)

The transition point xo(t) varies when t varies. The function (5.21) has a
jump at the point x4(t) as ¢ — 0 and we call the solution uz;(z,t, ) the moving or
travelling step. The solution wus;(x,t,€) has not only an interior layer described by
uz1(7), but also boundary layers at x = 0 and = = 1.

Let be 20(0) = 2° € (0,1) (for instance x(0) = 0.5). Let zo(t) increase for
increasing t. What happens if for a certain ¢ = ¢y the relation z(tp) = 1 holds?
Strictly speaking, it is not possible to use the expression (5.21) at t = to, but we
postulate that the value found from the relation x(¢p) = 1 is the moment when the
solution ugy(x,t,e) becomes the purely boundary layer solution us(z,t,¢) (see the
remark after the Theorem 5.1).
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Numerical experiments confirm that this is possible. The step ug; at t = tg
is transformed into the the purely boundary layer solution uz. But the solution ug
does not exist in general for all ¢ < ¢ since the requirement 3,1) for ué_) (1) can be
violated for a certain ¢t = ¢t; > ty3. The solution us blows up. After that, a travelling
step can again arise which moves back to x = 0.

Similar phenomena can arise when the transition point 2 (¢) hits the boundary
z=0.

Remark. We will investigate the transformation of the solution us; using the

assumption that the uz(;r) (7o) exists during the transformation of ugy (from wus; to

uz and to a moving step again) after its exit from the boundary x = 1, i.e. the left
boundary layer exists all the time.

Contrast structures which at a certain value of ¢ change their form from a
moving step to a purely boundary layer solution and back to a moving step again
are called the contrast structures of alternating type (CSAT).

A number of analytical results helps us to study the CSAT. For the existence
of the step u3; with boundary layers it is necessary that the vertical u = 0 meets the
separatrix entering the saddle (¢3(0,t),0) = (1,0) as 79 — oo and the vertical u = 0
arrives at the separatrix entering the saddle (¢1(1,%),0) = (—1,0) as 74 — —oc.
For brevity we will speak about the joining of w = 0 with “+ 1”7 and the joining of
u =0 with “—1".

The possibility of joining v = 0 with “+1” at the boundary z = 0 depends on
the value g := ©(0,¢t). If g < 0, we have the phase picture shown in Fig.5.1 (b);
if oo = 0, we have Fig.5.1 (¢); if ¢o > 0, we have Fig.5.1 (a). In the case ¢y <0
the value u = 0 can be any point of interval (—1,+1), and in the case @ > 0 the
value u = 0 should not be less than 1y. Therefore if py > 0 varies with ¢ then, to
join u = 0 with “+ 1”7, the maximum possible value g is a value for which ¥y = 0.
Denote it by <p(()+). From the explicit expression for the separatrix we can directly
calculate that

3
ol = < = 0375, (5.23)
Similarly, to reveal the possibility of joining u = 0 with “ — 1”7, we introduce the
notation go(_) which is the minimum possible value of ¢q for joining u with “—17.
We have 3
o) = —5 = 0375, (5.24)

The same formulas can be written for the boundary z = 1. We denote by <p§+)

the maximum possible value of ¢; for the joining of p; = ¢(1,t) with “+ 17 and

we denote by @57)

“—1". We have

the minimum possible value of ¢, for the joining of v = 0 with

3 _ 3
o = < =037, o7 = —5 = 0375, (5.25)

It is convenient to use the formulas (5.23)—(5.25) to study the existence of the
purely boundary layer solutions u; or uz and the steps us; (or uy3).

In Fig. 5.1 where 1 = p3 = 1 and £ = 1, we see that if ¢(1,t) increases, then
the picture c) is transformed to the picture a) and ¢(1,¢) = 0.375 is the last value
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of ¢(1,t) when the vertical u = 0 intersects the separatrix entering the saddle (1, 0).
If o(1,t) is greater than the number 0.375, the vertical u = 0 does not intersect
the separatrix entering the saddle (0,1) and the boundary function u(f)(ﬁ) does
not exist. Thus the boundary layer phase ends at t = t; where t; is obtained from
solving the equation ¢(1,t) = 0.375.

A. P. Petrov [10] proposed a method to describe a process that arises after
t = t1. Let us introduce the differential equation

dr_
dt

where 7 is the value of x for which u(x,t,e) = 0 and ¢(r,t) is the known root of
F = 0. The initial condition is taken as

—V20p(r, 1), (5.26)

r(ti,e) =1, (5.27)

since during the boundary layer phase the argument x is near the value 1.
Equation (5.26) is a singularly perturbed first order equation. According to

Tikhonov’s theorem, (see [11]), together with the stability condition (5.22), the

solution r(¢,¢) of the Cauchy problem (5.26), (5.27) exponentially approaches the

transition point zo(t) which is the solution of the degenerate equation ¢(r,t) = 0.
Substituting r(¢, ) in the formula (5.21) we obtain

1— exp{g(x —r(t,e))}

Usz] = .
1+ exp{g(x —r(t,e))}

It turns out that @3, satisfies the equation (5.20) with an error of order O(g).

The following four stages are distinguished in the character of the behavior of
CSAT.

a) The solution ug; has the form of a travelling step with an interior layer
function (5.21) from t = 0 to t = ¢y, where to is obtained from the equation
xo(to) = 0. The graph of ug; moves with zo(t), and we call this stage the “moving”
or the “travelling” stage.

b) From ty to t; (at t; the function u(f)(ﬁ) no longer exists) we have the
stage which is called the “halt”. The solution has a purely boundary layer form and
varies slowly. This stage may be rather long, because t; — tyg may be large.

¢) During the interval (to,t1) the value zo(t) is greater than 1 and is next
equal to 1 at t = to > tg. If to = ¢; then a new moving stage is starting. The
solution has the form of step ugz; and moves to the left with the motion of x(t).

d) If the inequality o < ¢; holds, then at ¢ = ¢, the solution has a form close
to (tig1), as if it overtakes the solution usy described by us;(7) in the region of the
interior layer. This stage is called the “run”.

If z((t) attains the boundary x = 0, there may be a similar transformation
as for x = 1. In general the collapse of the uz(f)(ro) may arise before z((t) arrives
at x = 0 (we assumed above that this did not occur). Then a more complicated
regime may arise.
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We can illustrate all the above phenomena by some numerical results. These
numerical results were obtained (see [10]) by A. A. Plotnikov (MSU, Moscow) and
confirmed by M. Radziunas (WIAS, Berlin). The computations were performed for
the problem

e2(Upy — ug) = (u? — 1)(u — 0.52 + 0.73sin t + 0.25) ),

u(0,t,¢) = u(l,t,¢), g2 =1073.

This problem was solved with initial conditions u(z,0,¢) = sin 27rz. The solution
rapidly arrives at the CSST wug;.

For this case our rough analytical calculations give: p(z,t) = 0.52—0.73sin t—
0.25, the value tg may be found from the equation xo(tg) = 2(0.73sin to+0.25) =1
and is equal to 0.34. The value ¢; is equal 3.31 and may be obtained from the
equation ¢(1,¢1) = —0.73sin ¢; + 0.25 = 0.375.

The inequality to < t; is satisfied (the value t5 is the other root of the equation
2o(t) = 1). During the time interval t; — to, 2o (t) goes to the left and arrives at the
value 0.25 at t = t;. Starting from the instant of time ¢1, we have a run to the left
according to the initial value problem

edr = —\/3(0.5r — 0.73sin t — 0.25)),
(5.28)

r(3.31,¢) = 1, g2 =1073.

The function r(t, ) approaches rapidly the value z((t) = 2(0.73sin ¢ +0.25) ) which
moves and arrives at the boundary = = 0 at the value t = t3 = 3.48 (2((3.48) = 0).

After t = t3 we have the stage of the halt in the form of the lower purely
boundary layer solution. By ¢ = t4 (the value is found from the equation ¢(0,t4) =
—0.375) there arises a run to the right in direction of = 1. The run is described
by the equation (5.28) with initial condition r(t4,e) = 0. The boundary z = 1 is
attained at t5 = 6.62 = tg + 2.

The results of the numerical computations are in good agreement with our
analytical results.

Other examples of a CSAT can be found in [1].

Remark. A CSAT can arise for the equation (5.11) as well. But even in the
case (5.13), for which the transition point is obtainable, we cannot get the value t;
where the purely boundary layer solution collapses. Unlike the case (5.20), when
the relation p(t1,1) = gog'” = 0.375 for ¢; is obtained by considering the phase
picture in Fig.5.1, for the case (5.13) we do not construct the phase picture because
we do not have the first integral of (5.15) in explicit form.

We must obtain the phase picture by computation. Then we look for the value
t1 as that value of ¢ when the line u = 0 is tangent to the separatrix leaving the
focus (¢, 0) and entering the saddle (0, 1).
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5.5 Periodic Contrast Structures of Alternating Type

In this section we give a new result. We present the case when the existence of
CSAT can be rigorously proved [12, 13].

We return to the problem (5.16) —(5.18). Suppose the following conditions are
satisfied:

1) and 2) are the same as in the Section 3.

3) there are two values t1 and ts, t; < to, such that

i) the equation (5.19) has the solution x = xo(t), which satisfies the inequality

a <zo(t) <b,if t €[0,81) U[ta, T], and xo(t) = b, if t =11 and t = ta.

i) I(z,t) # 0 for all (z,t) € [a,b] X (t1,t2).

4) The function

F(u,t) = / A(v, zo(t),t) dv

a(=) (zo(t),t)

has no roots between ™) (xo(t),t) and @) (xo(t),t) for t € [0,t1] U [t2, T].
The function

u

Flu,t) = / Av,b,t) dv
u(=) (b,t)

has no roots between @\ ~) (b, t) and zero fort € (t1,t5).

5) The inequality 5) from Section 3 is satisfied on [0, 1] U [t2, T).

Theorem 5.4. If the assumptions 1)—5) hold, then for sufficiently small &
there exists a T-periodic solution u(x,t,e) of the problem (5.16)—(5.18), u € Cftl,
and following limit relation is valid

a7 (z,t), a<z<ao(t), t €[0,t,]U[t2, T),
liH(lJ u(z,t,e) =< at(x,t), xo(t) <x<b, t€[0,t1]Ults, T), (5.29)
- u)(z,t), a<x<b tE(t,ts).

The theorem is proved by means of the method of differential inequalities [5].
The upper and lower solutions (barriers), 8 and «, are constructed by modifying the
barriers for the case a < xo(t) < b (see [9] ). These barriers satisfy the limit relation
(5.29), the difference between « and 3 tends to 0 as ¢ — 0, but this difference is
not O(e) for all z and .

In [13] we obtain the remainder to be of order O(g) for all x and ¢, except in
a small vicinity of the points (b,¢1) and (b, ts).

Remark. The moving step for our problem does not have boundary layers
near x = a and x = b, and has only an interior layer. This step solution transforms
into the boundary layer solution with one boundary layer, near the boundary x = b.
The run-stage does not appear after the halt-stage, but the moving-stage follows
immediately. The presence of only two stages raises the possibility of constructing
a proof for Theorem 5.4.

It is probable, that such a concept is applicable for a CSAT for some cases in
Sections 5.1, 5.2, 5.4.
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Chapter 6

Multi-Dimensional
Internal Layers for
Spatially Inhomogeneous
Reaction-Diffusion
Equations

N. Nefedov

In this paper singularly perturbed partial differential equations are considered
and typical problems of the asymptotic theory of contrast structures are discussed.

6.1 Introduction

Mathematical problems concerning reaction—diffusion problems are of increas-
ing interest because of many applications of practical importance. Some important
cases when the reaction term is dominated can be described by nonlinear singularly
perturbed parabolic equations. Physically, this problem may be interpreted as a
model for reaction-diffusion systems in chemical kinetics, synergetics, astrophysics,
biology, et.al. (see, for example, [5] and references therein). The solutions of these
problems often feature a narrow boundary layer region of rapid change as well as
internal layers of different structures (contrast structures), and it requires the de-
velopment of new asymptotic methods to treat it formally as well as rigorously.
In the present work we demonstrate some recent results of rigorous investigations
which are based on the asymptotic method of differential inequalities and on the
SLEP-method (Singular Limit Eigenvalue Problem Method). Using these meth-
ods we consider some classes of singularly perturbed equations. For all problems
considered here we prove the existence of the solutions, estimate the accuracy of
the asymptotics and investigate the stability of the stationary and periodic solu-
tions as solutions of the corresponding initial boundary value problems for parabolic
equations. To define contrast structures we consider the following problem

e?Au = f(u,z,e), x€DC R

dop = g(x), (6.1)

127



128 Chapter 6. Multi-Dimensional Internal Layers

where £ > 0 is small parameter and A is the Laplacian. The spike—type contrast
structure is the solution u(x, €) of the problem (6.1), which is close to some solution
u = @(x) of the degenerate equation f(u,z,0) = 0 everywhere inside the domain
D with the exception of a small neighborhood of some curve C' where the solution
u(z, e) differs significantly from ¢(z) (i.e. the solution u(x,¢) has a spike).

The step-type contrast structure is the solution u(x,¢) of the problem (6.1),
which is close to two different solutions of the degenerate equation on different sides
of some curve C.

In what follows we concentrate our attention on multi-dimensional problems.
A relevant consideration of some one-dimensional problems can be found in [16],
[18], [21], [22].

6.2 Step-type Contrast Structures in Partial
Differential Equations

6.2.1 The noncritical case
Consider the equation
e2Au = f(u,x,e), x€DCR? (6.2)
with the Dirichlet boundary condition
ulap = g(x). (6.3)

Here A is the Laplace operator, D is a smooth bounded domain. The functions f,
g and the boundary 9D are assumed to be sufficiently smooth.
For the reduced equation

f(u,z,0) =0 (6.4)

we assume that

I. Equation (6.4) has three solutions
u=p;(z) (i =1,2,3) such that

a) p1(x) < p2(x) < p3(x) for x € D and there are no other solutions of (6.4)
in the intervals (@1, @2) and (ps2, p3).

b) fulwi(z),2,0) >0,i=1,3; f,(p2(x),2,0) <0 for x € D.

We will construct the asymptotics of a contrast step-type structure for the
problem (6.2), (6.3). A contrast step-type structure is defined (analogously to
Section 6.1) as a solution of (6.2),(6.3) which is close to ¢1(x) and ¢3(z) of the
reduced equation (6.4) on different sides of some closed curve I located inside D, and
thus, the interior transition layer lies in a small neighborhood of the curve I'. The
location of the curve I' is not known a priori; it is defined during the construction
of the asymptotics.

We introduce the function I(x):

p3(x)
I(z) = / fu,z,0) du.

v1(z)

2005,
page
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I1. Let the equation I(x) = 0 define some closed smooth simple curve T'g located

inside D and let 5
8—nl(x) <0 for zely, (6.5)

where % 18 the derivative along the inward unit normal vector to Iy .

Such a case, when condition (6.5) holds, is called noncritical. The critical case
I(x) =0 for x € D is called the case with balanced nonlinearities. This case will be
discussed in the next subsection.

The curve I'g will be the main “term” of the asymptotic representation of the
curve I' mentioned above. We define the location of I" by the condition

u(z,e) = @po(x) for z €T. (6.6)

The closed curve I" (yet unknown) divides the domain D into two subdomains: D;
(interior to I') and D, (exterior to I').

The following condition is a standard one which assumes that the boundary
conditions belong to the domain of attraction of the solution of the reduced equation
(it is used to construct the boundary functions).

III. Let

/ f(u,z,0)du >0 for x€9D, sc¢€ (pi(x),g(x)].
e1(x)

Under the conditions I — ITI, we seek an asymptotic expansion of the solution
in the form

B+ Q= Y Mal(n) + QL(n 0, for o € D;
u(z,e) = SR (6.7)
@+ Q° + 11 =Y eflag(z) + Qi(r,0) + k(p,1)], for x € De.

k

0

Here u} , u{ are the regular terms of the asymptotics, Q% and Q¢ are transition
layer functions, 11 are boundary functions. The variables p, [ are local coordinates
near the boundary. They are defined in the standard way. The variables 7,6 are
introduced as follows. At first we introduce new (local) coordinates (r,0) in a small
neighborhood of the curve I'y: r is the distance from a given point M to the curve
T’y along the normal to I'g with the plus sign if M € D; and with the minus sign if
M € D, 6 is the coordinate along this normal on I’y (we assume that 0 < 6 < 27 ).
We will seek the equation for I' in the form

r=MA6,e) =\ (0) + 62/\2(9) +ee

where the functions \;(6) must be found during the construction of the asymptotics.
We now introduce the transition layer variable
r—A0,¢)

T=—".
€
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The operator e?A in terms of the new variables 7,6 has the form
0? =
A =(1+ 5204)@ +>» &L;,
1

j=

where a = a(eT,0,¢) is a known function, L, are linear differential operators con-

taining the differentiations 6% , % , 63—;2; for example, L; = k(@)a% and k() is a

known function (the curvature of I'y).

Let us substitute the series (6.7) into the equation (6.2) and change the right-
hand side f into an expression of the type (6.7): f* + Q'f for D; and f¢ 4+ Q°f + IIf
for D.. Now, expanding f*,...,IIf into power series in € and equating coefficients
of powers of ¢ separately for regular terms, for transition layer functions and for
boundary functions, we obtain the equations for the terms of the asymptotic ex-
pansion of the solution.

For 4o (), we have the degenerate equation:

f(’l_l,o,m, 0) = O

We choose . _

o = ul = p3(x) for x € Dy,

o = u§ = p1(x) for x € D..
In a similar way we can find the next terms of the regular part of the asymptotics,
for example

’azl = fu_l(gog(x),x,O)f5(<p3(x),x,0),ﬂf = f;l(gpl(x),x,())fa(gol(x),x,0).

To determine Qf(7,6) and Q§(7,60) we obtain the equations (the functions
wi(z) and f(u,x,e) after change the variables x to the variables (r,8) are denoted
by ¢i(r,0) and f(u,r,0,¢)):

Q@ ‘
550 = [(e3(0.0) + @5,0,0,0), 7 >0, (6.8)
Q5(0,0) = ¢2(0,0) — 93(0,0),  Q4(+00,6) =0, (6.9)
TL — 11(0.0) + Q5.0.0.0), 7 <0, (6.10)
@6(0,8) = 2(0,0) —1(0,0),  QG(—00,0) =0. (6.11)
Here 6 is considered as a parameter. The first condition in (6.9) and (6.11) follows

from (6.6).
We now introduce the function

~ _ 2 (070)+Qe(7a0)3 TSO,
Qo(r,0) = {@;(o,o) O rE),  r>0

From (6.8) — (6.11) Qy satisfies the following

PR = f(Q0,0,8), —oo<T+o0,

/) ~ (6.12)
QO(ng) = 2(0, 9)3 QO(*Oov 9) = 901(03 0)7 QO(Oov 0) = 903(03 0)
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From conditions I — II it follows that for each fixed € in the phase plane (Qo , 05@7” )
of equation (6.12) there is a cell: the saddle points (0,1 ) and (0, 3 ) are connected
by separatrices. Thus, the problem (6.12) and, hence, the problems (6.8) — (6.11)

are solvable. The functions Q and Qg satisfy the exponential estimate

|1Qi(1,0)| < Cexpleaer); |Q5(1,0)| <Cexp{eer}. (6.13)
Here C and & denote some suitable positive constants independent of . Note that
9Q} Q5 9Qo
5, (0,0) = 5 0,0) = B —(0,0),

i.e. the derivatives of zeroth approximation are matched on the curve I'.
To determinate Q%(7,0), Q5(7,0) we have the equations

P9 = 0@+ fi(re). >0,
QLO0) = —M(0)%(0,0), Qi(00,0) =0;
G = fum0)Qf+ fi(r.0), T<0,
Q10,0 = —M(O)FH0,0), Qi(=00,0) =0,
where
= a0 2220.0) 4 £, 0)] 7+ 000)) + 6m0) — h(0) 22,

J1 has a similar expression with ¢, replacing @3, while f,(7,0), f.(7,0) and f.(7,0)
are evaluated at the point (Qp,0,0). The solutions to these equations can be

represented in an explicit form using the function ®(7,0) = 8Q° <0(7,0). For example,
the expression for Q} has the form:

Qi(r.0) = —\(0 )Wj(o’@) 1(0,6) (7, 6)
~2(1,0) [ 2°2(6.0) [ 2(0,6) fi(0.0) dos (6.14)
0

The matching condition for the derivatives at the first approximation gives
the equality

91 0Q1 I3 8627
0,6 0,0) + 0,0
42 25 0.0)=220,0)+ %2 0.0).
Using (6.14) and an analogous expression for Q$(7,6), we can rewrite this equality
in the form

- (0,0) +

s Op1 r _
%50,0) - 92 (0,6) - (0,9)/ B(r,0) f1(7,0) dr =

Next, using the expression for fi(7, ), which is equal to fi(r,6) for 7 > 0, and to
fe(r,0) for 7 <0, after some transformations we get the equation

p2(r,0) oo
% / flu,r,0)du A(0) = /[k(@) O(1,0) — fr(1,0) T — fo(7,0)] D(7,0) dT.
p1(r,0) r=0 —oo

(6.15)
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The coefficient multiplying A; (0) is the derivative 2 (z) for = € Ty from condition
(6.5). According to assumption II this coefficient is not equal to zero and therefore
A1(0) is uniquely defined by equation (6.15). In a similar way, the transition layer
functions @, Q% can be found successively for k = 2,3, .... Using the C'-matching
condition we get for the functions \;(0)(k = 2,3,...) equations which are similar
to equation (6.15). All functions @}, Q¢ have estimates of the type (6.13).

For the boundary function Ig(p,l) we have the following equations where [
enters as a parameter (notation for the functions f, g in terms of the variables p,{
is analogous to the notation in terms of the variables 7, 6):

8211y

Op
HO(Oa

2 = f(<,01(0,l)+1_.[070,l)7 p>07
) = g¢(0,1) —p1(0,1), Tp(oo,l) =0.

By virtue of the condition III, this problem has a unique monotone solution (see
[2]) and TIy(p,1) satisfies the exponential estimate

|Io(p,1)| < Cexp{aep}. (6.16)

The functions x(p,l) (k = 1,2,...) are defined similarly to Q(7,0). Func-
tions I (p, 1) are given by formulae analogous to (6.14). All I (p,!) possess esti-
mates of the type (6.16).

The functions Q%, Qf, Pix must be multiplied by cut-off functions to continue
them on the full domain D.

We set 7= [r—(eA1(0) + - + " X\,41(0) ) /¢ and denote the n-th partial
sum of the series (6.7) by U,(x,¢). The main result for problem (6.2), (6.3) is the
following theorem.

Theorem 2.1. Under conditions I — III and for sufficiently small €, problem
(6.2), (6.3) has a solution u(x, €) with an internal layer (step-type contrast structure)
which satisfies the limit relations

li =
im u(z,€)

e—

w3(x), forax €D,
v1(x), forx € D..

Moreover the series (6.7) are the asymptotic expansion of the solution u(x,€) in the
domain D, i.e. the estimate

max |u — U, | = O(e"*) (6.17)
D

holds.

The limit relation from Theorem 2.1 was first obtained in [3] by using the
generalized implicit function theorem. The estimate (6.17) and the stability result
have been obtained in [7], [8] by the asymptotic method of differential inequalities.

Remark. If instead of the Dirichlet boundary condition (6.3) we have the
Neumann boundary condition

ou

gL _p
on|yp ’

the asymptotic expansion for a step-type solution is constructed in the same way.
For this case Ily(p,1) = 0, so we don’t need the condition III.
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6.2.2 The case of balanced nonlinearity

The results of Theorem 2.1 can be extended to the case when problem (6.2), (6.3)
has any finite dimension. In what follows we demonstrate it by considering the spe-
cial multi-dimensional case of problem (6.2), (6.3) which we call the case of balanced
nonlinearity. Our results can be found in [10], [20] and [11]. The one-dimensional
case was considered in [21].

We consider a spatially inhomogeneous reaction-diffusion equation with the
homogeneous Neumann boundary condition

%:62Au—f(u,x,e) (xeDC RN, t>0),
(6.18)
Ju
— = D, t
o 0 (x €0D, t>0),

and investigate the existence of equilibrium internal layer solutions. Our first as-
sumption is as in Section 6.2

(A1) The equation f(u,z,0) =0 has exactly three solutions u = ¢+ (x),
»)(x) such that

¢ (z) < ¢O(z) < ¢ (2), 2€D

and N
Fu (@) = fu(0F) (2),2,0) >0, r€D.

In contrast to assumption IT of Section 6.2, we assume that the function I(x)
d>(+)(z)
I@)= [ i)
¢ ()
satisfies
(A2) I(z)=0 forz €D.

In order to state our problem succinctly, we define a set S of interfaces:
S= {F C D |T'isan N — 1 dimensional, smooth, connected, closed manifold}.

Now the equation I(x) = 0 does not define a surface I'g (in contrast to the noncritical

case), and the main terms of the asymptotics in 5(_) and 5(+) are matched for any
choice of T'y (for a given interface I', we denote by D(~) and D) subdomains of D
outside and inside I, respectively, and let v(z;I") be the unit normal vector on T’
pointing into Dl(f)).

Let us define a function Vi (z,T') for surfaces ' C S by

Vi(z,T) = —k(z,D)m(z) + J(z;T),
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where k(z,I") is the mean curvature of T',

. 2
[ [ 0Qo(T; )
m(z) = [m (087 > dr,

J(x;T) = /OO [T (me(u,x,o) u_@g(ﬂf)-u(x;l‘))

+ fe(Qo(T;I),IE,O):| w dr, rzel,

and Qg (7; ) is the unique solution of the boundary value problem for the zero order
internal layer function (c.f. problem (6.12) in Section 6.2):

d*Qo
T
lim, 400 Qo(1;2) = ¢F)(2), Qo(0;2) = ¢ ().

The matching condition for the derivatives of the first approximation leads to
the following assumption (compare with (6.15))

(A3) There exists a T’ such that

—f(@o,x,O):O, T E€R,

Vi(z,T') =0, zel.

It turns out that the interface I' in (A3) does not necessarily give rise to equilibrium
solutions of (6.18) with transition layers on I'. We need an extra non-degeneracy
condition. In order to state the non-degeneracy condition on I', we define an elliptic
operator A" by

N-1
ATR(z) =m(z) [ A"+ Y #;(2)? | R(z) + Vrm(z) - Vi R(z)
j=1
— k(z; F)%R(z) + J.(x;T)R(x),
N-1
= divy (m(m)VpR(:E)) + ‘ k() | R(x)
— k(x; F)MR(;U) + Jr(z;T)R(x), zel,

where A, divp, and Vr stand, respectively, for the Laplace-Beltrami, divergence
and gradient operators on the manifold I' , and x;(z) (j = 1,...,N — 1) are the
principal curvatures of T at x. The function J,.(z;T) is defined by

d
Jr(z;T) = aJ(x +rv(x;T);T) '
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We note that A!'R is nothing but the linearization of Vi (z,T) in the direction of

{z + R(z)v(z,T) |z €T }.

Since A is self-adjoint, its eigenvalues are real. We denote them by
o(A") = { X }52, Ao > AL >0 > N\ — —oo,
where only distinct eigenvalues are listed. The non-degeneracy condition on T is:
(A4) The spectrum o(A") does not contain 0.

Theorem 2.2. Assume that the conditions (A1), (A2),(A3),(A4) are satisfied.
Then for sufficiently small ¢g > 0 there exists an equilibrium solution u(zx,e) of
(2.18) such that for each dy > 0 fixed

lir%u(x7e) =

¢N(x),  @e DI\,

uniformly, where I'(%) stands for the dy-neighborhood of T'. Moreover, if the prin-
cipal eigenvalue of A" in (A4), \o, is negative, u(x, €) is asymptotically stable. If
there are some positive eigenvalues of A", then u(z, €) is unstable with an instability
index equal to the number of positive eigenvalues.

6.3 Spike-type Contrast Structures in Partial
Differential Equations

In this section internal layers of spike type are considered. We consider the periodic
case where we illustrate the algorithm for constructing the asymptotics and the
multi-dimensional stationary case. A rigorous asymptotic treatment of this type of
solution for second order ODE’s was developed in [17] for the autonomous case, and
in [1] for the nonautonomous case. The two-dimensional case for elliptic problems
has been treated in [6].

Periodic moving spikes were considered in [9)].

6.3.1 Moving spikes

In what follows we consider the scalar singularly perturbed problem

&2 (giz _ (a;:) = f(u,z,t,e) in Qr = (0 <z < 1) X (=00 < t < 00), (6.19)
u(0,t,2) = go(t), u(l,t,e) = g1(t),

assuming

(Ao) : functions f, go, and g1 are sufficiently smooth T-periodic functions of t in
the domain of interest.
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We are looking for T-periodic solutions of (6.19) satisfying

u(z,t,e) = u(x, t+T,e). (6.20)

Algorithm for the construction of the asymptotics
We construct the asymptotics of the solution of (6.19), (6.20) which are close
to some solution of the degenerate (reduced) equation

flu,z,t,0) =0 (6.21)

in @7, except in a small neighborhood of some T-periodic smooth curve C' in which
a spike solution arises. The location of the curve C' is unknown beforehand and is
found in the process of constructing the asymptotics. To this end, we assume that
the curve C can be defined by the equation

x=h(t,e) = ho(t) +ehi(t)+..., (6.22)

where the h;(t) (i = 0,1,...) are smooth T-periodic functions. To define the curve
C, we also impose the additional condition that, for every fixed t, the solution
u(zx,t, ) has an extremum at x = h(t, ¢), i.e.,

Ju
ox

We look for the asymptotic expansion of a spike type solution in the following
form

(h(t,e),t,e) =0. (6.23)

u(x,t,e) = iz, te) +7(r,te) + (i, te) + Q(E, t,¢)

: (6.24)
= Zfio gl(ﬂi(CCv t) + 7Ti(7—v t) + 7Ti1(7-17 t) + Ql(&v t))7

where @(x,€) is the regular part of the asymptotics, m(7,t,¢) and m!(,t,¢) are
boundary layer functions in the neighborhood of ¢ = 0 and ¢t = 1, respectively,
and Q(¢,t,¢) is spike type function; the stretched variables are 7 = z/e , 7 =
(x—1)/e, and € = (z — h(t,e))/e.

Suppose that the following conditions are fulfilled.

(A1). The degenerate equation (6.21) has two solutions u = ¢(x,t) and u = po(z,1),
and, for definiteness, suppose o(x,t) < vo(x,t) in Q.

(Ag). The inequalities

fulo(x,t),2,t,0) := fu(x,t) >0,
fu(@o(l‘,t),x,t70) <0 m Q_T

are satisfied.
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(As). There exists a function ¥(z,t) such that

Bart) .
/ flu,z,t,0)du =0 in Q.
e(z,t)

In order to find the coefficients of the asymptotic expansion (6.22), (6.24) we
substitute (6.22), (6.24) into (6.19), (6.20), (6.23) and represent the right hand side
of (6.19) in a form similar to (6.24). By equating expressions with the same power
of e (separately for unstretched and for the same stretched variables), we obtain
equations to determine the unknown coefficients of the asymptotic expansion. In
particular under our conditions, ug(x,t) is determined by the degenerate equation
(6.21) and @g(z,t) = ¢(x,t), whereas mo(7,t) is determined by the boundary value
problem

827'(0
-2 = F(p(0.8) +m0(7,1),0,£,0) , 7 >0,

Wo(oat) = gO(t) - <p(07t)’ 770(00775) =0.

(6.25)

An analogous problem is obtained for m}(7i,t). To ensure the solvability of
(6.25) and the problem for 7} (1, t), we assume (for definiteness with ¢(i,0) < g;(t),
i = 0,1) that

(Ay). f;(i,t) flu,i,t,0)du > 0 for all s € (¢(i,t),9:(t)], i =0,1.

Assumption (A4) guarantees that the initial conditions for my and 7} are in the
domain of attraction of the steady-state solution u = ¢(0,¢). The problem (6.25)
is an autonomous second order equation (¢ is a parameter) and can be investigated
by using phase plane arguments (see also [2]). It follows that under assumptions
(A1), (A2), (A4) problem (6.25) has a unique monotonic (in 7) solution which sat-
isfies the exponential estimate

|mo(7,t)| < cexp(—kT) for all ¢, (6.26)

where ¢ and k are some positive constants. The boundary layer function wé(ﬁ, t)
has an estimate
|mg(T1,t)| < cexp(—kTy) for all ¢

similar to (6.26). The zeroth order spike term Qg(€,t) satisfies the boundary value
problem

Qo _ h 0 6.27
852 _f(¢0(t)+Q07 O(t)vt, )7_00 <£< 0, ( . )
%%)(o,t) =0, Qo(Foo,t) =0, (6.28)

where ¢g(t) = @(ho(t),t).
The first condition in (6.28) follows from (6.23), and second one follows from the
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requirement that the Qg-function be a spike layer function of the stretched variable
¢. Tt follows from (As) that for every ¢ the rest point Qo = 0 of (6.27) is a saddle
point, and it follows from (As) that the separatrix forms a loop. The upper and
lower parts of the separatrix are respectively described by the equations

o (t)+Qo 3
aa%o i l / L Jwho® 0| (6.29)
wo(t

The solution of equation (6.29) with the “+”-sign on the right hand side and
the initial condition Qg (0,t) = ¥(ho(t),t) —po(t) and the solution of equation (6.29)
with the “—”—sign on the right hand side and the same initial condition form the
nontrivial solution of the problem (6.27), (6.28) which satisfies the estimate

[Qo(&, 1) < ¢ exp(—rl¢]) for all ¢,

where ¢ and x are some positive constants. We note that the function ho(t) is
still unknown and its equation will be obtained at the next step of the asymptotic
construction.

For higher-order regular terms, we get

ﬂ1(35715) = _J?u_l(xvt)fa(x)t)

and
ﬂk(xvt) = _fgl(x’t)fk(xat) s k>2,

where fi(x,t) is a known function depending on i (z,t),...,4,_1(z,t) (in these
relations, the bar means that functions are evaluated at the point (¢(x,t),z,t,0)).
For higher-order boundary layer functions 7;(7,t), we obtain linear problems of the
form

82
572 = = fu(v(0,t) + m0,0,t,0) + fi(1,t),7 >0,

(0 ) 7ﬁi(0,t) 3 71'1'(00,15) = O,

(6.30)

where the f;(7,t) are completely determined by preceding terms in the expansion
for the boundary layer correction. The solution of (6.30) has the form

mi(7,t) = —u; (0, ) (7, t) /p(0, 1) —

Tt/¢ (p, T / @(o,t) fi(o,t) dodp, (6.31)

where ¢(7,t) = % (note that ¢(7,t) # 0 because we have chosen a monotonic

solution of the problem (6.25)). Here fi(7,t) has the form

fi(r,t) = [fu(T, t)g—i(o, t) + fa(T, t)] T+ fu(T,0)01(0,1) + fo(7,1),
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where f,,(7,t), f.(7,t) and f.(7,t) are evaluated at the point (¢ (0, t)+mo(7,t),0,t,0).

From the estimate (6.26) it follows that fi(7,¢) decays exponentially to zero as
7 — 00. By using (6.31) we can show that 1 (7,¢) is exponentially decaying. By
induction, we can then show that all m;(7,t) are exponentially decaying, that is
|mi(7,t)] < ¢ exp(—kT) for all ¢,
where ¢ and k are positive constants. The functions 7} (71,t) satisfy a similar
estimate
|mi(7,t)] < ¢ exp(—kT) for all .

For higher-order spike layer terms we obtain linear problems. For Q1(&,t) we

get
2
687?21:fu(f»t)Ql+f1(f,t),—oo<£<oo, (6.32)
O 0,1) = = 52 hof0).0), @00, =0,
where

FEt) = | £ul6 )52 (hol0).0) + £o(60)| (a(6) +€)

~fulest)m (ho().£) + fo(€.1) — ﬁ?%o

(6.33)

and partial derivatives f,(£,t) , f.(&,t) and f-(§,t) are evaluated at the point
(p(ho(t), t)+Qo(&, 1), ho(t),t,0). The homogeneous problem corresponding to (6.32)
has the nontrivial solution il 5" (&,t). It can be easily checked that 8Q° is an eigen-
function corresponding to the zeroth eigenvalue which is simple. Therefore equation
(6.32) is solvable if and only if the function f1(,t) is orthogonal to BQO (&,t). The
solvability condition has the form

/ ﬁftm%@ﬂ% (6.34)

By using the expression (6.33) for f1(§,t), the fact that Qo(&,t) is an even
function of &, BTQgO(f ,1) is an odd function of £, and that integration by parts yields

/fugtgaQOg / 383?3065/ a;go

?Qo ,. 0Qo,
‘/_oo 92 df—‘/_oo A 5e) =0

(6.34) implies the following solvability condition
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< (0Qo 0Qo
/
ho(t)/_OO (8{ ) d¢ — / fe(&)6—— o€ d¢ = 0. (6.35)

Now we assume

(A5). Equation (6.35) has a unique T-periodic smooth solution ho(t) satisfying 0 <
ho(t) <1 for all t.

Then the problem (6.32) has a solution which can be written in the form

13 £
Q1 = —a1(6,1) / 0a(5, 1) f1 (5,8) ds + g (€, ) / a1(s, )1 (5. 8) ds
50 0 e (6.36)
+7(t) ;(5 t),

where g1 and g2 are a fundamental system of solutions of the homogeneous equation
corresponding to (6.32)

Qo _ T ds
Bl = G ad wE)=nE) [ o
while 9
316 == (G2 00(0,1) + a(0)) /1(5(ho(0) . Ta(01,1,0),
and

0
o= 220.0 [ a0n6.0d

— 00
From the representation (6.36) it follows that ()1 (,t) satisfies the exponential
estimate

|Q1(£7t)| <c exp(—/s|f|) for all t,

where ¢ and k are positive constants. We note that Q1(&,t) depends on an unknown
function A; (¢) which can be obtained at the next step. The key step to constructing
a higher-order spike layer function is the following. We introduce the function
Qo(£,t, ) as a spike type solution of the problem (6.27), (6.28) where the function
f is defined for all z in a small neighborhood of the curve x = hq(t), i.e.

9°Qo
0€?

= f(p(ho(t) + x) + Qo,ho(t) + x,t,0), —o0 < £ < o0,

9Qo
23

By using this function Qg and also considering the left hand side of (6.35) for
all  in this neighborhood, we can introduce the function G(z,t) by

—22(0,) = 0, Qo(£00,t) = 0.

~ 2
Glat) =miy(0) | (%@) 6 [ ettty Qoshotty 2,062 .
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It follows from (6.35) that G(0,t) = 0.
We also need the assumption:

(A6). G(0,t) >0 for allt.

Continuing our procedure, we can show that all Q;(&, t) are solutions of the problems

20,
a@é% = fu(&1)Qi + fi(§, 1), —o0 <& < oo,
88% (0,t) = gi(0,1) , Qi(Fo0,t) =0,

where, for each step, f;(£,t) and g;(0,¢) are known functions. By using the solv-
ability condition and some lengthy calculations, we can show that all h;(¢)(i > 1)
are solutions of the following problems

/ > aQO 2
hi(t) o ) hi(t)G(0,1) = ¢4 (1), (6.37)
where the ¢;(¢) are known T-periodic functions at each step.

It follows from assumption (Ag) that problem (6.37) has a unique T-periodic
solution; moreover it can be written in an explicit form. If we choose h;(t) satisfying
(6.37), then, by induction, we can show that all Q;(&,t) decay exponentially, that is,
they satisfy an estimate of exponential type. We can then construct U, (x, t, &) which
is the truncated sum of the asymptotic expansion (6.24) where £ is substituted by

n+l |
(ac - > Elhi(t)) /e. By this asymptotic construction, we get the following result:

i=0
Theorem 3.1. Assume the hypotheses (A1) — (Ag) to be valid. Then there exists
a sufficiently small €y such that for 0 < € < ¢ the problem (6.19), (6.20) has a
spike type solution u(x,t,e) satisfying

r%ax lu(z,t,€) — Up(2,t,€)] = O(e™H).

6.3.2 Stationary spikes

We will consider again a spatially inhomogeneous reaction-diffusion equation with
homogeneous Neumann boundary condition

%ZGQAu—f(u,x,e), (xeDC RN, t>0),
(6.38)
ou
%70 (xre€edD, t>0),

and investigate the existence of spike-type equilibrium internal layer solutions.
Our first assumption is as in Section 6.3.

2005,
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(B1) The equation f(u,x,0) =0 has a solution u = p(x) such that

fulp(z),2,) >0, z € D.

We also assume

(B2) There exists a function ¥ (z) such that

¥ (x)

J flu,2,0)du=0,
«9(:)

[ f(u,2,0)du >0 for x € D,s € (p(x),¥(z)).
o(x)

Similarly to Section 6.2, we define a function V; (x,T') for closed surfacesT' C S
by

Vi(z,T) = —k(z,T)m(z) + J(x; 1),

where k(z,T') is the mean curvature of T,

. 2
_ 7 [ 9Qo(T32)
m(x) = [m (087> dr,

J(x;T) = /Z {T <V,@f(u,:17,0) «u(:z:;l“))} % dr, zel.

u=Qo (7;z)

Here QO(T;:E) is the solution of the boundary value problem for the zero order
spike-type function (see also problem (6.27), (6.28) in Section 6.3):

d*Qo
dr2

*f(@o,l’,O):O, TGRa

lim, 100 Qo(T37) = p(z), L2 =0.

It is known that this problem has a unique nontrivial solution.
The matching condition for the asymptotics of the first approximation leads
to the assumption

(B3) There exists a T such that

Vi(z,T)=0, ael.

As in Section 6.2, the interface I' in (B3) does not necessarily give rise to equilibrium
solutions of (6.38) with a spike layer on I'. We need an extra non-degeneracy
condition. Introducing the operator A" by the same formula as in Section 6.2, we
assume

(B4) The spectrum o(AL) does not contain 0.
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Theorem 3.2. Assume that the conditions (B1),(B2),(B3),(B4) are satisfied.
Then for sufficiently small ¢ there exists an equilibrium spike type solution u(x,€)
of (6.38) such that

(), x € D\T,
lim u(z, €) =

€E—

Pr(x),  wel (P(x) # ¢(x)).

The spike-type solution u(x, €) is unstable.

Remark. The instability of the spike-type solution does not follow from
the spectral properties of the operator A". It can be proved by using differential
inequality techniques.

6.4 Applications

6.4.1 Phase transitions models

Such models are often in the form

oT ou

S A = AT +g(a), (6.39)
9 5 Ou
e“Au—e aE:f(u,T,a). (6.40)

Here T is the temperature of a substance, and u is the so-called structural parameter
which shows that the substance is in the solid phase if u is close to —1 and in the
liquid phase if u is close to 1. The parameters ¢, A\ and « are a dimensionless
interaction length, a latent heat and a relaxation time respectively. A discussion of
the physics in such models is given in [4].

The system (6.39), (6.40) is usually considered in some bounded domain D
with impermeability conditions

ar
on

B ou

=0, —| =0
oD on

oD

on the boundary 9D of D. Here % is the derivative along the outward normal to
JdD.
Under some standard conditions ¢ is a small parameter and f(u,T,¢) is rep-
resented in the form
fu,Tye) =u® —u+eT.

If we consider a stationary process, then % = 0 and the problem for T is uncoupled

from that for u. Having found T, we obtain the following problem for u from (6.40):

e2Au = v —u+eT(x),

o (6.41)

ol
on 10D
For physical applications it is of interest to find the location of the phase transition
zone.
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The degenerate equation for (6.41) has three solutions: @13 = —1, @2 =0,
p3 = 1, and the conditions (A1) and (A2) of Section 6.3 hold.

In what follows we assume that D is a two-dimensional domain, and the in-
terface I' can be described by the equation R = R(f) = 0=1(6). The leading term
describing the phase transition (function Qo(r,0)) satisfies the problem (see also
(6.12) in Section 6.2):

_ 8;7—@23262%_@07 —?O<T<OO,
QO(Oaa) = 07 QO(_Ooaa) = _17 Q0(+OO,0) =1.
The solution can be found in the explicit form:

~ Cexp{V27}-1
Qo(70) = exp{V27}+1

The equation for the curve I' has the form (see assumption (A3) and the
definition of function V;(z)):

—1 o

[ ~ 2 ~
" o o
i L(B) ] |[5re]ree

where "
o' +o

3 = k(0,0)

! 2
[1+(2)°]
is the curvature of the closed curve I' and the prime refers to differentiation with

-1
oo N S
respect to §. Denoting [ / (%) dT] by 7, and using [ % dr = 2, we get
— 00 —00
the equation
0_// + o

T 513/2

[1+(2)7]
where T(0,6) is the temperature on the curve I'. Solving the equation (6.42) we
find the curve I'. In the particular case when T depends on R and does not depend

on 6 (radially symmetric case: T = T(R)), the equation (6.42) may have solutions
independent of # which are defined by the equation

= —2~T7(0,6), (6.42)

1
— — _2~T(R).
7 YT(R)

In such a case, I' is a circle.

6.4.2 Stationary spikes in Fisher’s equation
Consider the equation with the quadratic nonlinearity

2Au=ula(r) —u], =D, (6.43)
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under the boundary condition
u‘@D = Oa

where a(xz) > 0. Equation (6.43) is often used in biology and is called Fisher’s
equation. This problem, under some conditions on a(x), has a spike-type solution
for which @g(z,y) = 0. We consider again the two-dimensional case. For this case
Qo(T,0) is defined as the nontrivial solution of the problem (see also Section 6.4):

% = Qo[a(0,0) —Qo], —oo<T<00,
%(079) = 0, Qo(~00,0) = Qo(4+00,0)=0.

The solution can be found in the explicit form:

exp{/aoT}

Qo(T,0) =6ag 5, ao=a(0,0).
(1+exp{\/ao7})
Using this expression we obtain
+oo 2
i (%) dr = a°?(0,0);
oo P e P
[ fo(r0) 7% dr = [ a,(0,0)Qo7 %% dr = -5 a,(0,0)a*?(0,0),
— 00 —0oQ

where f,. = g—f, ar = %. Therefore, the equation for the curve I' is:

o’ +o ~ 5a,(0,0)
1+ ()]

32 7 2 a(0,0)
6.4.3 Moving spikes in Fisher’s equation

We consider the following special case of system (6.19).

0%u  Ou
2 - — —
€ <3x2 8t) u(a(z,t) — u),
nQr=(—2<z<2)x(—00<t<o0),
u(0,t,e) = u(l,t,e) = 0,u(z, t,e) = u(x,t + T, ¢),

which is known

as a generalized Fisher’s equation, assuming that a(z,t) > 0 is a smooth T-periodic
function of t. Here op(x,t) =0, ¥(z,t) = (3/2)a(x,t) and n(7,t) = 7'(r1,t) = 0, so
problem (6.27), (6.28) has the form

2
T~ Qufanlt) - Qo). o0 < £ < o
%%0 =0, Qo(too,t) =0,
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where ao(t) = a(ho(t),t). It has the nontrivial solution (the zeroth order spike term

Qo(&:1))

Qo(&, 1) = Gag (t) exp(ag’ (1)) /(1 + exp ag* ()&)2. (6.44)
The equation (6.35) for ho(t) can be written as

B (8) = au(ho(t), 1) [ T (Qole 1) de)2 [ h (%%) de. (6.45)

Using (6.44), after some lengthy calculations, we can rewrite (6.45) as
ho(t) = 5/2(Ina), (ho(t),t). (6.46)

For the case when a(z,t) = exp(—(x—sint)?), for example, equation (6.46) becomes
linear

B (t) = 5(ho(t) — sint),

and has the periodic solution

ho(t) = 25/24sint + 5/24 cos t.

6.5 Asymptotic Method of Differential Inequalities
6.5.1 Basic ideas

Let D C R? be an open bounded simply connected region with a smooth boundary
0D, let I; be the interval I; :={e € R: 0 < e < ey} with &1 << 1. We consider
the singularly perturbed nonlinear boundary value problem

2Au = f(u,x,¢), for x€D,
% —g(x)u=0, for x€dD, (6.47)
where 0/0n denotes the derivative along the inner normal of 9D.
Our approach is based on the classical concept of lower and upper solutions of
problem (6.47), and we recall the following definition:

Definition Let C C D be a smooth closed curve, Dy and Do are inner and
outer subdomains of D with respect to C. The functions a(x,e) and B(x,€), which
are defined in D x I where I is some subset of I, are called lower and upper
solutions, respectively, to the boundary value problem (6.47) if for all € € T they
satisfy the following conditions

(i)a and (3 are continuously differentiable with respect to x € Dy and

twice continuously differentiable with respect to x in Dy UC and in Ds.

0 0] 0 0
(ii)aij(x)‘w a ?i(x) -0 =0, 876(1) ma ('Tf(x) -

where 0/0r denotes the differentiation with respect to the

0§0f07"x6(3
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inner normal of C.
(7i1) Lea(z, €) :== Aa(x,e) — fa(x,e),x,e) >0, L.B(x,e) <0,
for x € Dy UC and for x € Ds.
(iv)a—a —AMx)a>0 96 _ ()8 <0, forxzedD.
on 7 on -
It is known (see, for example, [19] ) that if there exist ordered lower and upper
solutions to (6.47) i.e., they satisfy the inequality

a(z,e) < B(x,e)  for (v,e) € D x I,
then the problem (6.47) has a solution u(x,¢) satisfying
a(z,e) <u(w,e) < B(x,e)  for (z,6) €D x I.

The main idea of our approach is to construct lower and upper solutions to the
boundary value problem (6.47) by using formal asymptotics. Formal asymptotics
of order n in e for the problem (6.47) were constructed in [6] for solutions with
boundary layers, and in [7] for solutions with internal layers. The modification of
these asymptotics to construct the lower and upper solutions o, (x,€) and G, (z,¢)
satisfying

Leay(z,e) = e"g(x,e), Lefn(z,e) = —e"g(x, €),

where g(z,0) >0 ¢ D, and
Bn —ayn =0(™) > 0,6, — U, =0(e"),

was given in [7], [8]. From these last relations, by the classical differential inequality
theorem, it immediately follows that problem (6.47) has a solution and it satisfies

|u(z,€) — Up—1(z.€)| = O(e™).

The lower and upper solutions, a,,(x,€) and 5, (z, €), are used to prove local unique-
ness of the solution, which is important for computations, and to investigate the
stability of the solution (in the Lyapunov sense) as a stationary solution of the
corresponding parabolic problem

62Au—%:f(u,x,a), for =z C D,
ot
o f , (6.48)
%—q(x)uzo, or x€dD,

with prescribed initial conditions
u(z,0,¢) = ul(x, ).

From the fact that a,(z, ) and 8, (x,¢) are the lower and upper solutions for
the problem (6.48), it follows that a solution us(z,€) is a stable solution of problem
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(6.48) with an appropriate choice of u°. In order to get a more precise result we
can construct lower and upper solutions in the form

oz, e) = ug — (us — an)e N,

ﬂ(l‘,é‘) =us + (ﬁn - Us)ed(s)a

where A\(e) > 0 can be chosen in such way that the corresponding differential in-
equalities for problem (6.48) are satisfied. We get the following result:

Theorem 5.1. The solution us(x,e) of problem (6.47) is locally unique and
asymptotically stable as a solution of the corresponding initial boundary value prob-
lem (6.48) with domain of stability [aa(x,¢), B2(x,€)].

We can prove this theorem by verifying the corresponding differential inequal-
ities for the parabolic problem (6.48).

6.5.2 SLEP-method

In a series of works [12, 13, 14, 15] on one dimensional reaction-diffusion systems,
Nishiura and his co-workers have established a powerful method called the singular
limit Eigenvalue Problem method (SLEP-method, for short) to determine the sta-
bility property of equilibrium transition layer solutions. The basic structure of the
method is concisely expressed in the following diagram.

Singular
Limit
’ Reaction-Diffusion System ‘4()» Interface Equation ‘
€ —

Linearization Linearization
Singular
Limit
’ Linearized Eigenvalue Problem ‘—» ’ SLEP-System ‘

e—0

Figure 6.1. Relationship between reaction-diffusion system and SLEP-system

First construct an equilibrium transition layer solution to the reaction-diffusion
system and linearize the system around it to obtain an eigenvalue problem. The
singular limit of the eigenvalue problem is called the SLEP-system and contains
full information on the stability of the equilibrium. Moreover, Nishiura et al. show
that the SLEP-system is also obtained by first passing to the singular limit of the
reaction diffusion system to obtain an associated system of interface equations and
then linearizing the latter around its equilibrium.

Our results fit precisely into the same framework. We first find an equilibrium
solution to the system of interface equations and linearize around it to obtain a
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SLEP-system. Our assertion is that if the SLEP-system thus obtained is non-
degenerate, then the equilibrium of the system of interface equations gives rise to an
equilibrium transition layer solution of the reaction-diffusion system. Moreover, the
SLEP-system also carries the full information on the stability of the transition layer
solution. The case of the spike type internal layer is completed by the investigation
of the principal eigenvalue which is positive and not critical. We also point out the
following facts which are guiding principles in our proof in both cases.

The interface equations are nothing but the lowest order C*-matching conditions.

The SLEP-system is the principal part of the higher order C''-matching conditions.

’ Geometric Variational Problem ‘

Find Critical Points
Singular

Limit

’ Reaction-Diffusion System ‘ ’ Interface Equation ‘

e—0

Find equilibria
Stability Existence
Information Linearization

Non-degenerate

SLEP-System ‘

’ Linearized Eigenvalue Problem ‘

e>0

Figure 6.2. Non-degenerate equilibria of the interface equations give rise to
transition layer solutions of reaction-diffusion system and their stability properties
are completely determined by the SLEP-system

6.5.3 Outline of proof

The approach which is based on the SLEP-method was applied to the problems in

Sections 6.2 and 6.3. The proof of these results consists of three steps:

(1) Construction of highly accurate approximate solutions Uspp Via the
method of matched asymptotic expansion. The conditions A3 and A4 (resp.
B3 and B4) allow us to find C*-matched approximate solutions to arbitrarily
high order of accuracy. As pointed out at the end of the previous section, A3
(B3) is the lowest order C''-matching condition, and A4 (B4) allows us to
find higher order C''-matched approximations. Once an approximate solution
is constructed, the original problem is then written as

Lp+N(p) +R =0, (6.49)
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where Ly is obtained from the original problem by linearization around the
approximate solution, N¢(¢) stands for nonlinear terms containing quadratic
and higher order terms in ¢, and the remainder R measures how well the
approximation satisfies the original problem.

(2) The spectral analysis of £¢. The linear operator £¢ in general has small
eigenvalues that go to zero as € — 0, called critical eigenvalues. In the case of
the problems considered in sections 6.2 and 6.3, these critical eigenvalues are
of order O(€?), and when divided by €? they are essentially the eigenvalues of
the SLEP-system. Therefore, A4 (B4) guarantees that the linear operator L€
is invertible, although it has small eigenvalues that converge to zero as e — 0.

(3) To establish the solvability of (6.49). Since the linear part L is small,
O(€?), one needs to make the contribution of the nonlinear term N¢(y) smaller
than the linear part. This, in turn, is possible if the remainder term R€ is small
enough, say, |R¢|| = O(€®) in the present situation. By using a fixed point
theorem one obtains the true solution U€ very close to the approximate one.
Now the linearization of the original problem around the genuine solution U¢
is a very small perturbation of £, and hence the stability properties of U€ are
completely determined by the SLEP-system, which has already been analyzed
in Step (2).

The strategy described above seems to have a wide range of applicability in
dealing with transition layers and interfaces.
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Chapter 7

Geometry of Singular
Perturbations: Critical
Cases

V. Sobolev

The paper is a contribution to advancing the geometrical approach to the
investigation of singularly perturbed systems in cases when the hypotheses of the
famous Tikhonov theorem are violated.

7.1 Introduction. Elements of the Geometric Theory
of Singularly Perturbed Systems

7.1.1 Slow integral manifolds

It is common knowledge that a wide range of processes in various aspects of nature
are characterized by extreme differences in the rates of change of variables, so sin-
gularly perturbed ordinary differential systems are used as models of such processes
[21, 25, 43, 44, 46, 47)).

Consider the ordinary differential system

d

o =@t

d 7.1
E?i:g(x7yat75)7 ( )

with vector variables x and y, and a small positive parameter €. The usual approach
in the qualitative study of (7.1) is to consider first the degenerate system
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dx
— = t,0
dt f(xai% ) )a
0= g(z,y,1,0),

and then to draw conclusions about the qualitative behavior of the full system (7.1)
for sufficiently small . A special case of this approach is the quasi-steady state
assumption. A mathematical justification of that method can be given by means
of the theory of integral manifolds for singularly perturbed systems (7.1) (see e.g.
[2, 3, 6, 13, 14, 15, 17, 20, 24, 34, 43, 50, 49]). The integral manifolds method
has been applied to a wide range of problems (see e. g. [5, 7, 8, 9, 15, 23, 33,
37, 38, 39, 41, 40, 45]), and in particular, to some applications in chemical kinetics
problems which are discussed in Chapters 8 and 9. In order to recall a basic result
of the geometric theory of singularly perturbed systems we introduce the following
terminology and assumptions.

The system of equations

d
= = f@yte) (7.2)
represents the slow subsystem, and the system of equations
d
e = 9(w,y,t,) (7.3)

the fast subsystem, so it is natural to call (7.2) the slow subsystem and (7.3) the
fast subsystem of system (7.1). In the present paper we use a method for the
qualitative asymptotic analysis of differential equations with singular perturbations.
The method relies on the theory of integral manifolds, which essentially replaces the
original system by another system on an integral manifold with dimension equal to
that of the slow subsystem. In the zero-epsilon approximation (e = 0), this method
leads to a modification of the quasi-steady-state approximation. Recall, that a
smooth surface S in R™ x R™ x R is called an integral manifold of the system (7.1)
if any trajectory of the system that has at least one point in common with S lies
entirely in S. Formally, if (z(t), y(t0),to) € S, then the trajectory (z(t,€), y(t, €),t)
lies entirely in S. An integral manifold of an autonomous system

T = f(x,y,¢),

has the form S; x (—o00,00), where S; is a surface in the phase space R™ x R™.
The only integral manifolds of system (7.1) of relevance here are those of dimension
m (the dimension of the slow variables) that can be represented as the graphs of
vector-valued functions

y = h(x,t¢e).
We also stipulate that h(z,t,0) = h(®)(z,t), where h(®)(z,t) is a function whose
graph is a sheet of the slow surface, and we assume that h(z,t,¢) is a sufficiently
smooth function of €. In autonomous systems the integral manifolds will be graphs
of functions

y = h(x,¢).
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Such integral manifolds are called manifolds of slow motions — the origin of this
term lies in nonlinear mechanics. An integral manifold may be regarded as a surface
on which the phase velocity has a local minimum, that is, a surface characterized
by the most persistent phase changes (motions). Integral manifolds of slow motions
constitute a refinement of the sheets of the slow surface, obtained by taking the
small parameter ¢ into consideration.

The motion along an integral manifold is governed by the equation

& = f(x, h(z,t,e),t,¢).

If (¢, €) is a solution of this equation, then the pair (x(t, e),y(t, 5)), where y(t, ) =
h(x(t,e),t,€), is a solution of the original system (7.1), since it defines a trajectory
on the integral manifold.

Consider the associated subsystem, that is,

d
y:g(x7y’t70)7 T:t/é"
dr

treating x and ¢ as parameters. We shall assume that some of the steady states
y? = y%(x,t) of this subsystem are asymptotically stable and that a trajectory
starting at any point of the domain approaches one of these states as closely as
desired as t — oco. This assumption will hold, for example, if the matrix

(9g/0y)(x,y°(z,1),,0)

is stable for part of the stationary states and the domain can be represented as the
union of the domains of attraction of the asymptotically stable steady states.

Let I; be the interval I; := {¢ € R : 0 < ¢ < g;}, where 0 < ¢; < 1,
i=0,1,... .

(Aq). f:R"XR"xRxIy — R™, g: R™x R" x Rx Iy — R" are sufficiently
smooth and uniformly bounded together with their derivatives.

(A2). There is some region G € R™ and a map h : G x R — R™ of the same
smoothness as g such that

g(x,h(z,t),t,0) =0, V(x,t) € GXR.

(Ag). The spectrum of the Jacobian matrix g,(z, h(z,t),t,0) is uniformly
separated from the imaginary axis for all (z,t) € G X R.

Then the following result is valid (see e.g. [43, 49]):

Proposition 1.1. Under the assumptions (A1)—(Ag) there is a sufficiently
small positive €1, e, < g, such that, for € € Iy, system (7.1) has a smooth integral
manifold M. with the representation

Ma — {(x,y,t) = Rn+m+1 Yy = ’(/}(Z‘,t,zf), (CL‘,t) eGx R}

Remark. The global boundedness assumption in (A1) with respect to (z,y)
can be relaxed by modifying f and g outside some bounded region of R™ x R™.
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7.1.2 Asymptotic representation of integral manifolds

When the method of integral manifolds is being used to solve a specific problem, a
central question is the calculation of the function h(z,t,¢) in terms of the manifold
described. Exact calculation is generally impossible, and various approximations
are necessary. One possibility is the asymptotic expansion of h(z,t,¢) in integer
powers of the small parameter:

h(z,t,€) = ho(z,t) + ehy(x,t) + ...+ Fhp(x, ) + ... .
Substituting this formal expansion in equation (7.3) i.e.,

oh Oh
65 + 6%]"’@7 h(z,t,e),t,e) = g(x, h,e),

we obtain the relationship

oh Oh
EZEka—: —l—EZE"a—;f(x,Zekhk,t,s)

k>0 k>0 k>0
= g(m,Zekhk,t,g). (7.4)
k>0

We use the formal asymptotic representations

F@, Y e hite) = b P @ ho, . b, t),

k>0 k>0

and

g(z, Zekhk,t,e) = B(z,1t) Zekhk + Zekg(k) (@, hoy ooy hig—1, ),

k>0 k>1 k>1
where the matrix B(z,t) = (0g/0y)(x, ho,t,0), and where
9w, b (1), ,0) = 0.

Substituting these formal expansions into (7.4) and equating powers of ¢, we
obtain

Ohj—1 [ (k)
praah > ot = Bhy, + g'®.
0<p<k—1

Since B is invertible

_ Ohy,— Ohy (h_1-
hy = B! g — ;tl— Z T;f(k o (7.5)

0<p<k—1

Note that asymptotic expansions of slow integral manifolds were first used in [38,
40, 41] and, for systems with several small parameters in [36].
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7.1.3 Stability of slow integral manifolds

In applications it is often assumed that the spectrum of the Jacobian matrix
gy(z, h(z,t),t,0)

is located in the left half plane. Under this additional hypothesis the manifold M. is
exponentially attracting for € € I;. In this case, the solution © = z(t,¢), y = y(t, )
of the original system that satisfied the initial condition z(to,e) = 2°, y(tg,€) = 3°
can be represented as

x(t,e)
y(t,e)

v(t,e) +epi(t, e),
y(t.e) + pa(t, e).

(7.6)

There exists a point v° which is the initial value for a solution v(t, ) of the equation
v = f(v,h(v,t,€),t,¢); the functions ¢ (t, ), p2(t, €) are corrections that determine
the degree to which trajectories passing near the manifold tend asymptotically to
the corresponding trajectories on the manifold as t increases. They satisfy the
following inequalities:

lpi(t,e)| < N\yo — h(mo,t0,£)|exp[—ﬁ(t —to)/e], i=1,2, (7.7)

for t > tg.

From (7.6) and (7.7) we obtain the following reduction principle for a sta-
ble integral manifold defined by a function y = h(z,t,¢): a solution z = x(t,¢),
y = h(z(t,€),t,e) of the original system (7.1) is stable (asymptotically stable,
unstable) if and only if the corresponding solution of the system of equations
0 = F(u,t,e) = f(z,h(x,t,e),t,e) on the integral manifold is stable (asymptoti-
cally stable, unstable). The Lyapunov reduction principle was extended to ordinary
differential systems with Lipschitz right—hand sides by Pliss [28], and to singularly
perturbed systems in [42, 43]. Thanks to the reduction principle and the represen-
tation (7.6), the qualitative behavior of trajectories of the original system near the
integral manifold may be investigated by analyzing the equation on the manifold.

7.1.4 Critical cases

The case in which the assumption (Ag) is violated is called critical. We distinguish
the following subcases:

1. The Jacobian matrix g, (x,y,t, 0) is singular on some subspace of R™ X R™ x R.
In that case, system (7.1) is referred to as a singular singularly perturbed sys-
tem. This subcase has been treated in [10, 11, 16, 27, 31, 46]. In this case
it is possible to introduce new variables in such a way that the transformed
differential system has a structurally hyperbolic fast subsystem of lower di-
mension. This means that the original differential system has a slow integral
manifold of higher dimension. This case and an application to a high-gain
control problem [33] are investigated in the next section.
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2. The Jacobian matrix g,(z,y,t,0) has eigenvalues on the imaginary axis with
nonvanishing imaginary parts. A similar case has been investigated in [35,
32, 38, 43]. If this part of the eigenvalues is pure imaginary but, after taking
into account the perturbations of higher order, they move to the complex
left half-plane, then the system under consideration has stable slow integral
manifolds. Some problems of mechanics of gyroscopes and manipulators with
high-frequency and weakly damped transient regimes are discussed in Section
3.

3. The Jacobian matrix g,(x,y,t,0) is singular on the set My := {(z,y,t) €
R™ x R" x R : y = h(z,t),(z,t) € G x R}. In that case, y = h(z,t) is
generically an isolated root of g = 0 but not a simple one. This case will be
studied in Section 4.

Further interesting situations associated with the phenomena of exchange of
stability are considered in Chapters 4 and 8 in this book.

7.2 Singular Singularly Perturbed Systems
Consider the system
ez =Z(z,t,¢), z€ R™™,  teR, (7.8)

where 0 < ¢ <« 1, and the vector-function Z is sufficiently smooth. Suppose that
the limit system Z(z,t,0) =0 (¢ = 0) has a family of solutions

z=(v,t), veR™, teR, (7.9)
with a sufficiently smooth vector-function ¢ . We try to find a slow integral manifold
z = P(v,t,e), (7.10)

with a flow described by the equation

0= Q(v,t,¢). (7.11)

We shall restrict our consideration to smooth integral surfaces situated in the
e-neighborhood of the slow surface z = ¢ (v, 1), i. e.

P(v,t,0) = ¢(v,t),

a motion described by differential equations of form (7.11) with a smooth right hand
side.

The equation (7.8) describes motions with speeds of order O(s~1), while (7.11)
describes motions with speeds of order O(1). Thus, the integral manifold (7.10) is
a manifold of slow motions or a slow integral manifold.

Consider the singularly perturbed system

t=X(z,y,t,¢), re€R™, teR, (7.12)
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ey =Y (x,y,t,¢), y € R"™. (7.13)

If the equation Y (z,y,t,0) = 0 has the isolated solution
y = po(z,t), (7.14)

and det B(x,t) # 0 for B(z,t) = Y,(z, ¢,t,0), then, under some additional condi-
tions on the eigenvalues of B(x,t), the system (7.12), (7.13) has, in an e-neighborhood
of the slow surface (7.14), the slow integral surface

y = h(zx,t,e), (7.15)
the motion on which is described by the equation
&= X(z, h(z,t,e),t,e). (7.16)

For the system (7.12), (7.13) the role of slow variable is played by the vector
x, the integral manifold (7.10) is described by equation (7.15), and the equation
(7.11) takes the form (7.16).

7.2.1 Existence of slow integral manifolds

Suppose the following hypotheses hold: the rank of matrix ,(v,t) is equal to m;
the rank of the matrix A(v,t) = Z,(¢¥(v,t),t,0) is equal to n; the matrix A(v,t)
has an m-fold zero eigenvalue and n other eigenvalues \;(v,t) which satisfy the
inequality

Re);(v,t) < —2a < 0, teR, veR™. (7.17)

Differentiation of Z(¢(v,t),t,0) = 0 with respect to v gives
A(v, t)ihy(v,t) = 0.

The last equality means that the (m + n) X (m + n)-matrix A(v,t) possesses m
linearly independent eigenvectors, which are columns of 1, (v,t), corresponding to
multiple zero eigenvalues.

Let DT be an (m + n) x n-matrix, the columns of which give the basis of
the AT kernel, and DI be such an (m + n) x m-matrix so that (DT, DI) is a
non-singular matrix. Then

AT(DY D3) = (0 B),

(0 (D
DA = <B)’ for D = (D2>.

Thus, the result of multiplying the non-singular matrix D on the left by A provides
the zero m x (m + n) —block and the non-singular n x (m + n)-block B.

The rank of B is equal to n. Consequently, without loss of generality, the
system (7.8) may be considered to be of the form

or

et = fi(z,y2,t,6),  x€R™, (7.18)
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5?)2 = f2($7y2ata€)a Y2 S Rna (719)

and the following conditions apply.

(B1). The equation fa(z,y2,t,0) = 0 has a smooth isolated root yo = p(z,t)
with € R™,t € R, and fo(x, ¢(x,t),t,0) = 0.

(B2). The Jacobian matrix

flr fl )

Az, t) = Y2

( ) ( f2x f2y2
on the surface yo = ¢(x, t) has an m—fold zero eigenvalue and m—dimensional kernel,
and the matrix B(x,t) = foy, (2, ¢(x,t),t,0) has n eigenvalues satisfying (7.17)

when v = z.
(B3). In the domain

y2=p(z,t),e=0

Q=A{(z,y2,t,e) |z € R™, ||ly2 —p(z,t)|]| <p, t€R, 0<e<¢gp},
the functions fi, fo and the matrix A are continuously differentiable (k + 2) times
b= (I);.Sing the change of variable y2 = y1 + ¢(x,t) in (7.18), (7.19), we obtain the
following equations for x and ¥
et = C(z,t)y1 + Fi(x,y1,t) + eX(x,11,t,€), (7.20)
ey1 = Bz, t)y1 + Fo(x,y1,t) + €Y (z,y1,t,€), (7.21)
where
C(z,t) = fry, (@, 0(x,1),£,0),  B(z,t) = fay, (2, 0(z,1),t,0),
Fi(z,y1,y) = fri(z,y1 + o(z,1),t,0) — C(z, 1),
Fy(z,y1,t) = falz,y1 + @(x,t),¢,0) — B(z,t),
eX(z,y1,t,8) = filz,y1 + (@, t),t,e) — fiz, y1 + ¢(w,1),¢,0),
eY(z,y1,t.e) = folw,y1 + @(@, 1), t,€) — falw, y1 + @(,1),1,0).

Note that the vector-functions F; (i = 1, 2) satisfy the relations || F;(x, y1,t)|| =
O(|ly1]?). Thus, e~ F;(z,ey,t) are continuous in .
We now have the following theorem.

Theorem 7.1. Let the assumptions (B1)—(Bs) be satisfied. Then there exists €1,
0 < &1 < g9, such that for any ¢ € (0,e1) the system (7.20), (7.21) possesses a
unique slow integral manifold y; = ep(x,t,e). On this manifold the flow of the
system is governed by the equation

T = Xl(x7ta€)a
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where X1 (x,t,¢) = C(z,t)p(x,t,)+ X (v, ep, t,e)+e L Fi(x,ep,t), and the function
p(x,t,e) is k times continuously differentiable with respect to x and t.

Note that the change of variable y; = ey converts the system (7.20), (7.21) to
the form (7.12), (7.13) and the role of the slow variable is now played by z.

7.2.2 Explicit and implicit slow integral manifolds

To describe slow integral manifolds for systems like (7.12), (7.13) the explicit rep-
resentation (7.15) is usual. In this case the approximation to h(z,t,e) may be
obtained as an asymptotic expansion in powers of ¢.
In general, it is impossible to find the function h(z,t,0) exactly from the
equation
Y(x,y,t,0) =0.

In this case the slow integral manifold can be obtained in an implicit form. The flow
on the slow integral manifold as a zero approximation is governed by the following
differential-algebraic system:

&= X(z,y,t,0), (7.22)

0=Y(x,y,t,0). (7.23)

To obtain the first approximation, it is necessary to differentiate Y (x,y,t,¢)
and by virtue of (7.12), (7.13)

s%y —Y,Y +¢eV; + Y, X,

As a first approximation, the flow on the slow integral manifolds is governed by the
differential-algebraic system
&= X(x,y,t,€), (7.24)

Y,Y + &Y, +eY, X =0, (7.25)

where terms of order o(e) can be neglected.

To obtain the second order approximation, it is necessary to differentiate
Y (z,y,t,e) twice and use (7.12), (7.13). Unfortunately, the corresponding rela-
tionships are too cumbersome. Because of this, we consider the case of autonomous
systems. Then the second order approximation takes the form of (7.24) and

Y +e(Y,) Y, X
+52Yy72{Ysz + YtrX - YTy(YVy)ilth - YTXy(}/y)71YT

~Y, e X (Y)Y, + Y, (Y,) 1YL X(Y,) 'Y, X} =0. (7.26)
In (7.24), (7.26) all terms multiplied by & can be neglected.

To obtain the k—th order approximation, it is necessary to differentiate Y (x, y, t, €)

k times with respect to t and use (7.12), (7.13).
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To check these formulae it is sufficient to note that in the calculation of the
asymptotic expansions of h(x,t,¢)

hzho—i-O(E), h=h0+5h1—|—0(62),

h = ho +chy + %hy + O(£?),

the use of (7.22) — (7.26) gives the same result as (7.5).
To illustrate this, consider the example

T =y, ey =a2? +y* —a, a > 0.
The first approximation of the slow integral manifold is
v 422 —a+ex=0.
It is easy to check that the second order approximation
v+ (x+¢/2)? =a—c*/4

gives the exact equation for this manifold.

7.2.3 Parametric representation of integral manifolds

The implicit form of integral manifolds has evident disadvantages, but for numerous
problems it is impossible to find a solution of Y (z,y,t,0) = 0 in the explicit form
y = o(z,t). However, sometimes the solution of Y (x,y,t,0) = 0 can be found as a
parametric function

$=X0(’U,t), y:§00(vat)7
where v € R™, and the following identity holds

Y(xo(v,t),90(v,t),t,0) =0,t € R, ve R™.
In this case the slow integral manifold may be found in parametric form
r = x(v,t,¢), y = p(v,t,¢),

where t € R, v € R™, x(v,t,0) = X0, ¢(v,t,0) = ¢g. The flow on the manifold is
governed by the equation
o= F(u,t,e), (7.27)

and the function F'(v,t,¢) will be determined below. The functions y, ¢, F' can be
found as asymptotic expansions

x(v,t,€) = xo(v,t) +exi(v,t) + ... + ¥ xp(v,t) + ...,

(v, t,e) = po(v,t) + o1 (v,t) + ...+ Fop(v,t) + ...,

F(v,t,e) = Fo(v,t) + eFy(v,t) + ...+ " Fr(v,t) + ..., (7.28)
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in agreement with (7.27), from the equations

Jox  Ox

=4+ =F=X t 7.29
at + av (X? 807 ) E)? ( )
dp = Op
- —F=Y . .
€ ot te ov (X’ 2 t’ E) (7 30)
Equating coefficients of powers of the small parameter € we obtain
Ixo | Ixo
Fp=X ’ vtao, Y 3 atvo :Oa
ot + a0 L0 (X0: 0 ) (X0, %0 )

Ox1 . Ox1 Ixo
—— + ——Fy+ ——F1 = X (X0, %o, t,
ot + a0 0 + a0 11 (X0, %0,t,0)x1

+)(ZJ(X(M 9003t70)901 + le

0 0
% + %FO - Yw(XOvSO(%taO)Xl + Yy(X07@0ataO)§01 + 1/Vla

Xl - XE(X07S005t70)7 Yl = YvE(XOaSO(btaO)'

The relationships (7.29), (7.30) contain unknown functions x, ¢, F. In a
concrete problem it is possible to consider one of these functions or any m scalar
components of y, ¢ and F as known functions, and all others may be found from
(7.29), (7.30). Moreover, it is possible at any step of the calculation of coefficients
in (7.28) to choose any m components of these coefficients as given functions. In
the case that F' is a given function, equations (7.28), (7.29) are used to calculate the
coefficients of asymptotic expansions of x and . If it is possible to predetermine
the function y, then these equations allow the calculation of F' and ¢.

Note that in the case of the explicit form y = h(x,t,¢),

v=x, X=U, cp:h(v,t,e), F:X(U, h(v,t,s),t,e),
(7.30) takes the form

oh oh
€5r + E%X(v, h,t,e) =Y (v, h,t,¢), h = h(v,t,¢).
If dim z = dim y and the role of v is that of y, then ¢ = v and
Ix | Ox
=4+ Z=F=X F=Y . 31
ot T By (x;v,te), ¢ (X;v,t,€) (7.31)
The equation for y follows immediately
Ix , 9x
-+ =Y t,e) =eX t
Eat + a/u (X7v7 76) € (X7U7 ’6)’

whence, under the assumption det(a&%) # 0, it is possible to calculate x as an

asymptotic expansion. Note that Y(xo, o,t,0) = 0 means that equation (7.27)
is regularly perturbed, because the last equation in (7.31) implies, in this case,
F=0(1)ase—0.
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Returning back to the system (7.8), we use the parametric form to describe
the slow integral manifolds and the reduced differential equation

z = P(v,t,¢), 0 =Q(v,t,e).
The functions P and @ will be found as asymptotic expansions
P(v,t,e) = Py(v,t) + ePy(v,t) + ... + " Pp(v,t) + ...,

Q(v,t,e) = Qo(v,t) +eQ1(v,t) + ...+ "Qp(v,t) + ...
Differentiating P with respect to ¢, and using (7.8), (7.11), gives

OP oP
€§+€%Q—Z(P,t,€). (732)

Write the Taylor series expansion of Z(P,t,¢) about € =0 as

Z(P,t,&) = Z(Po,t,O) —‘y—EZl(Po,Pl,t) + ...
+e*Zi(Py, Py, .., Py,t) ...,
and represent Z(K > 1) in the form

Zi(Poy ..., Pe,t) = Z2(Py,t,0) P, + Ri(Py, Py .., Pr_1,t).

In particular, Z;(Py, P1,t) = Z2(Po,t,0)P1 + Z.(Fo,t,0). Equating powers of ¢, we
obtain from (7.32) with e =0

Z(Py,t,0) =0.
In keeping with (7.9), let
Po(v,t) = (V. 1).
Using the following notation
Av,t) = Z.(¢(v, 1), 1,0),

we obtain at order e

o O
o T gy Qo =AP + Ry, (7.33)

Equation (7.33) contains two unknown functions P; and Qg. Where P, is concerned,
equation (7.33) may be considered as a nonhomogeneous linear algebraic system
with a singular matrix, detA(v,t) =0, v € R™, t € R. Thereby, Qg is required to
ensure the solvability of the system. It is apparent that we have some freedom in
choosing the form of Qg and P; . To determinate these functions uniquely, multiply
equation (7.33) on the left by the matrix D, introduced in Subsection 2.1, and
obtain the pair of equations

o o

Dy—-+ Dy

5 5, Q0= DiR, (7.34)
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and o o
Dy— 4+ Dy—Qo = BP; + D2 R;. 7.35
25, T 2(%@0 1+ DRy (7.35)
If it is assumed additionally that the matrix
D1 = 61/1/811

is invertible, so that (7.34) gives
Qo = (D1¢y) "' Di(Ry — ),
and this permits us to determine P; uniquely from (7.35)
Py = B7' Dyt + Qo — R1).

The determination of the pairs of later coefficients Py, Qr_1 is carried out in the
same way. Equating coefficients of ¥ , we obtain the equation

OPy_1 Oy lop,
Q. _i_1 = AP,
2 +ank 1+;ankzl e + R,

which is decomposed into the two equations

<D1 %)Qk—l + Dy (31;1—1 + > 88]3 Qk—i—l) = D1 Ry,
i—1

0P 0 OF;
D2{ o+ %Qk,l 25 Qk’i’l] = Dbt Dol
i=1

by multiplying on the left by D. The last equations give

5Pk71}7

Qr-1= (Dﬂbv)_lDl [Rk - kzl %Qkﬂ'q -

0P;_1
ot

0P,
0

Po=B7'Ds| Qu-ic1 — R

(

k—1
+ M%Qkfl + Z
i=1

Example

As a very simple example consider the system
et = f(z,y,t,e) + efi(z,y,t,e),

ey =kf(z,y.t.e) +efalz,y,t,e).
Introducing a new variable x1 = y — kx, we obtain the following differential
equation for the slow variable

T = fQ(mvyatvg) - ]ffl(fll,y,t,éf).

To obtain the full solution, it is possible to use either of the two equations for x or
y as a fast equation.
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7.2.4 High-gain control
Consider the control system
&= f(x) + B(z)u, x(0)= o,

where x € R, u € R” and ¢ > 0. The vector function f and the matrix function
B are taken to be sufficiently smooth and bounded. The control vector u is to be
selected in such a way as to transfer the vector x from x = zq to a sufficiently small
neighborhood of a smooth m—dimensional surface S(z) = 0. A commonly employed
feedback control is

1
=K
u=—_KS(a),

where K is a constant 7 x m-matrix and ¢ is a small positive parameter, see [48].

Suppose that we can choose the matrix K in such a way that the matrix
—N(x,t) = —GBK is stable! and its inverse matrix is bounded, and introduce the
additional variable y = S(z), then x and y satisfy the system

ei = <f(x) — B@)Ky, (0)=aq,

ey = eG(x)f(z) — G(z)B(x)Ky, y(0)=yo = S(z0),

where G(z) = 0S/0x. The reduced (¢ = 0) algebraic problem possesses an n—
parameter family of solutions x = v, y = 0. The role of A is played by the

singular matrix
0 —-B1K
0 —-N '

The latter singular singularly perturbed differential system possesses an n—
dimensional slow integral manifold

T =, y=eN v, t)G(v)f(v,t) + O(c?).
The flow on the manifold is governed by
0= [I —Bi(v,t) KN~ (v,t)G(v)] f(v,t) + O(£?).
Introduce the new variables
r=v+ Bi(v,t) KN (v,t)z; y=z+eN Y, t)G(x)f(x,t).
Then for v, z we obtain the equations
o= (I —-BKN'G)f+0(¢), e=—(N+0(e))z.
It is now clear that the representations

r=v+0(%), y=cp(v,te)+ 05, o=NTGf+O0(e)

1A stable matrix is one whose eigenvalues all have strictly negative real parts.
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are valid for some v > 0 for all ¢ > 0. Thus, under the given control law
1
u=—-KS(x),
€

the trajectory very quickly attains the e—neighborhood of S(x) = 0.
It is easy to see that the modified control

"= _EK [S(z) — eN~ (@, )G (x) f(,1)] ,

with the stable matrix —N(z,t) = —GBK, is preferable, because it guides the

trajectory of = in a time At to the e’”Ata_lfneighborhood of S(x) = 0. Under this
control for the variable z we obtain the equation

ei = [l — B(z,t)K(GBK) 'G()] f(z,t) — Bi(z,t)KS(z),
and for the variable y = S(x) we obtain the equation

ey = —N(z, 1)y,

yzO(e*"'flt), v>0, t>0 e—0.

7.2.5 Asymptotics with fractional exponents of the small
parameter

Firstly consider cases when some of the assumptions (Aj)—(As) break down. Thus,
for the system

€.i31 = €f1(.131,$2,l‘3,t,5), €i‘2 = €f2($1,l‘2,1‘3,t,€),
Ei‘?} :D(.’El,t)l‘Q+€f3(l’1,$2,$3,t,5),
xieRnia i:172737

where

0 0 0
A:A(l'l,t): 0 0 O )
0 D O

the multiplicity n; + ng + ng = n of zero eigenvalues of A(v,t) being greater than
the number of corresponding eigenvectors n — k (k > 0) under the condition D # 0.
Using a new variable el/224 rather than T2, we obtain the system

j):fl(.'lf]_,\/gIQ,xg,ﬁ,E), \/g$2:f2($1;\/gx2ax3ata€)a

Veis = D(z1,t)xs + Ve fs(xr, Ve, xs,t,€). (7.36)

In this case the slow integral manifold can be found using asymptotic expan-
sions in powers of /g, i.e., we need to use fractional powers of .
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Let z3 = ¢(x1,t) be an isolated root of
f2(x1707x37t70) =0.

The last differential system has the form (7.12), (7.13) with a small parameter /e.
The role of B is played by the matrix

where C(21,t) = faz, (21,0, p(x1,t),t,0). If det B # 0, then the following situations
are typical.

The eigenvalues of B have nonzero real parts and (7.36) possesses a condition-
ally stable slow integral manifold (the usual situation for optimal control problems
[15, 37, 34, 33]).

The eigenvalues of B are pure imaginary. Such systems appear in modelling
gyroscopic systems and double spin satellites [38, 40, 41, 43].

Asymptotic expansions with fractional exponents of a small parameter will be
used in Section 4.

7.3 Systems with Slow Dissipation

Let some of the eigenvalues have a pure imaginary part which moves to the complex
left half plane at higher orders of the perturbations. In this case the system has
a stable slow integral manifold. Some important problems of the mechanics of
gyroscopes, satellites and manipulators with high-frequency and weakly damped
transient regimes were studied in [35, 32, 38, 43].

7.3.1 Gyroscopic systems

The general equations of gyroscopic systems on a fixed base may be represented in
the form [43]:

dr _
dt_y7

! {a(Ay)]Ty. (7.37)

Ay) = — B _ =
(Ay) (G+eB)y+eR+¢Q, R 5 | "oz

d
“at
Here € R", A(t,x) is a symmetric positive definite matrix, G(x,t) is a skew-
symmetric matrix of gyroscopic forces, and B(x,t) is a symmetric positive definite
matrix of dissipative forces, Q(z,t) is a vector of generalized forces and e = H~! is
a small positive parameter.
The precessional equations take the form

G+ 53)% ) (7.38)
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Equations (7.38) are obtained from (7.37) by neglecting some of the terms
multiplied by the small parameter. All roots of the characteristic equation

det(G — AI) =0

are situated on the imaginary axis, so the main assumption of the Tikhonov theorem
[44] is violated. To justify the permissibility of the precessional equations we use
the integral manifold method.

7.3.2 Precessional and nutational motions

Return to the system (7.37). The initial variables « and y are connected with the
new slow variable v and the new fast variable z by the following relations

x=v+eH(v,zte), (7.39)
y=z+ech(z,t,e) =z+ch(v+ecH(v,2,t,¢),t¢). (7.40)
Differential equations for v and z are
d
di; = eh(v, t,¢), (7.41)
d
5$(Az) = —(G+eB)z+eR(v,2,t) + >Ry (v, 2, t, ), (7.42)

where

A=A(w+eH,t), B=Bw+eH,t), G=Gw+cH,1),

h=h(v+eH,te), H=H(v,zte), R =Plv+eH, ztce),

1 <8A >T 1 <aAh>Tya(Ah)y

and
P te)=—-| = — (=
(z,9,%,€) 2 \ oz 2\ Ox Oz
The following asymptotic formulae hold:
h(z,t,e) = hi(z,t) + eha(z,t) + O(£?),
H(U, 2, ta 5) = Hl(vv 2, t) + EHZ(vv 2, t) + 0(52)7

P =GTQ, hy= -Gt [Bhy + 250

Hi=-G Az, Hy=— [M;;jA - G*lB} G Az + O(||2]]2).

In the expressions for hq, hy, matrices A, B, G and the function ) depend on
z and ¢, and in the expressions for Hy, Hy these functions and matrices depend on
v and t.

The equation (7.41) describes slow precessional motions of a gyroscopic sys-
tem, and the equation (7.42) describes fast nutational motions. The formula (7.39)
shows that the vector of generalized coordinates x is a superposition of precessional
and nutational motions.
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The original equations are split into two subsystems (7.41), (7.42) by the use
of (7.39), (7.40), and the approximate representations for h and H are obtained.
Let us consider an initial value problem for (7.37) with initial conditions
x(to) = xo, Y(to) = eyo. Then z(tg) = ezo = e(yo — h(xo,to,€)), and an ini-
tial value, v(tog) = vy, for the equation of precessional motions (7.41) is found from
the equation
o = v + eH (vg, €20, to, €)

as an asymptotic expansion
vo = o + G (o, to)[yo — G~ (20, t0)Q(wo, to)] + O(%).

Returning to the problem of the justification of precessional theory, we see
that the r.h.s. of the precessional equations (7.38) represented by the form

v = e[G(v,t) +eB(v,1)] ' Q(v, 1),

coincides with the r.h.s. of (7.41) with an accuracy of order O(e) in the case of
a nonautonomous system, and with an accuracy of order O(¢2) in the case of an
autonomous one. Taking into account that for the system under consideration nu-
tation oscillations are quenched, it may be inferred that the use of the precession
equations is justified. We present without proof some results from [35] concern-
ing investigations of integral manifolds in gyroscopic type systems. Consider the
following system of ordinary differential equations

da
E :AG+P1y+P22+Q1(t7aa$»y72a5)5
dx
-, :Bx+P3y+P4Z+Q2(t7aa‘r7y721€);

di (7.43)

d

8(% =Cl(e)y +ed1Psz +eQs(t,a,x,y, 2,€);
dz

5% =Dz + §2P6y + Q4(t’ a,x,y, ZaE)a

where Q1,a € RF;Qy,2 € R';Q3,y € R™; Q4,2 € R"; A, B,C(¢),D, Pi(i = 1,...,6)
are matrices of corresponding dimensions, ¢ is a small positive parameter, C(e) =
Co +eC1,6162 = 0. Let || - || denote a norm in a finite-dimensional space. Suppose
the following assumptions hold.

(C1). The functions @Q;(i = 1,...,4) are continuous in

Q={-co<t<oo,acRR" |z|| <r,|yl <7zl <rs3,0<e<eo},

satisfy ||Q;(t,a,0,0,0,¢)|| < M and a Lipschitz condition with the constant A with
respect to a,x,y, z, where M and A are sufficiently small positive numbers.
(C2). The eigenvalues \; of A, B,C(g), D satisfy:

1. A: ReX; =0, (1 =1,....k);
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2. B: Rehi < —a1 <0, (i=1,...,1);
3. C(e): Reli(e) < —eag(az >0), (i =1,...,m);
4. D: Rel; < —a3 <0, (i=1,...,n);
and
e < Ke1/2 [P < Koo |l < Ko [P/ O] < Kot

for some K, > 0 and any t > 0.

As usual, by an integral manifold of (7.43) is meant some set S in R! x
RFE x R x R™ x R™ consisting of trajectories of this system. The integral manifold
x = f(t,a,e),y = g(t,a,e),z = h(t,a,e) is called an (L, A) - manifold if norms of
the functions f, g, h under all ¢, a,e from  are bounded by L and these functions
satisfy the Lipschitz condition with respect to a with a constant A.

Theorem 7.2. Let conditions (C1) and (Cz) be satisfied. There exist Ly >
0,Aqg > 0, such that for all L < Lo, A < Agy with sufficiently small M, )\, e the
system (7.43) possesses a unique (L,A) - integral manifold, given by equations
x = f(t,a,¢e),y = g(t,a,¢),z = h(t,a,€). The behaviour of (7.43) on this manifold
s described by the equation

d
=7 = Aa+ Pig(t.a,e) + Poh(t,a,) + Qut,a, f(t.a,9), 9(t,a.€), h(t,a,), ).

Let a(t),z(t), y(t), z(t) be solutions of (7.43) satisfying the initial conditions
a(to) = ag, xz(to) = to,y(to) = Yo, 2(to) = 2z0. The following statement characterises
the stability of an integral manifold S.

Theorem 7.3. If the system (7.43) satisfies (C1) and (Cz), then there exist
positive numbers N, -, such that for t >ty the following inequalities hold

lz(t) = f(t, a(t),e)]| < Nige 74—,

f
ly(t) — g(t,
”Z(t) - h(t7 (t)55
where 19 = |[zo — f(to, a0, )|l + llyo — g(to, ao, €)ll + [|20 — h(to, ao, €)ll, and f,g,h
are the functions defined in Theorem 7.2.

a
a(t),e)|l < Nupge 710,
a(t),e)

| < Nage= (t=to),

We can establish asymptotic properties of f, g, h, by assuming that Cj is a
regular matrix, A is similar to a diagonal matrix and the functions Q;(: = 1, ...,4)
have bounded partial derivatives with respect to all variables up to (r + 1) order.

Lemma 7.4. If the conditions of Theorem 7.2 and the inequalities

||Q7/(t7 a’ O’ 07 07 E:)” S €r+1M’ (7: = 2’ ""4)
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hold, then the norms of the functions f, g, h are bounded by the value e™+1L.

Introduce new variables in (7.43):
x=uz1+ fo(t,a) +efi(t,a) + ...+ " fr(t,a),
y=uy1+go(t,a)+egi(t,a)+...+e"g-(t, a), (7.44)
z=2z1+ho(t,a) +ehyi(t,a) + ...+ h.(t,a).

Substituting expressions (7.44) into (7.43) and equating x1, y1, 21 to zero, we obtain
the formal equalities for f;, g;, hi, (i = 1,...,7). These equalities with an accuracy of
terms multiplied by £"*! may be represented in the form

af’ +Z (Aa+Plzgfg] +P225Jh
i=0 Jj=0 Jj=0
+Q1(t,a,Zejfj,ZEjgj,Zajhj,e)> =B) ¢f;
j=0 j=0 §=0 i=0
+P3 Z Eigi + P4 Z 6ihi + Qg(t, a, Z 6ifi, Z Eigi, Ze’:‘ih,‘, 6), (745)
; : : p =
(Z 8%2 agz(Aa—l—HZEjg]-f—PzZth
+Q1(t, a, Zajfj, Zajgj7zc€jhj,€))) =Cle) Zsigi + €61 Ps Zsjhj
j=0 j=0 §=0 i=0 §=0
+€Q3(t,a,Zejfj,25jgj,25jhj,e)>>
;Oh;
(Z Z (Aa—!—PlZégJ—I—PQZeJh
+Q1(t, a, Zsjf],ZE gj,Zsjhj,e)>> EDZEihi+(52PGZ€jgj
i=0 §=0

+Q4ta253f3,25 g],Z£ h],é‘)). (7.46)

Expanding all functions in (7.45)—(7.46) into formal asymptotic series in pow-
ers of the small parameter and equating coefficients of the same powers of ¢, we
obtain equations which allow us to find f;, g;, hi, (i = 1,...,7).

The differential system for the variable a¢ and the variables x1, v, 21, intro-
duced by (7.44), possesses an integral manifold described by

fT-‘rl (tv a, 6)7 g7"+1 (ta a, 6)7 h’r-‘rl (t; a, 6)7
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and the norms of these functions are bounded by the value e"*'L. Returning to
the variables a, z,y, z we see that the system (7.43) possesses the integral manifold
x = f(t,a,e),y = g(t,a,e),z = h(t,a,e), with

f(t,a,e) = fo(t,a) +efi(t,a) + ...+ fr(t,a) + e frpi(t,a,e),
g(t,a,e) =cgi(t,a) + ...+ g (t,a) + " g 11(t, a,6), (7.47)
h(t,a,e) = ho(t,a) + ehi(t,a) + ...+ e ho(t,a) + & T hoia (t,a,€),
where
e o1 = fra(t,a,e), e Grir = gria(ta,2), " hygt = heya(t,a,e).

Thus, the following statement holds

Theorem 7.5. If (C1)—(Cz) hold, and the functions Q; (i = 1,...,4) have bounded
partial derivatives with respect to all variables to (r + 1)st order, A is similar to a
diagonal matriz and det Cy # 0,, then there exist numbers My(My < My), A1 (A1 <
Ao),e2(e2 < £1), such that for all M < My, A < A\1,0 < € < &g the functions f, g, h,
in Theorem 7.2, have bounded partial derivatives with respect to a up to rth order
and can be represented in the form (7.47). The coefficients in the expansions (7.47)
are uniquely determined by (7.45)—(7.46).

More general results concerning gyroscopic systems may be found in [5, 43].

7.3.3 Vertical gyro with radial corrections

The equations of small oscillations of a gyroscopic system about the equilibrium
position have the form

A#+ (HG + B)i + Ca =0,

where A is a symmetric positive-definite matrix of inertia, G is a skew-symmetric
matrix of gyroscopic forces, B is a symmetric positive-definite matrix of dissipative
forces, C is the matrix of potential and nonconservative forces, and H is the gyro-
scope angular momentum. We let e = H~! be a small positive parameter. If G is a
non-singular matrix, the characteristic roots of this linear autonomous system break
down into groups of roots of order O(e) and order O(1/¢). In those cases in which
the roots of order O(1/¢) lie in the left half-plane, we can set up a slow invariant
manifold for which the reduction principle is valid. The equations of motion on this
manifold describe only precessional oscillations.

The corresponding precessional equations which can be considered as approx-
imate equations on the integral manifolds are

(HG + B)i + Cx = 0.

Investigation of a vertical gyroscope with radial corrections leads to the equa-
tions
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Ja—HB+da—kB=0, J3+ Hé+dB + ka = 0.

In these equations J is the equatorial mass moment of inertia of the gyroscope,
H is its angular momentum, d is the coefficient of friction. Forces —Hf and Hd
are gyroscopic, while —k3 and ka are nonconservative forces, and in the theory of
gyroscopic systems are referred to as forces of radial corrections [43].

For this system the precessional equations take the form

HB+kB—da=0, Ho + ka+ d3 = 0.

It is easy to see that, even in the case d = 0, the trivial solution of the precessional
equations is asymptotically stable, whereas the trivial solution of the original equa-
tions is unstable. This means that in the case d = 0 the use of precessional equations
is inappropriate. More detailed analysis shows that the value of the damping factor
for which asymptotic stability will prevail is

d> kJ/H.

We note that the angular momentum H of the gyroscope is large compared to kJ.
Therefore, the lower limit for the damping factor is small.

7.3.4 Heavy gyroscope

Using either the general equations of motion or Lagrange equations, differential
equations governing the motions of the axis of the heavy gyroscope in cardanic
suspension can be derived [43] as

A(ﬁ)d+Hcosﬁ~ﬁ+Esin25-d-B = —mQ,

. 1 .
BB — Hcosf-a— 5Esin25 -2 = —myf — Plcos (3,

where
A(B) = (A4 Ay)cos® B+ Cy sin® 3 + Ay,

BOZA+Bl, E:C1—A—A1.

Introduce the new time variable 7 by ¢ = T'r and the dimensionless parameters

A(ﬂ)_ E PIT
B " B =e B T
mlT mQT

=0 —— =b BT /H =
B() 1, B() 25 0/ g,

and note that T can be chosen in such a way that a(3), e, v, by, by are values of
order O(1), e < 1.



7.3. Systems with Slow Dissipation 175

Introducing the new dependent variables a; = &7, 51 = BT leads to equations
of the form (7.37) with

(5) o=(3). 0= (40 2)
G(x,t)_(_cgsﬁ 0085), B(x,t)_(%l b‘l)

Q.8 = ( veos )

The representations for the slow variables are

a=uv +e—2 +0(2]2])), v:(v1)7

COS V2 V2

L) ST T ( a ) ,
COS Vg

zZ2

where vy, v9, 21, 22 satisfy the equations

) b1b
V] = eV — &3 (V2e - sinvg + Y ; 2 ) +O(€4)7
COS? Vg
. vby 4
2 cos? vy (%),
b CcoSs
€5 = —e— %2 oo — e2120tgus + O(E2|2])),

—Z1 —
a(v2) a(v2)
€%9 = COS Vg - 21 — €bozy + E’yozftgvz + O(€2|\Z||),

1 Ci1+ A
Yo = a(va) + 3¢ cos® vg = %02.

These relationships show that the motion of a heavy gyroscope is very close
to regular precession on bounded time intervals, but over times of order O(1/?)
the angle 3 tends to the value /2, which is to say that the gyroscopic frames tend
to the same plane.

The influence of random perturbations on gyroscopic systems will be studied
in the Appendix to this Chapter.

7.3.5 A one rigid-link flexible-joint manipulator

Consider a simple model of a rigid-link flexible joint manipulator [7, 39], where J,,
is the motor inertia, J; is the link inertia, M is the link mass, k is the stiffness. The
model is described by the equations:
Jigi + Mgsing + k(g1 — gm) =0,
ImGm — k((h - Qm) = u.
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Here ¢; is the link angle, q,, is the rotor angle, and u is the torque input. The

differential system may be considered as a singularly perturbed one with ¢ = p? =

1/k, and may be expressed as

g1 = wi,
paw = —SQ@Sin Q1 — @A
J1 J

:U'Qm = Wm,

P, = (th —Gm + M2u>/Jm~
It is clear that we obtain a singular singularly perturbed system. If we rewrite
the original system in the form
J1g1 + Il + Mgsing = u,
G1 — Gm + Mgsing, + k(l/']l + I/Jm)((h - Qm) =u,

then the use of new variables

z1 = (Jiqi + Tmam)/(J1 + Im), @2 = 01,

Y=4q1 — 4dm,
yields the system
T1 = T2,
2= =g g S )

M J,
52:/' = —(I/Jl + l/Jm)y—EJ—lgsin(xl + ﬁy) —E%.

Now, for the investigation of robotic-like systems with weak energy dissipation
the following results from [32] are useful.
Consider the differential system

&= Az + By+ Qu+ X(z,,9,¢),
€y = €Oy + Py + cRx + (\’;‘Y(ZC, y7y7€)7 (748)

with a small positive parameter €. Here z, X are m-vectors; y,Y are n-vectors;
A, B, Q, C, P, R are constant matrices of appropriate dimensions. Suppose the
following assumptions hold:

(D4). The functions X and Y are defined and continuous in

Q={zeR" |yl <p0<e<ep},

bounded by M and satisfy a Lipschitz condition with constant A\ with respect to
x,y,1y, where M and )\ are sufficiently small positive numbers.

(D2). There exist numbers K, «, (K > 0, > § > 0), such that the following
inequalities are satisfied

edt]] < Keltl (=00 < t < 0),
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||eD(5)t|| < Ke ' (0<t < o),

0 el
pe)=(p %)
where [ is the identity matrix. Setting z = (y, )7, rewrite (7.48) as
& =Ax+ Pz + X1(x, z,8),
ez2=D(e)z+¢eZ(x,z,¢), (7.49)

where P, = (QB), X (z,2,¢) = X(x,y,9,¢), and

Z(@,2) = ( Y(x,y,y,Os) + R(z) )

The system (7.49) possesses a local integral manifold z = H(x,¢), with the
flow on this manifold described by
&= Ax+ PiH(z,¢) + X1(x, H(z,¢),¢).
If P is a regular matrix, then the functions describing the integral manifold
of (7.48) can be found as asymptotic expansions

Yy = F(SL’,S) = 5f1(x) +...+ gkfk(m) +5k+1fk+l(x7€)v

§=G(x,e) =eqi(z) + ...+ gn(x) + "M gryi(a,e),

where functions f;, g; are calculated using the following identities:
0=Pf + Rx+Y(x,0,0,0),

_ONh
gl - 637 (A‘I+X(‘T507O7O))a

%1 (A + X (2,0,0,0)) = Cgy + Pfo + 2(2,0,0,0) + 2 (2,0,0,0),
go = %(Ax{—X((E,O»OvO))

+98 (B + Qfr + [2(2,0,0,0)| 1 + [3(2,0,0,0)] 1)

and so on. The flow on this manifold is given by the equation
& = Ax + BG(z,¢) + QF (z,¢) + X (z, F(z,¢), G(x,¢),¢).

Note that the reducibility principle holds for this integral manifold.

In [32] these results were used to obtain a sufficient condition for the orien-
tation stability of satellites with double spin in the case of small friction and large
damping stiffness.

These results may be applied to the analysis of the manipulator model under
consideration. Following [15, 39], the control function w is written as a sum u =
uf + us, where up = us(y,9), us = us(zt, 22).
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Setting
uy = 2by,b > 0;
Mg J,
us = Mgsinz' + e——2— cosz' (—2— Mgsinz! — 2b2%) + e(Jy + Jpm Vs,
g Ty + Jom G 7 Me )+ et Tm)

we obtain, to an accuracy of order O(£?), the equations

i? = ev,,

on the slow integral manifold with a new control function vj.

The corresponding fast variable z which describes the behaviour of the system
under consideration near this integral manifold, with an accuracy of the same order,
satisfies the following fast equation

2
5= —(1/Jy +1/Jp)z — sJ—Z.

This means that transition regimes have a slowly damped high frequency oscillation.

7.4 Branching of Slow Integral Manifolds

In this section we formulate the problem and recall the method of gauge functions
by considering a degenerate two-dimensional autonomous singularly perturbed dif-
ferential system. The case of a quasi-homogeneous degenerate system and the case
of an autonomous homogeneous singularly perturbed system are treated. Several
examples are given, and one example describes a partially cheap optimal control
problem.

We consider singularly perturbed differential systems whose degenerate equa-
tions have an isolated but not simple solution. In this case, the standard theory
to establish a slow integral manifold near this solution does not work. Applying
scaling transformations, and using the technique of gauge functions, we reduce the
original singularly perturbed problem to a regularized one such that the existence
of slow integral manifolds can be established by means of the standard theory. We
illustrate the method by several examples.

7.4.1 Formulation of the problem. Preliminaries

We consider system (7.1) under the assumptions (Aj) and (Az). Instead of hy-
pothesis (Ag) we suppose

det gy (x,h(z,t),t,0)=0 V(x,t) € G xR, (7.50)
that is, y = h(z,t) is not a simple root of the degenerate equation

g(z,y,t,0) =0. (7.51)
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Under this assumption we cannot apply Proposition 1.1 to system (7.1) in order to
establish the existence of a slow integral manifold near M for small £. Our goal is
to derive conditions which imply that, for sufficiently small ¢, system (7.1) has at
least one integral manifold M. with the representation

y=1i(x,t,e) = h(z,t) +e%hy i (z,t) + 62qih21i(x, t)+....

where ¢;,0 < ¢; < 1, is a rational number.
The key idea to solve this problem consists in looking for scalings and transforma-
tions of the type

€= :U/T7 Y= g(ﬂv vavt)» t= t(ﬂ77)a

such that system (7.1) can be reduced to a system

d
% :f(I’,Z,T,,LL),
dz (2,2 )
g T
'LLCZT g\x, 2, T, b)),

to which Proposition 1.1 can be applied. In this process the method of gauge
functions plays an important role.

We illustrate our approach by considering a simple example, and at the same
time we recall the method of undetermined gauges.

Example 4.1. Let us consider the system

oy
j; (7.52)
€ E = _y2 - y3 +8¢2($>t)7

where ¢ is a smooth positive function. The degenerate equation for (7.52) reads

0= —y2 —4°

and has the isolated, but multiple, root y = 0. To find a transformation reducing
the system (7.52) to a system to which Proposition 1.1 can be applied, we look for
an approximation of the roots of the equation

0=—y? -y +eo?(a,t) (7.53)

by means of the method of undetermined gauges (see e.g. [22]). For this purpose
we postulate a solution of (7.53) in the form

y 2o (e)yr(x,t) + 02(e)ya(z,t) + ... . (7.54)

The functions §;(¢), called gauges, must be determined along with the functions
yi(x,t). We suppose that the gauge functions d;(g) are monotone in the interval Iy



180 Chapter 7. Geometry of Singular Perturbations: Critical Cases

and satisfy d;(¢) — 0 and §;41(¢€)/di(e) — 0 as ¢ — 0 for all 3.
Substituting

y = 61(e)y
into (7.53) leads to the equation

02 —y87 () + 4167 (e) +ed® (). (7.55)
As §3(e) < §2(e) for sufficiently small € we simplify (7.55) to
02 —y20% + e¢?(z,t). (7.56)

Now we have to compare the order functions d;(¢) and . Supposing that 67 (¢) is
the leading term in (7.56) we get y; = 0, if we assume that e¢?(z,t) is leading we
are not able to determine y;. If we suppose that §?(g) and e¢?(x,t) are of equal
significance for small €, then we can set

(51(8) = \/g (757)

We note that this is not the only possible choice for d1(¢) (see [22]). Putting (7.57)
into (7.56) we obtain

1 (z,t) = £o(x,t).
Similarly we can determine higher order gauges and coefficients.

Now we use the relations (7.54) and (7.57) to scale the the variable y by & = u?,
y = pz. Substituting these relations into (7.52) we get

dx
7 = Mz,
dt
d , , s (7.58)
p— = —2z° + ¢=(x,t) — pz°.
dt

Taking into account that the degenerate equation for (7.58) has the two iso-
lated simple solutions z = +¢(x,t) we may apply Proposition 1.1 to system (7.58)
with respect to these roots, and get that system (7.52) has two integral manifolds
with the representation

y = +¢(x,t)ve + O(e).

In the following sections we study the existence and approximation of slow integral
manifolds of system (7.1) in some degenerate cases.

7.4.2 Quasi-homogeneous degenerate equations

We study system (7.1) under the assumption (A1). We replace the assumptions
(Az) and (Aj3) by the the following hypotheses.
(E1). The function g(z,y,t,0) can be represented in the form

g(xayat70) Egl($7y,t)+92($,y,t)7 (759)

where the functions g; and go have the following properties
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1. g1 is homogeneous in y of degree r > 2, i.e., for VA € R we have

g1(z, Ay, t) = Ng1(x,y,t), V(z,y,t) € R" x R™ X R. (7.60)

2. The relationship

g2(x,y,t) = O(|ly["™), as y — 0, (7.61)

holds uniformly in (x,t) € R™ x R.

Hypothesis (E;) implies that y = h(x,t) = 0 is a solution of the degenerate
equation (7.51) satisfying (7.50).
(E2).
9e(2,0,t,0) A0, V (z,t) € R" x R.

By means of the scaling
e=u",y=pz, (7.62)
we get from (7.59)—(7.61)
g(@, pz,t,pu") = p" (gl(x, z,t) + ge(2,0,,0) + pg(z, 2, ¢, u)), (7.63)

where g(z, z,t, ;1) is smooth. Substituting (7.62) into (7.1) and taking into account
(7.63) we obtain

j: = f(x7uzﬁ t? /J'T)7

: _ (7.64)
Mz = gl(l’7 2 t) + gE(x? 07 t7 0) + Mg(m, 2 ta ,LL)
The degenerate equation of (7.64) reads
g1(x, z,t) + ge(2,0,t,0) = 0. (7.65)

We further assume: -
(Es). There is a smooth function h: R™ x R — R such that

1. z = h(x,t) is a root of (7.65),

991

2. the spectrum of the Jacobian matrix % (z,h(z,t),t) is separated from the

imaginary axis for (z,t) € G x R.

Applying Proposition 1.1 to system (7.64) we get

Theorem 4.1. Under the hypotheses (A1), (E1), (E2), and (E3) there is a
sufficiently small positive eo,e0 < €1, such that for e € Iy system (7.1) has the
integral manifold

Ms = {(Iayat) € Rn+m+1 ‘Y= ’(/;(I,LE), (Qj,t,e) €eGxTx 12}
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with the asymptotic representation

y =z, t,e) =e/"h(x,t) + 2/ hy(z,t) + ... .

Remark 4.1. From Theorem 4.1 it follows that the integral manifold M.
converges to the root y = 0 of the degenerate equation (7.51) as € tends to 0. If
equation (7.64) has more than one simple solution then several integral manifolds
branch from the non—simple solution y = 0.

To illustrate Theorem 4.1 we consider Example 4.1 from the previous subsec-
tion. In that case we have g (z,y,t) = —y?, g2(z,y,t) = =3, g-(x,y,t) = ¢*(z,1t)
such that the degenerate system (7.64) reads

y* — ¢*(x,t) = 0.
Here, we have two slow integral manifolds of system (7.52) branching from the

multiple solution y = 0.

7.4.3 Homogeneous systems

Consider the autonomous system

dx

2 = f@ye),

. dy ( o) (7.66)
Y _ e
dt g 7y7 )

under the assumption

(F). f and g are homogeneous polynomials in  and y of degree r,r > 2, with
coeflicients smoothly depending on ¢.

It follows from hypothesis (F) that for VA € R and V (z,y,e) € R™ x R" x I

fQz, Ay e) = X" f(x,y,¢),
g(Az, Ay, e) = Ng(x,y,¢).

Thus, y = 0 is a non-simple root of the degenerate equation 0 = g(z,y,0).
Furthermore, if we replace x by Az, y by Ay and ¢ by A1 ="t in (7.66), then the system
(7.66) is invariant under this transformation. Thus, if (z(t),y(t)) is a solution of
(7.66) then (Az(A"~1t), \y(A"~1t)) is also a solution of (7.66). This property implies
that any slow invariant manifold y = ¢(z, ) of (7.66) has the form

y = L(e)z, (7.67)

where L(e) is a (n x m)-matrix. Thus, under our conditions, any slow invariant
manifold of system (7.66) is a linear manifold.

Exploiting the invariance of y = L(e)x with respect to the system (7.66) we get the
relation

e L(e) f(x, L(e)x,e) = g(x, L(e)x,e), Vx € R™. (7.68)
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We consider (7.68) to be an equation to determine the entries in the matrix L(g).
Since that equation can have more than one solution we call (7.68) a bifurcation
equation. Thus, we have the following result:

Theorem 4.2. Under the assumption (F), any slow invariant manifold of
(7.66) is a linear manifold (7.67), where the matriz L() is determined by the bifur-
cation equation (7.68).

To illustrate Theorem 4.2 we consider the following example.

Example 4.2.

dxr
dt

The corresponding degenerate equation is 3% = 0.
According to Theorem 4.2, any slow invariant manifold of (7.69) has the form

y = L(e)x, where L is a scalar function. By (7.68) the corresponding bifurcation
equation reads

=32% e— =y + 35 (7.69)

L3 —3:L+¢%=0.

This equation possesses three solutions. For small € we find, by means of the method
of undetermined gauges, the representations

1
Li(e) = 56 +81€ +0( )

La(e) = ~'2VB - L ofe?)
L3(5)251/2\/§—6€ + o(g?).

Thus, the differential system (7.69) under consideration has three slow invariant
manifolds y = Li(e)x, k = 1,2, 3.

7.4.4 Quasi-polynomial degenerate equations

Consider the system

dx

a7 (z,y,t,¢€),

_dy (7.70)
e =g(z,y,t,¢),

with x € R™ y € R,t € R,e € Ip. In what follows we assume

(G1). f and g satisfy assumption (A7). Additionally we suppose that g is a
polynomial with respect to y and .

By assumption (G1), g can be represented in the form

no

g(xayvtvg) = Z a’Oi(x,t)yi

i_ko
—l—sgahxt mg mi(x,t)y
i=kq i=km
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For what follows we further suppose

(G2). ko > 2, aj,(x,t) #0 for j =0,..,m, and V(z,t). It follows
from hypothesis (Gz) that y = 0 is a multiple root of the degenerate equation of
(7.70)

10

g(x?yat70) = Z G/Oi(,fC7t)yi = O

i=ko

As in the previous sections we scale the parameter € and the variable y by
e=ply=pPz (7.71)
and look for conditions on the coefficients a;, (x,t) such that the equation

dy
55—

can be transformed into an equation of the type

g(x7 y’ t7 6)

d
I £ =g(z,z,t, p), (7.72)

whose corresponding degenerate equation

0=g(z,z1t) (7.73)

has a simple root z = h(z,t) to which Proposition 1.1 can be applied.
Substitute (7.71) into the right hand side of (7.70) and rewrite the latter in
the form

d
pr £ = ok (x, ) 0P M7
m
—I—Zajkj (x’t)ujq+k.7pzkjp + O(Mmq+kmp). (774)

j=1

Let r be the leading order of the right hand side of (7.74). Then equation
(7.74) can be reduced to the form (7.72) if

ptqg=r+1. (7.75)

To eliminate z = 0 as a multiple root of (7.73) we have to look for a scaling
(7.71) such that the first term on the right hand side of (7.74) determines the leading
order, that is

r= kOpa

and that there exist at least two terms of the leading order on the right hand side
of (7.74). If we require that the jth term on the right hand side of (7.74) has the
same order as the first term, then we get the relation

Jja = (ko — kj)p, (7.76)



7.4. Branching of Slow Integral Manifolds 185

that can be considered as a determining equation for q.
From (7.75)—(7.76) we obtain

1
p=- ,
J(1 — ko) + ko — k;j

1<j<m. (7.77)

Since kj,j = 0, ..., m, are positive integers, where ky > 2, and since p is also a
positive integer, it is easy to check that only for j = 1 and for k1 = 0 does (7.77)
yield a positive integer, namely p = 1. Thus, in order to be able to reduce (7.74) to
an equation of the type (7.72) we have to require ay o(x,t) # 0. This implies that
g can be represented in the form

g(l’, Y, ta 5) = Q0,kq ($7 t)yko + 6@1,k1 (x7 t)o(yko) + 0(8)'

But this representation is the same as treated in Theorem 2.1. Therefore, we
have the following result

Theorem 4.3. Suppose hypotheses (G1) and (Gz) to be valid. Then the
condition a1k, (z,t) #0, V(x,t), is necessary and sufficient for the existence of a
slow integral manifold of system (7.1).

Remark 4.2. If (7.70) is an autonomous system with a structure such that
after some scaling of y, e and ¢ it can be represented in the form

% = f(.’IJ,Z,V),
Vk% :g(xazal/)v

with k > 2, then the existence of a slow integral manifold can be established under
relaxed conditions.

We illustrate Remark 4.2 by the following example.

Example 4.3. We consider the two-dimensional system

dr_,
j; (7.78)
e = a(z)y® + eB(x)y + (),

where all coefficients are sufficiently smooth, and a and § satisfy a(z)8(z) <
0, Vu
Using the scaling
y=pe=pt,
we obtain from (7.78)

dx

% = Mp'z?

j (7.79)
prr df = a(x)u®2® + B(a) TPz + y(z)p?.
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As can be verified, only the choice ¢ = 2p provides two terms on the right
hand side of (7.79) with leading order 3p. Thus, we get

dx

E = :upz7
L2 1 (af0)2 + o)z + (@),

If we cancel the factor y®? in the last equation, we do not obtain a singularly
perturbed equation. But after introducing the scaled time 7 = tuP and setting
p =1 we get

dxr

ar
dz 3
pog = af2)2” + Be)z + py(z).

(7.80)

The degenerate equation of (7.80) is
a(z)2® + B(x)z =0

B(x)

az)
Thus, the original system (7.78) has three slow invariant manifolds

and has the three simple roots z =0, z = £,/ —

y = O(n),

— —ﬂ3u+om%

The case that the variable y in (7.70) is a n-vector can be treated similarly.
As an illustration we consider the “cheap control” problem [26].

7.4.5 Cheap control

Consider the linear-quadratic optimal control problem
&= A(t,e)x + B(t,e)u;

1 I
J = §a:T(1)Fx(1) + 5/ [T ()Q(t, e)x(t) + 2u” (t)R(t, e)u(t)]dt,

0
where Q = QT >0, F = FT >0, R=R" > 0,t € [0,1], ¢ is a small positive
parameter. Usually, such a problem is called a “cheap control” problem because
there is a small parameter multiplied by a control function in the cost functional.
The solution of this problem is given by the formula

uw=— R 'BTKz,
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where K is the solution of matrix Riccati equation
e (K+ATK + KA+ Q)=KSK, S=BR'B";, K(1)=F.

Under the condition € = 0, the degenerate equation has the multiple solution
K = 0 and the branching of slow integral manifolds takes place for this Riccati
equation. For simplicity, we confine consideration to the problem of minimizing the

functional
1

1
J = 5/0 0P (0) + P O)dt + 33 (0),

under the restriction

y™ +ar()y" Y 4+t an(t)y = u(t),
where y and u are scalars. Let

K= Ky)ijm1, my p=cm

Then the matrix X = (Kjj)i j=1,. n satisfies the following singularly perturbed
matrix Riccati equation

pX + (A + pAT (8, 1)) X + X (Ao + pAi(t, 1) + Q = XSX, (7.81)
where
0 1 0...0
Ao = 0 0 0...1
0 0 0...0

The corresponding Lurie (degenerate) equation
ATX + XA - XSX+Q=0 (7.82)

has several real solutions and every such solution corresponds to a slow integral
manifold (i.e., a uniformly bounded solution for all ¢) of the Riccati equation (7.81).
All these slow integral manifolds coincide, under the condition p = 0, and the
branching of slow integral manifolds takes place. Note that the Lurie equation
(7.82) has the unique positive solution X = Cj, such that the matrix A — SCy is
stable. The corresponding slow integral manifold X = C(t, 1) may be found as an
asymptotic expansion with respect to the small parameter p.

Let C(t,p) = (C; ;(t, )i j=1,....n. Then for suboptimal control we obtain the
expression

w=—p " (1" Crny ™Y + L+ uCrry).

In this case the error of the cost functional is of order O(e™1/#) .
Example 4.4.
We investigate the optimal control problem

Tl = U,

Ty = x1 + To + U2,
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with the cost functional

T
J= %/ [x%(t) + ggvg(t) + u%(t) + 52u§(t)]dt — min .
0

This problem is called a “partially cheap control” problem because one of the control
terms in the cost functional is multiplied by a small parameter [26]. It is well known
[12, 29] that optimal control in this problem is given by the formula

()= 9 =(2)

where the matrix K is a nonnegative solution of the matrix Riccati equation

-1
diK:fK 0 0y (01 K+ K 1 0 K 1 0
dt 1 1 0 1 0 2 0 ¢

satisfying the condition K (T') = 0. If we put
/4}1 Ekg
K =
(Ekz E/fg)’

we obtain the differential system

dky
%:k%+k§_25k2_1,
dks
g E = Ekle + kaS — E(kQ + k3)7 (783)
k3
€= k2 4+ e%k2 — 2eks —e.

The corresponding degenerate system
koks =0, k2 =0

has the solution ko = k3 = 0, but this solution is not simple. In order to get simple
roots we apply the scaling

ks = puks, € = p°. (7.84)
Substituting (7.84) into (7.83) we obtain

dk
7; :k%+k§—2u2k’2—1,
dk
H CT; = pk1ka + kaks — (ko 4 prs),
dk
7 d—tg = k3 — 1+ p?k3 — 2uks.
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The corresponding degenerate system
leﬁJg = 0, KJ% = ].,

has the simple nonnegative solution ko = 0,x3 = 1. Applying Proposition 1.1 we
get that the original system (7.83) has the invariant manifold

ky = O(p), k3 = pu+ O(p?). (7.85)
Substituting (7.85) into (7.83) leads to the initial value problem

WK 14 002), k() =0,

In this way, the elements of the matrix K can be determined approximately.
Note that some results of this section may be found in [30].
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7.5 Appendix: Optimal Estimation in Gyroscopic
Systems

by Gorelova, E. Ya. and Sobolev, V. A.

7.5.1 Introduction

The effect of random inputs on the movement of systems of solid bodies was in-
vestigated by many authors, see, for example, [1]. This Appendix deals with the
analysis of the equations of gyroscopic systems under the influence of random forces.
The possibility of the replacement of the equations of motion by the corresponding
precessional equations is investigated. This approach is widespread in mechanics
and gives suitable results in numerous cases. But there are a great number of exam-
ples when the substitution of the original equations by the precessional ones leads
to inaccurate or qualitatively incorrect results. In this respect, there have been a
few works studying either the reasoning behind such a procedure, or the conditions
under which it gives an appropriate result [18, 19].

This problem was solved by the method of integral manifolds [38]. The essence
of this method is in the separation of the class of slow motions of the original system.
The dimension of the system is reduced, but the system obtained, while of lower
dimension, inherits the main features of its qualitative behaviour. In this Appendix
the equations of motion of the gyroscopic system of the form suggested by Merkin
[19] are analysed. It is shown that the method of integral manifolds can be applied
to systems of this type.

Note that the equations of the flow along the integral manifold to the specified
accuracy coincide with the corresponding precessional equations. In most applica-
tions the restrictions under which this slow integral manifold is stable are fulfilled.
This means that any solution of the original equations, starting in the vicinity of
the integral manifold, may be represented as a sum of some solution of the preces-
sional equations and a small rapidly vanishing term. In this sense conversion to the
precessional equations is permissible.

The main result of the Appendix is concerned with the possibility of conversion
to the precessional equations in the presence of random terms. It is shown that the
use of precessional equations as the basis for equations of the filtering error in the
problem of optimal estimation may provide inadmissible errors.

7.5.2 The equations of a Kalman filter for gyroscopic systems

We derive the equations of the Kalman filter for gyroscopic systems. Consider the
equations of motion of gyroscopic system in the non-stationary case under the action
of random forces in the form in [19]

i+ [HGo(t) + G1(t))i + N(t)z = B(t)i(t). (7.86)

Here x is the n—dimensional vector of the system state, Go(t) is a skew-symmetric
matrix of gyroscopic forces, and possessing a bounded inverse for all ¢ > 0, G (¢)
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is a symmetric matrix of damping forces, N(¢) is the matrix of potential and non-
conservative forces, H is a large parameter proportional to the angular velocity of
the proper rotation of the gyroscope and which is much larger than the values of
all the other system parameters for many gyroscopic systems.
Let the observation take place in the presence of Gaussian white noise de-
scribed by the equation
z=C(t)x + £(1), (7.87)

where z is m—dimensional vector, C(t) is m x n matrix. Let &(t) and £(t) be
independent Gaussian white noise with zero expected values and correlation matri-
ces Q(t)d(t — s) and R(t)o(t — s), respectively, where Q(t) and R(t) are symmetric
positive semidefinite m x m—matrices.

Introducing ¢ = 1/H , we rewrite (7.86) as a system

For simplicity of presentation we assume that xo = 2(0) and yo = y(0) are known
vectors.

We are required to obtain an estimate (#(t),4(t))7 of the state (x(t),y(t))7,
(T stands for transposition), of system (7.88) in accordance with the vector-function
z(t) available for measurement at ¢ > 0. The vector-function x(t) is not available
for measurement. The system which determines the vector (2(t),(¢))? is usually
called the filter. We examine filters which are non-stationary linear systems of the
form

p=F(t)p+G1)z

where p(t) is a 2n dimensional vector, F'(t) is a 2n x 2n matrix, G(t) is a 2n x m
matrix. It is known ([12, 29]) that the filter which provides an unbiased estimate

e(t) = (x(t),y(t))" — (@(1),5(t)"

for the system
z=A(t)x + B(T)w,

with the observation (7.87), is defined by the differential equation
dp
9 — 14t - cClp + G200, (7.89)

and satisfies the initial condition

Here E[] is an expected value. Those filters which satisfy equation (7.89)
contain the matrix G(t) as a parameter, and it should be chosen to minimize the
variance of the error e(t). To ensure that the estimate is unbiased, we require that
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at all t > 0, whence Ele(t)] = 0.
Consequently, the correlation matrix P(t) of the error e(t) has the form

It is clear that P(t) is a symmetric matrix satisfying the initial condition
P(0) = Ele(0)e” (0)] = Po,
and the differential equation

Z—IZ = [A(t) - G(t)C(t)|P + P[A(t) - Gt)C )T + B(t)Q(t) BT (t) + G(t)R(t)GT (t).

Note that matrix G(¢) is still unknown. Following [12] the filter is optimal if
G(t) = P(t)CT(t)R™(t). (7.90)

Taking (7.90) into consideration we obtain the equation for the correlation
matrix of errors in the form of the Riccati equation

P
% — A(t)P + PA"(t) — PCTR™'CP + BQB", (7.91)
P(0) = Py. (7.92)

It was shown in [12] that, if Py is a positive definite matrix, equation (7.91) can be
solved uniquely for the matrix P(t), which exists for all ¢ > 0. Then the equation
for the optimal filter, on using (7.89) and (7.90), takes the form

% = [A(t) = POCT ()R (H)C(H)]p + PHCT ()R (1)2(t),

p(0) = E[(2(0),5(0))"],

where P(t) is the solution of the differential Riccati equation (7.91) satisfying the
initial conditions (7.92).

Let mq (¢, €) and mo(t, ) be the mathematical expectations of the vectors x(t)
and y(t) of system (7.88), i. e.,

ma(t,e) = E[z(t)], ma(t,e) = Ely(t)].
Then the vector m(t,e) = (my(t,e), ma(t,e))? satisfies the differential equation
m = A(t)ym + PCT(t)R™(t)(z — C(t)m). (7.93)

We apply the above results to system (7.88). A(t) is the matrix of linear terms
of the system (7.88) and is defined by
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Let By (t) and C;(t) denote the block matrices

Bi(t) = ( _B() ) Ci(t)y=(C@) 0).

Then the Riccati equation for the correlation matrix P(t,e) of system (7.88) is

apP
o A(t)P + PAT(t) - PCTR™'C,P + B,QBY. (7.94)
We designate the n x n blocks of the matrix P(¢,e) as follows:

Pl(ta ) P2(t’ )
Pea=( 0D med )

Then equation (7.94) implies the system

P =P{ +P,— PSP, (7.95)
EPQ:€P3—EPlNT—PQ(G()+EG1)T—€P15P2, (796)

ePy = —e(NPy + PINT) — P3(Go + £G1)T
—(Go +¢eG1)P3 — PSP, +¢L, (7.97)

where S = CTR™'C, L = BQBT.
Equation (7.93) may also be rewritten as a system:

mq m2+PlCR_1(z—Cm1),
ey = —(Go+¢eGr)mg —eNmy +eP,CR™ (2 — Cmy),

where m;(t,e) and ma(t, ) satisfy the initial conditions
m1(075) = Zo, m2(0,€) = Yo-

We now use some results of integral manifold theory from this Chapter. The
existence of an attracting integral manifold permits us to reduce the singularly
perturbed system to a system of lower dimension.

7.5.3 Precessional equations in the deterministic case

In this subsection, we employ the above results (see Section 3. Systems with Slow
Dissipation, in this chapter) to analyze the equations of a gyroscopic system

&+ (HGo +G1)t+ Nz =0,

in the deterministic case. The notation coincides with that introduced above. Hav-
ing denoted e = 1/H, we obtain

et + (Go +eG1)t +eNz = 0. (7.98)
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It is a commonly held view that equations (7.98) may be replaced by the
corresponding precessional equations

(Go +eG1)i +eNxz = 0. (7.99)

Note that the dimension of (7.99) is half the dimension of (7.98). We shall apply
the results of the theory of integral manifolds to prove the possibility of such a
replacement. With that aim in view, we transform Equation (7.99) into the first
order system

=y, ey =—(Go+¢eG1)y —eNx. (7.100)

In terms given in the preceding subsection, we have the equation g(t, x,y,0) =

0 in the form Goy = 0. Hence, y = ho(¢, ) = 0, and the flow on the integral manifold
is described by an equation

y = h(x,¢). (7.101)

The function h(z,e) may be found as an asymptotic series

h(z,e) = Zgihi(x) (7.102)

i>1
from the equation

oh
g% — _(Go+G1)h(z,e) — eNa. (7.103)
x
Now, the usual technique of asymptotic analysis is applied. The expansion (7.102)
is put into (7.103). Having equated the coefficients of powers of the small parameter
e, we compute the approximate solution of (7.103) in the form

h(x,e) = —(Go + G1)*eNz + O(£?).
Thus, Equation (7.100) turns into
i =—(Go+eGy) teNz + O(e?). (7.104)

We compare equations (7.99) and (7.104). Evidently, they coincide to the accuracy
of O(e?). Consequently, the solutions of the system (7.100) and the solutions of
the precessional equations (7.99) differ in the rapidly vanishing terms only, which
correspond to the so-called nutational oscillations in the gyroscopic system. So it
is quite correct to examine the precessional equation instead of the full equations
of the gyroscopic system in the deterministic case.

Notice that the dimension of the slow integral manifold coincides with the
dimension of vector of slow variables.

7.5.4 Optimal filtering in the precessional equations of
gyroscopic systems

Let us now examine optimal filtering in gyroscopic systems described by the pre-
cessional equations.
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We do not discuss here the physical aspects of obtaining the precessional
equations. We remark only that such equations may be derived by neglecting the
second derivative terms in (7.86). Consider precessional equations corresponding to
(7.86) in the form

i =—(Go+eG1) 'eNx +e(Go +eGy) ' Bii.

Denote the correlation matrix of the vector z(t) by ®(¢). Then, according to (7.94),
this matrix must satisfy the equation

(GQ + EGl)(f =—¢eN® — E(Go + EGl)q)NT((GQ + EGl)_l)T

—(Go +£G1)PCTR'CP + 2BQBT ((Go +G1)T) 7. (7.105)

Notice that at ¢ = 0 equation (7.105) has much in common with equation (7.95).
Still this similarity is not sufficient to consider the precessional equations (7.86) to
be acceptable as the basis for Kalman filtering.

We examine this topic in detail. System (7.95)-(7.97) has a stable integral
manifold of slow motions [43]. The flow along this manifold is governed by the
regularly (not singularly) perturbed equations of this system. At first sight only
equation (7.95) is regular, and (7.105), being quite similar to it, may replace the
full system (7.95)—(7.97). But, in fact, there are more regular equations in the
system (7.95)—(7.97). We require that the matrix Go(t) has no zero eigenvalues for
all t € R. But the linear operator

LY =YG-GY

has a nontrivial kernel, since differences (\;(t) — A;(¢)), ¢,5 = 1,...,n, form its
spectrum. That is why there are many regular scalar equations in (7.97), since
this operator has many zero eigenvalues. Thus, the dimension of the slow integral
manifold of (7.95)—(7.97) is greater than the dimension of the matrix ®(t), and the
use of equation (7.92) for filtering can give unacceptable results.

This situation has much in common with that in the gyroscopic systems with
a degenerate matrix of gyroscopic forces, where one should use the so-called “full”
precessional equations to obtain acceptable results instead of the system given by
the traditional precessional equations.

An additional advantage of the approach used here is that it allows us to
consider equation (7.92), and regular equations from (7.97), instead of the full
system (7.95)—(7.97).

Next we consider one example illustrating this result: The plane gyroscopic
pendulum.

The gyroscopic pendulum is the simplest apparatus for indicating the proper
vertical line direction in a moving ship or aeroplane.

Consider the equations of the plane gyroscopic pendulum with the horizontal
axis of a gimbal. This pendulum is provided with a gyroscope which can turn near
the axis of its housing. The turning of the gyroscope housing is limited by a spring.
We investigate the movement of a plane gyroscopic pendulum under the rolling of
a ship. Assume that the system is supplied with an apparatus for radial correction.
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Figure 7.1. The plane gyroscopic pendulum

The latter imposes the moment proportional to the rotation angle of the gyroscope
housing round the axis of the pendulum oscillation. Then the equations of motion
of the plane gyroscopic pendulum are of the form

Lé+ HB + lpa + MB + név + b = 0,
L3 —Héa+ EB+ kB =0. (7.106)

Here « is the angle of the pendulum rotation around its axis; 3 is the angle of
gyroscope rotation around its housing axis; I; and I are the corresponding moments
of inertia; H is a moment of momentum of the gyroscope; Ip is the static moment
of the pendulum; M is the steepness of the moment of the radial correction; k is
the rigidity of the spring connecting the gyroscope housing with the pendulum; F
and n are the coefficients of the viscous friction; w is a stationary random process
corresponding to the angle of roll of the ship. Let w be a Gaussian white noise
process with zero mean value and correlation function ¢d(t — s).

Let the variable z = 3 + £ be observed. At first, we consider the precessional
equations for (7.106) neglecting the inertial terms I ¢ and Lj:

HB + Ipa 4+ né+ MB + b = 0,
—Ha+EB+kB=0. (7.107)

Having divided both parts of the equations (7.107) by H and set 1/H = ¢,
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(aB8)T = w we obtain:

. —eBlp —eEM + k& _ eEb 3
w-a( “Ip —M—Enn)w 5( b )—i—O(a).

Then the equations of the Kalman filter for the correlation matrix P of the errors
in the angles take the form

o eElp —eEM + K —cElp —lp
P_€< —lp —M —enk >P+5P( —eEM +xk —M —enk

2EI2 2 2E
— PSP +¢% ( ggEbg be ) + 0(e?), (7.108)

S<8 197«)'

We seek a solution of (7.108) as a series:

where

P(g) = Do + Dy + O(?).

From (7.108) we obtain that Dy = 0, and D; satisfies the equation

o 0 K 0 —lp 0 0
Dl_(lp M>D1+Dl<l€ M)_DISD1+(O qb2>

It should be noted, that this mechanical system (plane gyroscopic pendulum)
was examined in [29] by means of the precessional theory of gyroscopes, provided
that n = E = 0. Under such assumptions, Equation (7.108) does not contain O(&?)
terms and, in coordinate form, is as follows:

2
di = 2dy — d*27
T
- lp M K d2d3
do _Edl - ﬁdz + Ed?’ -,
Ip a3 qb?
=224, - 2— s R
d Hd2 ds + 172

Here d;, dy and d3 denote the elements of the symmetric correlation matrix D. But
we cannot compare these equations with those obtained on the basis of the theory
of integral manifolds, since, for n = F = 0, the equations of motion of the plane
gyroscopic pendulum may have no attracting integral manifold.

Next we consider the full equations (7.106) in the form

p Ip M b
— — = — —w =0,
504—&—11 +511a+511a+5116—|—511w
1 E
5ﬂ—z&+5fﬂ+675—0,
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or, in the more convenient form,
(5 )+ (o 100 ) ()= (" ) (5
lp/]l M/Il « _ b/[l .
+€( 0 /Iy g )="¢ 0 w. (7.109)
We use the following notation:
_ 0 1/5 _ ([ n/Ik 0
G°_<—1/I2 0 > Gl_( 0 E/L )’
| lp/ly M/L _( b/LL
N‘( 0w )0 2= 0 )
Then the equations for the Kalman filter, according to (7.109), may be written as
follows: .
P, =P] + P, — PSPy, (7.110)
ePy=ePy —ePNT — Py)(Gy +¢G1)T — PSP, (7.111)
ePy = —(NPy + PI'NT) — Py(Go + eG1)T
—(Go +eG1)P3 — ePf'SP, + eB,QBY . (7.112)
The matrices BoQBI and CR™'C = S can be computed easily in the form
b2q/I? 0 0 0
T _ q/141 —
B2QB2_< 0o o) =0 1/r )
We designate the elements of the 2 x 2 matrices Py, P», Ps as follows:
Plz(pl P2 )’P2:<p4 pr ),P?’:(pa P9 )
b2 D3 ps D8 P9 P10
Then equation (7.112) may be transformed into a system of three scalar equations:
. 2 Ip M n b2 p?
=—Zpyg—2( =ps+— |ps—2e— —g—e>
€P6 Ilpg 5<1—1p4+ Il)p5 EI1p6+51—12q Er7
. Pbs P10 K M lp E n P5Ps
=— - —¢| = — = — + = — A1
=T T 6(12p5+ Ilp8+11p7+<12+11>p9> e——, (7.113)
. 1 K E P3
=2 pg — 2e—pg — 2e—p1g — e2.
€P10 1.2199 €I2p8 512]910 £
In (7.113) we introduce the change of variables
(6 Po Pr0)” = T(ws wo wio)”, (7.114)
—@
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where T is the matrix

I I I
T = 0 Ll —VILil, |,
L -1 -1
with the inverse
_1 0 1
O O S
e O I
A, T oynLiI, 4L

This matrix T transforms the matrix of linear terms of the system (7.113) to the
skew-symmetric matrix

0 0 0

2
0 0 T
0 — 2

VI 1o
It may be easily checked that, after this transformation of variables, system (7.113)

becomes
@ ——<3+5)w +(—3—E)w +(—3+E)w
6= 11 12 6 11 12 9 11 12 1o

lp M K s P2 b’q
(i ps) - Eps— B -4 7.115
<1112p4 + 1112p5) LL" 2L 2hLr T L (7.115)

Ew —5(—l+£)w —g(£+g)w —l—iw _Ei(lip _,_% )
o=\ T2/ L L)L T e \n T e

€ K M lp 1
(L s+ e+ — 7.116
T (1.2175 + I ps + 211p7+ 2Tp5ps) ( )
onL T Tane s T Can P Tt apn
Ew *—s(—l—&-ﬂ)w —a(ﬁ—i-E)w —iw —&-Ei(l—p +% )
0= oL 2L, )*° L L) ynL T \ s
€ K M lp 1
- B ops+ s + ~Lpr + ~ps 7.11
m(bp Pt orpr P ps) (7.117)
+e r —€ ! e te i
oL T Can s T an B Tt T

Now we consider system (7.110), (7.111), (7.115)—(7.117). There are four
regular equations, hence four slow variables. This system has a four-dimensional
slow integral manifold, and it is stable. We search for this manifold as an asymptotic
series

Py = P (Py,ws) + eP{V (Py,wg) + O(2), rs)
w; = Wi (Pr,we) + ew! (Pr,wg) + O(?), 5 = 9, 10.
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We substitute these expansions into the singularly perturbed equations (7.110),
(7.111), (7.115)—(7.117), and denote by 0P,/0P; P the matrix

3 Opay 3 Ops

0P P, — >i1 op: Di 21 ap, Pi
- 3 Ip7 - 3 Ops - 5

oP; Zi:l szpi 22:1 apjpi

where the notation 3wk/8P1P1, k =1,2, is interpreted as

owy, - > owy, .
ZEp =N
8P1 ! ; 6pip

Note that, after the change of variables (7.114), the matrix P; becomes

I, 0 I VI I -1 I
P3:<2 )we-l-( 2 12)w9+<_2 12)0110.

0 5L Viil, -1 Vi1, -1

Hence the equations from which the slow integral manifold (7.118) is calculated are:

oPs . OP:
=P +e——wg=ePs —ePINT — P,GY — eP,GT — PSP, (7.119)

3P1 8w6

80)9 . 8w9 . 2
€ P+ e—ws = —=wig + O(e), 7.120
Owip Owig . 2

P, W = ———= O(e). 7.121
2 L Tt (e) (7.121)

Here the expressions for P; and ws should be substituted into (7.119)~(7.121) from
(7.109) and(7.114). From (7.116) and (7.117) it immediately follows that

wéo) = w%) =0.

The terms wél) and wi(l)) satisfy the equations

on BN 2 o _
of, " 2L,) T UL T arn T
(7.122)

LA £ we — 2 Wi + S 0
of, ' 2L,)“° T UTL Y Tarn?T "
Now, we turn to equation (7.119). Evidently, P2(O) =0 and

pM _ D2k I Iowe — p1lp — paM
2 p3k — I Irowe —palp — psM '

The next approximation P2(2) is

2 2
P2 — pz(i : pg :
2 (2) (2) ’
V43 Ps
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where
p? = —0.5(nl3 + ELI + L 2p:)ws — E(pilp + paM) (7.123)

1
+ Ing% + ;(Izlppg + Io Mpaops + Iakpips),
1

21
P = —parn + 1szzwe,
L(p1 + p:
P = (palp + p3M) (M — E) ,

(2) _ r2y _3n _E §b2
Dg 12( 211W6 212%* +4 q

I
— pskn + 71 (kp3 + p3lp + pops M) .

The approximations derived above permit us to follow how equation (7.108),
derived on the basis of precessional equations, differs from the equations which de-
scribe the flow along the attracting integral manifold of the system (7.109)—(7.111).

Consider the system describing the flow on the slow integral manifold of
(7.109)—(7.111). According to the results of the theory of integral manifolds, this
flow is determined by the regular equations of this system, namely, by the equations
(7.109) and (7.114). To derive the equations of this flow one should substitute the
asymptotic expansions (7.117) into the right-hand sides of these equations:

K
b = Qmpy — L2
S R N e

— (nI3 + EL I3p))ws/H?* + O(1/H?),
lp

. M K Pap3 3
=+ Eps— O(1/H
D2 P~ P2 + gPs . +O(1/H”),
, Ip M A gb?
bs 2T CEPB T T e
2 3 E 3
+ 70 (11212 (—21”1 ws — s+ Illgnw6> + 4b2q> +O(1/H?).

The calculations may be carried to any desired accuracy. We compare the
results obtained in this Example for the full equations of motion, and those got
on the basis of the precessional equations. The 4 x 4 correlation matrix P(t,¢),
corresponding to the full equations, is calculated from (7.110)—(7.112). This system
has a 4 dimensional stable integral manifold of slow motions. So, every solution
of this system, starting in the vicinity of this manifold, tends to it as ¢ — oo.
Consequently, to investigate the trajectories of (7.110)—(7.112) it is enough to follow
the trajectories lying on the manifold. Equations (7.110) and (7.115) describe this
motion. We compared the solutions of (7.110), (7.115) and of (7.108) numerically.
Both systems were solved numerically with the same initial conditions (Dormand-
Prince method), and the solutions obtained differed in the O(g3) terms. By this is
meant that the use of the 4 dimensional stable integral manifold of slow motions
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gives an accurate account of the behaviour of the original system, whereas the use
of precessional equations, instead of the original ones, for calculating the filtering
error may lead to an intolerable error if the motion is performed under the action
of random forces of Gaussian white noise type.
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Chapter 8

Black Swans and Canards
in Laser and Combustion

Models

E. Shchepakina and V. Sobolev

The paper is devoted to the investigation of the relationship between slow
integral manifolds of singularly perturbed differential equations and critical phe-
nomena in chemical kinetics. We consider different problems using the techniques
of canards and black swans. The language of singular perturbations seems to apply
to all critical phenomena even in the most disparate chemical systems.

In a majority of papers devoted to canards the term “canard” is associated
with periodic trajectories. In our work a canard is a trajectory of a singularly
perturbed system of differential equations if it, at first, follows a stable integral
manifold, and then an unstable one. In both cases the distances travelled are more
than infinitesimally small. A canard may be considered as the result of gluing sta-
ble (attractive) and unstable (repelling) slow integral manifolds at one point of the
breakdown surface, due to the availability of an additional scalar parameter in the
differential system. If we take an additional function of a vector variable parame-
terizing the breakdown surface, we can glue the stable (attractive) and unstable
(repelling) slow integral manifolds at all points of the breakdown curve at the same
time. As a result we obtain the continuous stable/unstable (attractive/repelling)
integral surface or black swan. Such surfaces are considered as a multidimensional
analogue of the notion of a canard. It is possible to consider the gluing function as
a special kind of partial feedback control. This guarantees the safety of chemical
regimes, even with perturbations, during a chemical process.

We shall use canards as separating solutions corresponding to the critical
regimes of chemical reactions. This approach was proposed for the first time in
[16] and was then applied in [15, 57]. Later this approach was extended to black
swans.

The main object of our consideration is the following singularly perturbed
system

207
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i’ = f(x7yﬂz7€)7
y=g(z,y,2,¢), (8.1)

€z = p(xﬂ Y, 2, a7€)7

where ¢ is a small positive parameter, « is a scalar parameter, x and z are scalar
variables, y is a vector of dimension n, and the dot refers to differentiation with
respect to time ¢t. Note that we detach the variable x for the following reason: it
will be used as a new independent variable when the original variable ¢ is excluded.
For nonautonomous systems the variable ¢ plays the role of the variable x and f =1
in this case. The case of a vector variable z will also be considered.

Recall that the slow surface S (or S,) of the system (8.1) is the surface de-
scribed by the equation

p(z,y,z,a,0) =0. (8.2)

Let z = ¢(z,y, @) be an isolated solution of equation (8.2). We call the subset
SE (SY) of S, defined by

P (2,9, 6(2,9),0,0) < 0, (>0),

0z
the stable (unstable) subset of S,.
The subset of S, defined by

D (2, (), 0) = 0

0z
is called the breakdown surface. Its dimension is equal to dim y.

In an e-neighborhood of S (S¥) there exists a stable (unstable) slow inte-
gral manifold. The slow integral manifold is defined as a invariant surface of slow
motions.

The availability of the additional scalar parameter « provides the possibility
of gluing the stable and unstable integral manifolds at one point of the breakdown
surface. The canard trajectory passes through this point.

It should be noted that in the early papers devoted to canards in the case
dimy = 0, the existence of a unique canard corresponding to a unique value of the
parameter o = * was stated (more precisely, the “canard” value of the parameter
a* exists on an interval of order O(e~'/¢)). This property is known as the short
life of canards. But, in the case dimy = 1, another picture is beginning to emerge.
It was shown that a one-parameter family of canards exists [55]. If we take the
parameter « as a function of y we can glue the stable and unstable integral manifolds
along all points of the breakdown curve at the same time. This approach is obviously
associated with Krasnosel’skii’s method of functionalization of a parameter [23].

We consider several simple examples.

Example 1 (dimy = 0).
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As the simplest system with a canard we propose
r=1, €z =2xz+ a.

It is clear that for a = 0, the trajectory z = 0 is a canard.
Example 2 (dimy = 0).
For plane systems
i‘ = f(x7 Z’ 8)7
e = pla, 2, 0,),

the stable and unstable parts of the slow curve are separated by points at which
Op/dz = 0. Such points are called irregular [33]. Usually, the investigation of such
systems in the neighborhood of an irregular point is carried out on the assumption

that the inequality
ap\? . (op\?
ZY () >0
Ox 0z
holds at these points.
However, there is a class of problems where this condition is not fulfilled for
some value of a.. For example, in the system

(jl—f:l, Eﬁzzz—xQ—i-oz,

with o = =, the lines z = 4z pass along the slow curve 22 — 22 + o = 0 over
an infinitely long distance, see Fig. 8.1 (a). Note that the canard is only the
z = x trajectory. In this example [16], the point & = 0, z = 0 is the point of self-
intersection of the slow curve at & = 0. Such problems were examined in [9, 15, 16].
The same systems appear in thermal explosion models in the case of autocatalytic
reactions. In this case the canards are the natural mathematical objects which allow
us to model critical phenomena and discover critical parameter values as asymptotic
expansions involving powers of the small parameter .

As mentioned above, statements of the type “The life of a canard is very
short” can often be found in papers. However, it is not difficult to give examples of
canards living for centuries.

Example 3. Counsider the system [22]

T =z,

er=a%+ 22— .

The circle (z +¢/2)% + 22 = a® — £2/4 is a canard. The upper semicircle is
unstable and the lower one is stable, see Fig. 8.1 (b). This canard exists provided
a? > e?/4.

Let us consider an extension of Example 3. The system

T =z,

et = b2® + f(x,¢),
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Figure 8.1.

has singular points at z = 0, f(zs,e) = 0. Using the Jacobian matrix

0 1
( Lf'(xs,6) 0 )

the singular point of the linearized system is a saddle (center) if f (z5,6) > 0
(f (2zs,€) < 0). Here f = df /dz.

For the original nonlinear system under consideration the singular points are
of the same type. In the case of a saddle it is a known fact. As to a center, we
can apply the Lyapunov theorem concerned with a center singular point due to the
existence of an analytic first integral of the original system [28]. This integral can
be obtained from the following equation

§(z2)/ =022 + f(z,¢). (8.3)

The solution of (8.3) is given by
2 x
22 — Cewa/a + g\/ eQb(x—T)/af(T7 E)dT.
0
Thus, the analytical first integral is

92 T
|:Z2 o 7e2bm/€/ 672b7—/€f(7‘, 5)d7’:| 672bx/5 —C.
€ 0

If the function f(z,¢) is a polynomial

N
f(l‘,&‘) = anxna
n=0
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then the particular solution of (8.3) satisfies the relation

N
22 = E qnx”.
n=0

By substituting these expressions and

N N-1
(32) = gb(z,e) = Z TLann71 = Z (TL + 1)Qn+11'n
n=1 n=0
into (8.3), we get
o Nl N N
3 (n+1)gny12™ =0 Z gnx” + anx".
n=0 n=0 n=0

From this we have the following formulae
bgn +pn =0,

S
§(n+1)Qn+1:an+pn7 n:N_17"'a07

so that
qn = —pn/b,
€

2(n+1)qn+1)/b, n=N-1,...,0.

qn = (_pn +

The invariant manifold of (8.3) is defined by 22 = ¢(z,¢) and it is attractive

when bz < 0 (repelling when bz > 0).
Example 4. For N = 1 in the above example, we have

f(z,e) =pr1z+po, po=a, p1=a,
=—a/b ——(a—l—ia) /b
q1 = y qo = % )
and the slow integral manifold is described by the equation

€
bz? —a=0.
z +ax+a+2ba

The corresponding curve is a parabola with attractive (repelling) part for b < 0,

z>0 (z<0),see Fig. 8.2 (a).
Example 5. For N = 2 we get

f(xaf):p2$2+pll'+p0> p1:O7 b2 =a, po= qQ,

2
= — = — 2 = — i
g2 =—a/b, q ea/b*, qo (04 + ob2 a)) /b.
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Figure 8.2. The case b <0

The slow integral manifold equation takes the form

2

bz2+aw2+%m+a+% =0,
or , )
2 i) ca_
bz +a(x+2b +a+4b2 0.
If ab > 0 then this equation describes an ellipse (see Fig. 8.2 (b)) when
a e
3 + 47173 < 0.

When a = b =1 we get Example 3.

In the case ab < 0 we obtain a hyperbola. Let o —&2/4 > 0. The right branch
of this hyperbola in Fig. 8.3 (a) is a canard (an attractive/repelling trajectory),
the left one is a false canard (a repelling/attractive trajectory). If a —&2?/4 < 0
then the upper (lower) branch of the hyperbola is a repelling (an attractive) slow
integral manifolds, see Fig. 8.3 (b).

Example 6. The case o = £2/4 is illustrated by Fig. 8.4.

Example 7. (dimy=1).

Consider the system

z=1 y=0, ez=2xz+a—y.
If o is a parameter then the different canards are determined by
‘i:la Y = Yo, ZZO)

that is, they pass through the unique gluing point * = 0, ¥y = yo, 2 = 0 on the
breakdown curve x = 0 of the slow surface 2zz + yo —y = 0 for a = yo.
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Figure 8.3. The case b > 0

7

Figure 8.4.

If a is a function of the variable y then for ae = y the integral manifold z = 0
is stable for x < 0 and unstable for = > 0.

Example 8.

In the system

i‘=$2+22, €z =xz,

the straight line z = 0 plays the role of a black swan on a plane. It should be noted
that this line represents an invariant manifold, but it is not a canard trajectory
because it is not a trajectory; it consists of three trajectories: z < 0,2 =0; x =z =
0,and z > 0,z = 0.
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Example 9. The same straight line z = 0 is a canard trajectory of the system
=1, eZ=zsinz,

with a countable point set allowing exchange of stability.

8.1 Integral Manifolds and Canards

In this section the authors review the main results of the integral manifold method
and canard theory, including theorems of existence and asymptotic expansions for
canards. The concepts and main results of integral manifold theory are considered
in the Chapter 7 of this book.

We consider the system of ordinary differential equations:

T = f(:c,y,z,e), (84)
g =g(z,y,2¢), (8.5)
ez =p(x,y,z2,¢). (8.6)

Here x € R, y and z are vectors in Euclidean spaces R™ and R™, and ¢ is a
small positive parameter. Vector-functions f, g and p are sufficiently smooth for all
x€R, yeR", z€ DCR™, ¢¢€]l0,e.

It is assumed that the values of f, g and p are comparable to unity. System
(8.4)—(8.6) is considered as a multi-scale system with the small parameter e. The
slow and fast subsystems are represented by (8.4)—(8.5) and (8.6), respectively. By
substituting € = 0 into (8.4)—(8.6) we obtain the so-called degenerate system:

= f(z,y,z,0), (8.7)
y=g(z,y,2,0), (8.8)
0 = p(z,y,2,0). (8.9)

Equation (8.9) determines an (n + 1)-dimensional surface S, called a slow
surface. The intersection of S and the surface given by

det

ZZ(Ly,z,O)‘ —0 (8.10)

is an n—dimensional surface I'. This surface I' divides S into foliations on which

det %(Ly, 270)’ # 0.

By the implicit function theorem, a leaf of the slow surface is determined by a
well-defined vector-function: z = h(9)(z,7). A slow surface can consist of several
foliations determined by different functions z = h§°) (z,y), domains of which can
intersect, depending on the structure of the slow surface.

It should be noted that the conditions of the implicit function theorem do
not hold on the leaf boundary given by (8.10). Therefore the asymptotic methods
discussed in Chapter 7 do not hold there.

The aim of this chapter is to investigate the behaviour of slow integral mani-
folds for systems when the condition (8.10) holds.
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8.1.1 Canards of two-dimensional systems

Some special solutions of singularly perturbed ordinary differential equations are
called canard or duck—trajectories. This term has been introduced by French math-
ematicians [4, 5, 9]. Let us consider the following two-dimensional autonomous

system:
i = f(z,20), (8.11)

ez =p(x,z,a), (8.12)

where x, z are scalar functions of time, ¢ is a scalar, f and p are sufficiently smooth
scalar functions. The set of points

So = {(z,2) : p(x, z,a) = 0}

of the phase plane is called a slow curve of the system (8.11), (8.12).
We will need the following assumptions:
1) The curve S, consists of regular points, i.e. at every point (x,z) € S,

[pw(xazva)]Q + [pz(-r,f%a)f > 0.

2) Singular points, i.e. points at which

pz(xa Z, a) = Oa

are isolated on S, .

3) At singular points the following inequality is satisfied:

pzz # 0.

Definition 1.1. A singular point A of the slow curve S, is called a jump

point [33] if
sgn [P (A)pa(A)f(A)] = 1.

Definition 1.2. Parts of S, which contains only regular points are called

reqular. A regular part of S, all points of which satisfy the inequality
p:(z,2,a) <0 (p.(x,z,a) > 0),

is called stable (unstable).

Stable and unstable parts of the slow curve are zeroth order approximations
of corresponding stable and unstable integral manifolds. The integral manifolds lie
in an e—neighborhood of the slow curve, except for the jump points at which the
theorems of Chapter 7 do not hold.

To illustrate a situation near jump points, consider the following system:

T=z—aq,

ez =v(z) -, (8.13)
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where v(2) = —1/32% + 2 in some bounded part of the phase plane. The jump
points (—1,—2/3) and (1,2/3) divide the slow curve x = v(z) into the stable and
the unstable parts, see Fig. 8.5 (a). System (8.13) has a singular point at z =
«, x = v(«a). Elementary analysis shows that the singular point is unstable when
—1 < o < 1 and stable when @ > 1 or & < —1. When a € (—1,1), heuristic
reasoning leads to the expectation that there will be a limit cycle, see Fig. 8.5
(a). When a > 1 or a@ < —1 there will be no a limit cycle. The question is how
does the limit cycle disappear when a passes through the value —1 or 1. In what
follows we shall concentrate on the case when « passes —1, the other case is entirely
similar. It has been shown [4] that there exists a value a = a.(¢) such that for
« in a small neighborhood of «, the limit cycle deforms into a curve, see Fig. 8.5
(b). A humorous hand added a few lines to the figure, producing a duck as given
in Fig. 8.5 (c). As « diminishes (still in the neighborhood of «.) the head of the
duck gets smaller and at the next stage one has a duck without a head, as given in
Fig. 8.5 (d). The duck continues to shrink as « tends to —1 (see Fig. 8.5 (e)) and
disappears. For a < —1 all solutions of the system tend to the stable steady state,
see Fig. 8.5 ().

Definition 1.3. Trajectories which at first pass along the stable integral
manifold and then continue for a while along the unstable integral manifold are
called canards or duck-trajectories.

The existence of canards for the system (8.11), (8.12) was proved originally
by tools from non-standard analysis [4, 5, 9, 63]. A standard interpretation of the
main results can be summarized briefly as follows [10, 15, 17, 32]:

The canards and corresponding values of the parameter « allow asymptotic
expansions in powers of the small parameter €. Near the slow curve the canards
are exponentially close, and have the same asymptotic expansion in powers of e.
An analogous assertion is true for corresponding parameter values o. Namely, any
two values of the parameter « for which canards exist have the same asymptotic
expansions, and the difference between them is given by exp (—1/ce) where c is
some positive number.

8.1.2 Canards of three-dimensional systems

In this subsection we discuss the existence of canards for some special types of
three-dimensional systems.

Let us consider the following autonomous system of three ordinary differential
equations:

= f(z,y,2,€), (8.14)
y=g(z,y,2 a,¢), (8.15)
ez =p(z,y,2,a,¢), (8.16)

where the dot denotes first derivative with respect to the time, f, g, p are scalar
functions, « and ¢ are scalars.

The question is whether the system (8.14)—(8.16) has a canard. To answer
this question, we will investigate the two-dimensional system obtained from (8.14)—
(8.16) by eliminating the variable ¢. It is assumed that this two-dimensional system
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Figure 8.5.
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can be represented as:
y =Y(z,y,2,a,¢), (8.17)
ezl =2xz+ Z(x,y,2,a,€), (8.18)

where a is a scalar and the function Z(z,y, 2, a,<) has the following form:

and prime represents a derivative with respect to z. Here C, Cy are some constants,
functions Y (z,y, 2z, a,¢), Z1(x,y,z) and Zs(x,y, 2,a,¢€) are defined, bounded and
continuous in

Q={x€R, yeR, |a+CC’0_1\ <v, €€[0,e0]},
and satisfy the following conditions in §2:
|Y(9c,y,z,a,6) - Y("E,ﬂ,z,a,i‘:” < M (|y - 37| + |Z - ZD + :U’|a‘ - C_l|, (820)
|Z1(x,y,2)| < M\z|2, (8.21)
_ 2 M _ _
|21(2,y,2) = Z1(2, 9, 2)| < M (l2] + [2))" |y =gl + - (2] + |2)) [e = 2], (8.22)
| Zo(z,y, 2,a,€)| < Mp, (8.23)

|Z2(xay7z7a78) - Zg(il',g, 27 du €)| S M (|y - g' + |Z - ZD + /J"a’ - d|7 (824)

where M, v are positive constants and p is a sufficiently small positive constant.
The slow surface of system (8.17), (8.18) is defined by the equation z = 0, due
to the identity
{222+ Z(x,y,2,a,0)},_, = 0.

It is well known (see for instance [34, 58]) that in an e-neighborhood of stable
and unstable foliations of the slow surface there are stable and unstable slow integral
manifolds

z = h(z,y,a,¢).

The parameter a ensures the existence of the gluing point of these integral manifolds.
By fixing the jump point (0,y*), we can single out the trajectory

y=o(x,a) (¢(0,a) =y")

on the integral manifold h(x,y, a, ), which passes along the stable leaf to the jump
point and then continues for a while along the unstable leaf. For convenience we use
the same term ‘trajectory’ for both systems (8.14)—(8.16) and (8.17), (8.18). The
following theorem holds.

Theorem 1.1. Let conditions (8.20)—(8.24) hold. Then there is eg, such
that for every e € (0,g¢) there exist a = a*(e) and a canard corresponding to this
parameter value which passes through the point (0,y*).

The reader is referred to [17, 55] for a proof of this theorem.
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Remark. Usually, conditions (8.20)—(8.24) hold only for
] <71, fyl <o

In this case canards are local. To prove the existence of these we need to continue
the right-hand sides of the system to z € R, y € R with the corresponding properties
preserved.

8.1.3 Asymptotic expansions for canards

In this subsection the asymptotic expansions for the canards of the system (8.17),
(8.18) are obtained.

It is assumed that functions Y and Z in (8.17), (8.18) have sufficient continu-
ous and bounded partial derivatives with respect to all variables. For simplicity we
exclude the e—dependence of the functions Y and Z5. Then the canard and the pa-
rameter value a* (corresponding to this trajectory) allow the asymptotic expansions
in powers of the small parameter e:

a* = E a;,

>0
y = = '¢i(x) (8.25)
1>0
z=¢(x,a*,e)=h QL‘ZE(bZ Zzsa“ :Zzsiz/}i(ac)
i>0 i>0 >0

We can calculate these asymptotic expansions from (8.17), (8.18). To do so, we first
obtain the asymptotic expansion for Y, Z;, Z (these exist due to the properties of
K Zl and Z2)

Y(z,y, 2z, a) Ze oi(x Zalwz Zs a;

>0 >0 >0
0
=Y (.T, ¢07 w()a ao) +e |:¢1ayy (xa ¢Oaw0a ao)

+¢1 a ( ¢07¢07a0) +a1+— 6

% Y (z, ¢07¢0>a0)]

1 82 0
=e? ¢%aT/2Y($a¢0ﬂ/)oaao)+2¢2%Y($,¢0,¢0,ao)

2

0 0
‘HP%@Y (x, ¢o, %0, a0) + 21#2%3/ (x, ¢0,%0, ao)

2

0 0
+a%@Y ($7 ¢0) w07a0) + 2@2%}/ (xa ¢O71/)0a CLO):|
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2

1 o3 3}
+653 d)?o”'iyﬁy (%, 0,0, a0) + 6012 Tyzy (x, ¢o, %0, ao)

0 03
+6¢3a—yY (x, ¢o, %0, a0) + zﬁﬁy (x, ¢o, %o, agp)

2

0 0
+6¢1¢2@Y (x, @0, %0, a0) + 671)3&1/ (x, ¢o, %0, ao)

03 0?
+a§%Y (x, ¢o, 0, a0) + 6111@@}/ (z, ¢o, 0, ao)

0
+6a3aay($»¢o»¢o,ao)] +

:Y($,¢o,¢o,ao)+zgi[ 90 T¥ig; +azaa] (@, o, Yo, ao)

i>1

+ZE$}/’L (m7¢07'"a¢i—17’(/)17"'7,(/}i—17a0,---;ai—1)~

i>2

Zs(x,y, 2, a)

:Z2(l‘,¢0,¢o,ao>+z [@Jr%//z Jrazaa]%(l’ ®0,%0,a0)

i>1

+Z5iZi(2) (T, 90, Gim1, Y1, .., Yiz1, 00, -, A1) -

i>2

Zi(x,y,2) = (Ze@ > epi(x ) 7y (, o, %0)

>0 >0

+e {gﬁl@a 1 (z, do, o) + 7/11 Zl (x, ¢o, 77[}0)]

+%52 [qﬁa 571 (@ ¢0ﬂ/}0)+2¢2 Z1 (, ¢0,10)
92
Tt 532 (@, ¢o,wo>+2w2 ~ 71 (x, ¢0,7/10)]
1 4[5 08 9?2
+65 |:¢1 ﬁzl ('1;’ ¢07¢0) + 6¢1¢2ﬁzl (:‘Cv ¢07¢0)

o3

+6¢3 Zl (l‘ ¢07¢0) +’(/}1 8 3 (1’7¢0a¢0)

2

+61/111/128 1 (z, ¢07¢0)+61/13 Zl (m, ¢o,¢o)]

= 7y (x, ¢0,%0) + » €’ {@&y + 1/Jiaz] Zy (2, ¢o,10)

i>1
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+Z€ZZ»L(1) ($>¢07 .. 'a¢i717¢17 e 71/}1'71) .
i>2
Next, we substitute (8.25) and the expressions obtained for Y, Z;, Zs into (8.17),
(8.18):
d i i 0
a0 =Y (2,¢0,%0,a0) + »_&'|¢ +1/Jz S Taig. Y (2, ¢o, %0, ao)
©dw ; Oa
>0 i>1
+ Zgi}/i (l’, (72507 ey (z)i—la'l/)la s 71/%—1,@07 s 7ai—1) 9 (826)
i>2
i 0 0
ey == =2 Wi+ Z1(x,60,%0) + Y& |bim + Yin-| 21 (x, b0, %)
d dy 0z
>0 >0 i>1
+3 ez (2,60, bior 1, i)+ [ O+ Co Y Ela
i>2 i>0
0
+€ZZ ($7¢01w0aa0)+825 ¢17+wz +aza ZQ ({I? QS(),’Q[J(),G,())
i>1
+€Z€iZi(2) (‘T7 ¢05 ey ¢’L—17w17 e 7wi—1; ag, - .-, ai—l) . (827)
i>2
Setting ¢ = 0 in (8.26), (8.27) we have:
d
dq;O =Y (2,90, %0, a0), (8.28)
and
2xvpo + Z1 (z, do, Yo) = 0.
Applying (8.19), (8.21) and (8.22) yields
o(z) =0, (8.29)
Z1 (x,¢0,0) =0
821 8Z1
= = 0. 8.30
a (JJ ¢07 ) a ( ¢0a ) ( )
Applying (8.28) and additional initial data of (8.17), (8.18) we get
b0 = ¢o(z,a0)-
Next, equating terms in ¢ in (8.26)—(8.27) and applying (8.28), (8.30) we obtain
d )4
ﬂ _¢1 ($7¢0707a0)+¢1§(377(%50707@0)
—®
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oY
+01% (CE,QZS(),O,G,()) ) (831)

0 =2z + C+ agCy + Z5 (1‘, (250,0,(10) .

From the last equation it follows that
{a (37) = — [C + agCo + Z3 (l‘, 00,0, ao)] /233‘. (832)

The denominator of the right-hand side of (8.32) is equal to zero at the gluing
point of the integral manifold. By continuity of the function ¥, (x) we require the
following condition:

ap = —Cq ' [Z3 (x, 0,0, a0) + C]. (8.33)

We now note that the mapping K (a), defined by the right-hand side of (8.33), has
a unique fixed point. It follows that ag is well defined by equation (8.33).

Substituting the expressions obtained for ag, ¢ into (8.32) we can find the
function

Y1 = 1(z).
Next, from (8.31), we calculate the function

o1 = ¢1(x,a1).

Further, we equate terms in €2 in (8.26), (8.27), taking into account (8.29) and
(8.30), to give

d oy oY
% =925, (, 60,0, a0) + 925~ (2, ¢0,0, a0)
oY
+a2% (% ¢0a07 GO) + Y2 (x, ¢0, (251,0,’1/)1, ap, al) , (8.34)
d 07 YA
% =2z + a1 (C'o + 87; (7, ¢0,0, ao)) + (bla—; (%, ¢0,0,ag)

0Z
+¢15722 (J?, (250,07(10) + Z2(1) (ZC, ¢0a (blvoaq/)l) .

From the last equation it follows that

1/]2(‘7:) = |:CZ/;1 - CV(]al - ¢1887i2 ($7¢0707a0) - wl% (xad)(ho;ao)
023 (1)
7041% (CE, d)Oa 0,(10) - ZQ (x7 ¢07 ¢1,07¢1)}/2x- (835)

To avoid a discontinuity in the function io(x) at the point & = 0 we require the
following condition

7dwdl$(0) — ai (Co +

02,
da

0Zs

(0.60(0).0. ao>) — 010) %22 (0,00(0).0.a0)
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0Z
—1(0) 72 (0,00(0),0,a0) — 25" (0,60(0), 61(0), 0,1 (0) = 0. (8.36)
It can be shown that ay is well defined by (8.36) in a way similar to that for ag in
the previous case.

Further, from (8.35) and (8.34) we get 12 = 12(x) and ¢2 = ¢a(x, as), respec-
tively. At the kth step we have

d )4
¢k _(bk ($7¢0707a0)+wk5($7¢0a07a0)
aY
+ak% (x7¢0707a0) + Yk (xa¢07 .. '7¢k—170a ce. 71/)k—1aa0a .. 'aak—l) 5
dg— 075 7.
Yp(x) = [ @ka L (Co+ 5a (z, ¢o, 0, ao)) Pr—1 ; (z, ¢0,0,a0)

0Z
_¢k 1 2( a(Z)OvOaa/O)_Z]gl) (1‘7¢07'"a¢k—1507"'5¢k—1)

—22271 (x,(bo, e Ok—2,0, .. WYk _2, a0, .- .,ak_g):|/2$,

dmd;;(o) — ag—1 (Co+ 822( 0, ¢0(0), 0»%))
(072 2 0,60(0),0,0) = 21(0 0222 (0, 60(0), 0. a0)

“>< 0,60(0), - -, d1—1(0),0,...,9_1(0)) = 0.

The following theorem is useful in obtaining approximations to canards.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold. Moreover, let the
functions Y, Z1 and Zy have sufficient continuous and bounded partial derivatives
with respect to all variables. Then the canard and the parameter value a (corre-
sponding to this trajectory) can be represented as

k
at = Zeiai + ak+1(¢)
y= ZEZ@ + Or1(z,€),

z=1(x,a",¢€) Z«SZ% ) + Yt €),

where the continuous functions akH( ), drr1(x,€) and Yry1(x,€) satisfy the in-
equalities

lags1(e)] < ¥Ry, |orar(x, )| < ¥Ry, [pyi ()| < eFH1/2Rs,

with R >0, Ry >0, Rz > 0.
Note that Theorem 1.1 and Theorem 1.2 can be generalised to the cases y €
R ze Randy € R",z € R™.



224 Chapter 8. Black Swans and Canards in Laser and Combustion Models

8.2 The Stable/Unstable Slow Integral Manifolds

In this paper we use the standard approach to study slow integral surfaces of variable
stability (or black swans). These surfaces are considered as natural generalizations
of the notion of a canard.

We suggest the term “black swan” for two reasons. The first is that a swan is
a bird of the family of ducks. The second is connected with the usual meaning of
“black swan” in the sense of a rare phenomenon. It should be noted also that the
French term “canard” is used in the sense of a false rumour! in English.

In order to glue the stable and unstable parts of a canard an additional pa-
rameter is used. To glue integral manifolds whose dimension is greater than one
we need an additional function. The argument of this function is a vector variable
parameterizing the breakdown surface.

8.2.1 Black swans

Let us reduce the system (8.1) to the form

d
% =Y(z,y,2,¢), yeER", zER (8.37)
dz
e =2xz+4+a+ Z(x,y,2,a,¢), lz| <, (8.38)
x

where r and aq are positive constants. It is supposed that the functions Y, Z are
continuous and satisfy the following inequalities for z € R, y € R™, |z| <, |a| < ay,
e €10,¢0):

WY(z,y,z,8)| <k, |Z(z,y,2a,8) <M (52 +elz| + |z|2) , (8.39)
1Y (29, 26) — V(2,5 2,€)| < M(ly — gl + |2 — 2I),
\Z(x,y,z,a,e) - Z(I,g,z,a,€)| < M{(8+ |2|)‘Z - 5|

+(& +elzl + 2Py — gl +ela—al}, |2 = max{|2],|2]}, (8.40)

where || - || denotes the usual norm in R™ and | - | denotes the absolute value of a
scalar, k and M are positive constants.

Let us consider a as a function: a = a(y, €).

Let F' be the complete metric space of functions a(y, €) continuous with respect
to y and satisfying

|a(ya€)| < €2K? |a’(y7€) 70’(@75” < 62L”y7g”7
for € € (0, 9], where K and L are positive constants, with the metric defined by

pla,a) = sup la(y,e) —a(y,e)|-
yeRn

L«An absurd story circulated as a hoax”, see Shorter Oxford English Dictionary.
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Let H be the complete metric space of functions h(x,y,e) mapping R x R"
to R continuous with respect to z,y and satisfying

3
|h(z,y,e)| < e?q,

|h($,y,€) - h(.’[,g,é‘” < 5%5”21 - g”v

for € € (0,ep], where ¢ and ¢ are positive constants, with the metric

p(h,h) = sup |h(w,y,e) — h(z,y,¢e)|.
rER,yeER™

On the space H we define an operator 1" by the formula

—e7t [ VEZ() Falp(s,x) e)lds L x>0
Th(z,y,e) = &
et [ @ =20 +alp(s,x),e))ds , @< 0.
where Z(-) = Z(s,p(s,z),h(s, (s, x),e),a(p(s,xz),¢),¢), and ¢(s,x) is defined as
follows. For any element h € H the initial value problem

% =Y (5.0, hls, ), ).

p(r) =y,

is considered. This problem is obtained from (8.37) if we replace z by an element
h € H. The solution of this problem is denoted by ®(s,z,y,e|h) = ¢(s,z). When
the operator T' possesses a fixed point h(x,y,¢) in H then the surface z = h(z,y,¢)
is a slow integral manifold with changing stability (black swan).

It should be noted that we use a modification of the usual technique of integral
manifold theory [34, 58]. The detailed proof can be found in [17, 45, 46]. The
following theorem gives sufficient conditions for the system (8.37), (8.38) to have a
black swan.

Theorem 2.1. Let the conditions (8.39)—(8.40) be satisfied. Then there are
numbers g > 0 and K, L,q,d such that, for all ¢ € (0,eq), there exist functions
a(y,e) € F and h(x,y,e) € H such that z = h(z,y,e) is a slow integral manifold
(the black swan).

Remark 1. Usually the conditions (8.39)—(8.40) are fulfilled for |z| < rq,
|lyl]| < 7o only. Integral manifolds in this case are local.

Let the functions Y and Z in (8.37)—(8.38) be sufficiently smooth, then as-
ymptotic expansions can be derived for the functions h and a(y, ).

Theorem 2.2. Let the assumptions of Theorem 2.1. hold. Moreover, the
functions Y and Z have sufficient continuous and bounded partial derivatives with
respect to all variables. Then the function h describing the black swan and the
function a(y, ) (corresponding to this black swan) can be represented as

N
a(y,e) = Zﬁzai(y) +ant1(y€),
i=0
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N .
h(.’ﬂ, Y, 5) = Z 5Zhi(x, y) + hN+1(x7 Y, 5))
i=0

where the continuous functions ayy1(y,e) and hyy1(x,y,e) satisfy the inequalities

lans1(y,e)| <eVTIKy, Ky >0, |hvii(z,y,e)] < eV T2, g > 0.

Remark 2. Systems of the type (8.1) can be reduced to the form (8.37)-
(8.38) in a neighborhood of the first approximation (N = 1) of the slow integral
manifold.

Note that Theorem 2.1 and Theorem 2.2 can be generalized to the case when
z is a vector variable.

Let us consider now the system

dy

T Y(x,y,21,22,¢), y€ R", z € R, (8.41)
le
e = 2xz1 + a(y,e) + Z1(x, y, 21, 22,€), 21 € R, (8.42)
d
6£ = A(x)ze + a(y,e)B + Za(z,y, 21, 22,€), 22 € R™, (8.43)

where A(z) is a bounded matrix, satisfying a Lipschitz condition, with eigenvalues
)\i (.’L‘)
ReXi(z) < —28<0 (i=1,2,...,m),

B is a constant vector, the continuous functions Y, 7, Zs, a satisfy the inequalities

IY (2,9, 21, 22,¢)|| <k, (8.44)
|Z1 (2,9, 21, 22, €)| < M (% +el|z]| + [|2]]*) , (8.45)
1Z2(,y, 21, 22,€) || < M (2 + el + [|12]]) , (8.46)
1Y (2,y, 21, 22,€) = Y (2,9, 21, 22, )| < M([ly — Il + ||z — ), (8.47)

1 Z1(2,y, 21, 22,€) — Z1(2, 7, 21, Z2,€)| < M {(e + || Z[])]]z — Z]]
+E +ell 2l + 121y — 711} (8.48)

1Z2(@, y, 21, 22,€) = Z2(x, 9, 21, Z2,€) || < M {(e + [|Z])]|2 — 2|
+E el 2l + 121y — g1} (8.49)

where
z= ( 1 ) , Z= ( %1 ) . 12| = max{||z], ||1Zl|}, k > 0, M > 0.
29 Za

We consider a(y, €) to be a continuous function satisfying the inequalities

la(y.€)| < €K, la(y,e) — a(F,e)| < *Llly — 7], (8.50)
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for € € (0, ep] with some positive constants K and L.

Theorem 2.3. Let the conditions (8.44)—(8.49) be satisfied. Then there are
numbers g > 0 and K, L,q,d such that, for all ¢ € (0,eq), there exist functions
a(y, e) satisfying (8.50) and a continuous function h(x,y,e) satisfying

|h1($,y,€)| < 53/2Q1 |h1($,y7€) - hl(m7g7 5)‘ < 53/2§Hy - g”? (851)
|ho(2,y,e)ll < %q, ||ha(x,y,) = ha(a,7,e)|| < %d]ly — 7, (8.52)
_ hl (1'7 Y, 5) m
h(l‘,y,&‘)— ( hg(l‘,y,E) ’ h1€R7 hQGR )
such that z = h(x,y,€) is a black swan of the system (8.41)—(8.43).
The proof of Theorem 2.3 follows the lines of the proof of Theorem 2.1, but
now H is the complete metric space of functions h(z,y,e) mapping R x R"™ to

R™T1 continuous with respect to z,y and satisfying (8.51), (8.52) for € € (0, &0

T
T,

The operator T' is defined by the formula T' = <
@ =/2(Z2,() + alp(s, @), e)lds , @ >0,
Tlh(xv y) = 2 2
e(m o )/E[Zl() + CL((,O(S,JZ),S)]C[S , < Oa

g a9

Toh(z, y) = e~ / Wz, s,¢)[Za(-) + Ba(o(s, ), )|ds,

where
Z12(:) = Z12(s,0(s,2), ha(s, o(s, ), ), ha(s, o(s, x), €), €)
and Wz, s,e) (W(s,s,e) = I) is the fundamental matrix of the equation
dzo
“dw
Corollary. The proof of Theorem 2.3 can be extended to the case when the
system (8.41)—(8.43) has the form

= A(x)zo.

d
7y = Y($7y72172278)7 Yy < Rn, r € R,
dx
le
E% = 2x5($79)21 + a(y7€) + Zl(x,y721,2’2,6)’ 21 € fi7
dz
5ch2 = Az,y)z + aly,e)B(z,y,€) + Zo(x,y, 21, 22,€), 20 € R™.

Here the matrix A(z,y) and functions Y, Z;, Zs, a satisfy the conditions of Theorem
2.3. Moreover, the matrix A(x,y), the scalar function b(z,y) (0 < ¢; < b(z,y) <
c2) and the vector function B(z,y,¢e) are continuous and bounded, and satisfy a
Lipschitz condition.

Continuing in the same manner as in Subsection 8.1.3 we can prove the as-
ymptotic representations for black swans and the corresponding functions a(y, €).
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8.2.2 Black swans and canards

We now discuss a connection between slow integral manifolds and canards. At first,
we consider system (8.1) in the case dimy = 0. This system can be reduced to
the form (8.38), where Z does not depend on y, and a is a parameter. In this
case the slow integral manifold is one—dimensional. If the variables ¢ and x increase
simultaneously and x passes through zero then this integral manifold contains a
canard.

If a gluing function a(y,€) exists, then every trajectory on the slow integral
manifold is a canard if it crosses the surface = 0 from the stable part (z < 0)
to unstable one (z > 0). Thus, in Example 7 for a = y, every trajectory on the
slow integral manifold z = 0 is a canard. An analogous situation takes place for the
model of combustion in an inert porous medium. It follows from physical reasons,
however, that the gluing function has to be constant: a(y,e) = a(yo, ). In this case,
the stable and unstable parts of the integral manifold can be glued at one point
y = yo only. The canard passes only through this point. A natural generalization
of this situation is possible. Let the gluing function a = a(y, ) be given. On the n—
dimensional breakdown surface let some n;—dimensional surface y = x(u),u € R™
of lower dimension (n; < n) be given. If the gluing function a(y, ) is restricted to
y = x(u), then the gluing of the stable and unstable parts of slow integral surfaces
can be realized only at points of the surface y = x(u). This permits us to construct
slow integral manifolds with changing stability of various forms and dimensions.

Example 10. Consider the following system

i =1,
y=0, y€eR",

ez =z +aly,e) +py) +vq(y) + 2*r(y).

Here p, g, r are scalar continuous functions of the vector variable y. By setting
a(y,e) = —p(y) — er(y), we obtain h = —¢q(y) — zr(y). Let y = x(u),u € R™ be
any surface, then the system

=1,

y=0,y€eR"
ez =xz — p(x(u)) —er(x(u) + p(y) + zq(y) + 2°r(y),

possesses the higher—dimensional cylindrical slow integral surface z = —q(x(u)) —
ar(x(u)), and every element of this cylindrical surface is a canard.
In conclusion a higher—dimension generalization of the Example 3 will be given.
Example 11. Consider the differential system
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It is a straightforward exercise to see that the higher—dimensional sphere

n

(@+e/2+> (yi+e/2°+2" =a’ -

i=1

n+1 4
0 €

is a slow integral manifold, one part (z < 0) is stable and other (z > 0) is unstable.
This black swan lives for all a® > ”T'H52.

8.3 Chemical Models

In this section we shall consider the relationship between canards and black swans
and critical phenomena in different chemical systems. We shall show that canards
play the role of the separating solutions. This means that canards simulate the
critical regimes separating the basic types of chemical regimes.

The application of black swans consisting entirely of canards to the modelling
of critical phenomena permits us to take into account small perturbations in the
chemical systems. Moreover we can use black swans for the modelling of critical
phenomena in chemical problems without fixed initial conditions.

Before we consider the combustion models, we first give some relatively simple
examples of other physical systems.

8.3.1 Lang-Kobayashi equations

External cavity semiconductor lasers present many interesting features for both
technological applications and fundamental non-linear science. Their dynamics has
been the subject of numerous studies for the last twenty years. Motivations for
these studies vary from the need for stable tunable laser sources, for laser cooling
or multiplexing, to the general understanding of their complex stability and chaotic
behavior. The typical experiment is usually described by a set of delay differential
equations introduced by Lang and Kobayashi [25]:

E=r(1+4ia)(N=1)E+~e ¥E(t—1),

N = —v (N —J+|E]’N). (8.53)

Here F is the complex amplitude of the electric field, IV is the carrier density,
J is pumping current,  is the field decay rate, 1/7 is the spontaneous time scale, a
is the linewidth enhancement factor, v represents the feedback level, (g is the phase
of the feedback if the laser emits at the solitary laser frequency and 7 is the external
cavity round trip time. Numerical simulations of these equations have successfully
reproduced many experimental observations such as mode hopping between external
cavity modes [36], and the period doubling route to chaos [26]. However there are
few analytical results since delay equations are nonlocal.

However, this model was recently reduced to a 3D dynamical system describing
the temporal evolution of the laser power P = |E|?, carrier density N and phase
difference 7(t) = ¢ (t) — ¢ (t — 7). This was achieved by assuming P (t — 7) = P (¢)
together with the approximation ¢ = n/7 + 1/2. This expression remains valid
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when the phase fluctuates on a time scale much shorter than the re-injection time
7. Under these approximations, the Lang-Kobayashi equations (8.53) reduces to
[20]:

P=2(k(N—1)+~cos(n+ o)) P,
]\'7:—’)/”(]\7—<]'|'.P]\7)7

2
0= ==n+2ka (N = 1) = 2ysin (0 + o) -

This model was successfully used to describe low frequency fluctuations com-
monly observed in semiconductor lasers with optical feedback [20]. Note that com-
plicated behaviour in this model is considered in Chapter 10.

Suppose that the following relations hold

y=o0(1),1/7 =0(1),y =o(1); k=0(1),a=0(1).

In this case, the system under consideration possesses the black swan P = 0.
The exchange of stability is carried out on the curve

K(N = 1) +ycos(n + ¢o) = 0.

8.3.2 Exchange of stability in a high—gain control problem

Consider the control system
& = f(x) + B(z)u, z(0) = xo,

where z € R", u € R", t > 0, from Chapter 7 (Subsection 2.4) of this book.
The change of stability of N(z,t) on some subsurface of S(z) = 0 will create
serious complications, and the phenomenon of black swans is possible in this case.
Example 12. Consider the control system
T =1y,
j=—z-vy+u,

with S : 22 4+ 42 — 1 = 0. In this case N = 2Ky, where K is a scalar. Using the
modified control law
u=e 'K(S—evKty)

leads to the system
r=1{Y,
ey=-—xz—¢c 'Kz,
et = —2Ke Yyz,
with z = S. It is clear that the system

T =y,
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ey =—x — Kz,
ez = —-2Kyz,

with z; = €z, K < 0 possesses the black swan described by z; = 0. It should be
noted that the controlled system

T =y,
)= —x—c "K(z? +y*—1)

possesses the canard z2 + y? = 1.

8.3.3 The simple laser

The nonlinear first-order equation
g=kyP + AX(t)y+4, 0<e<l1l, 6<0,
with £ = £1, p = 2,3 and the control parameter
A(t) =Xo+et, A <0

is typical model of simple lasers, and lasers with saturable absorbers [29]. Both &
and ¢ are small quantities, and A\g = O(1). Note that this equation may be written
in the form

A=¢,
y=ky? + Ay + 0.

For § = 0 this system has the canard y = 0. Physically the canard simulates
the critical regime: for p = 2 it corresponds to a chemical reaction separating the
domain of self-accelerating reactions and the domain of slow reactions; for p = 3,
k = —1 it separates two types of slow regime; in the case p = 3, k = 1 the canard
describes the unique slow regime.

8.3.4 The classical combustion models

Thermal explosion occurs when chemical reactions produce heat too rapidly for a
stable balance between heat production and loss. The exothermic oxidation reaction
is usually modelled as a single step reaction obeying an Arrhenius temperature de-
pendence. The first model for the self-ignition was constructed by Semenov in 1928
(see, for example [41]). The basic idea of the model was a competition between heat
production in the reactant vessel (due to an exothermic reaction) and heat losses
on the vessel’s surface. Heat losses were assumed proportional to the temperature
excess over the ambient temperature (Newtonian cooling). The main assumption
was that there is no reactant conversion during the fast highly exothermic reac-
tion. This assumption implies the absence of the energy conservation law in the
model. This gave the possibility of constructing an extremely simple and attractive
mathematical model. Spatial uniformity of the temperature was also assumed so
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that the governing equation was one first-order ordinary differential equation for
the temperature changes:

T ac
cpV—r =QV (—dt) = xS5(T = To),
dC

where U expresses the dependence of reaction rate on reactant concentration. Here
@ is an exothermicity per mole reactant; C' and Cj are a reactant concentration and
its initial value; A is constant which is known as a pre-exponential rate factor; c is
specific heat capacity; p is reactant density; x is the heat-transfer coefficient; E is
the Arrhenius activation energy; R is the universal gas constant; V' is the reactant
vessel volume; S is the surface area of the reactant vessel; t is a time variable;
T is absolute temperature; Ty is ambient temperature. The initial temperature is
assumed to be equal to the ambient temperature Tj.
Dimensionless variables 7, , © are introduced by

E E
T= tC’g_lAezp <_RTO) , n=1-C/Cy, O = R—TO(T —To),

(n is the order of the chemical reaction) and we obtain the classical model of thermal
explosion with reactant consumption [19, 62]:

40
dr
dn

= = Y(n)ezp(©/ (1 + 36)), (8.55)

n(0) =no/ (1 +mn0) =10, ©(0) =0.

Here 7o is the criterion for autocatalyticity, where the small dimensionless
parameters

=¥ (n)exp(©/ (14 0O)) — O, (8.54)

RTy cp E
= — d =
b= wde=00 e

characterize the physical properties of gas mixture, and

o xS RT02equ E
“vocoya E “P\ Ry

is the dimensionless heat loss parameter.
The following cases are examined:

U(n) = 1—m, first-order reaction (19 = 0)
= n(l —n), autocatalytic reaction.

It should be noted that the system (8.54), (8.55) is singularly perturbed. According
to the standard approach to such systems the limiting case € — 0 is examined, and
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discontinuous solutions of the reduced system are analyzed. This makes it possible
to determine some critical values of initial conditions, which provide a jump transi-
tion from the slow regime to the explosive ones. The study of transitional regimes
requires the application of higher approximations in the asymptotic analysis of the
systems of the type given in equation (8.54), (8.55). The integral manifold tech-
nique [54, 58] is applied below to the qualitative analysis of critical and transitional
regimes for both types of chemical reaction.

First-order reaction

We begin the analysis of the system (8.54), (8.55) with the first—order reaction case,
when ¥(n) = 1 — 5 and the dimensionless concentration 77 = 1 — ) replaces 7. The
system (8.54), (8.55) in this case is

6% = fexp(©/ (1 4+ 4O)) — 0O, (8.56)
g = —fjexp(©/ (1 + 0O)). (8.57)

The initial conditions are
7(0) =1, ©(0) =0. (8.58)

The parameter o characterizes the initial state of the chemical system. Depending
on its value the chemical reaction either changes to a slow regime with decay of
the reaction, or into a regime of self-acceleration which leads to an explosion. For
some value of a (we call it critical) the reaction is maintained and gives rise to a
rather sharp transition from slow motions to explosive ones. The transition region
from slow regimes to explosive ones exists due to the continuous dependence of the
system (8.56), (8.57) on the parameter .. To find the critical value of the parameter
a, it is possible to use special asymptotic formulae [33]. That approach was used
in [2, 3, 16, 27].
The equation

nexp(©/ (1 + O)) —a® =0

gives the slow curve S, of the system (8.56), (8.57). The curve S, has two jump
points given by the equation

2 (exp(©] (1 + 6)) ~ 06) = 0.

The jump points divide the slow curve into three parts S§ ,, % ,, S5, (see
Fig. 8.6 ) which are zeroth order approximations for the corresponding slow integral
manifolds Sy , ., S5, . and S5 , .. Manifolds S7 , . and S5 , . are stable and Sy, .
is unstable. It is clear that each value of o has a corresponding slow curve but
these curves merge in the domain of critical values. Each manifold Sy, ., S5, .
and S3 , . is at the same time part of some trajectory of the system (8.56), (8.57).

With some values of «, trajectories of equations (8.56)—(8.58) move along the
manifold S5, ., sooner or later either falling into an explosive regime, or rapidly
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Figure 8.6. The slow curve (the dashed line) and the trajectory Ta (the
solid line)
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Figure 8.7. The slow curve (the dashed line) and the trajectories Ty and
T3 (the solid line)

passing into a slow regime (see Fig. 8.6). The value of oy, at which the trajectory
T; of (8.56)—(8.58) contains manifold Sy , ., is supposed to be critical. This regime
is not slow, since ® > 1, and is not explosive, as the temperature increases at
the tempo of the slow variable. The value a7, at which the trajectory 77 contains
the manifold S7 , . (see Fig. 8.7), is called the slow critical value. The trajectory
73 contains the manifold S5 , . and does not determine any critical regime, since
it does not intersect the axis 7. We point out that any trajectory of the system
starting at the point 7 = 1, © = 0 runs to the left from 73.

Thus the value of «y gives the critical trajectory. It separates the transition
region from slow regimes which are characterized by a slowdown of the reaction
with small degrees of conversion and heating up is limited from above by © < 1.
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Figure 8.8. The slow curve and the trajectories of (8.56)—(8.58) for e =
0.01, 8 =0.1, o =2.08039, o” = 2.0803865, " = 2.080386

The region of slow transitional trajectories corresponds to the interval (s, aq).
They are characterized by a comparatively rapid (but not explosive) flow of the
reaction till the essential degree of conversion takes place and then a jump slow-
down and a transition to the slow flow of the reaction, Fig. 8.8.

The critical value ay was obtained by means of the asymptotic expansion
technique given in [33]:

ay = e(l1—p) [1 — V2 (1 + ;g) e2/3 4 g(l +66)51n§ +0(e + %),

where )y = 2.338107.

Autocatalytic reaction
The system showing autocatalytic features of the reaction is [19]

5% =n(l —n)exp(®/(1+ O)) — aB, (8.59)

dn
7 = (1 —n)ezp(®/ (1 +(6)). (8.60)
To simplify the demonstration of the main qualitative effects we use a wide-
spread assumption, § = 0, in thermal explosion theory. In this case the slow curve

S, of the system (8.59), (8.60) is described by the equation
n(1 —n)e’ —ab =0.

The curve S, has a different form depending on whether a > e/4 or a < e/4 (see
Fig. 8.9). In the region © < 1 some part of the curve S, will be stable and in the
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Figure 8.9. The slow curve of the system (8.59), (8.60)

region © > 1 it will be unstable. We shall denote a stable part S, as S and an
unstable part as S;. There exist integral manifolds S7, . and Sy . at a distance of
O(e) from the curve S,, corresponding to S3 and S¥.

As in the first—order reaction we shall give a qualitative description of the
behavior of the system (8.59), (8.60) with the changing parameter . When o > e/4
the trajectories of the system in the phase plane move along the stable branch S§
and the value of © does not exceed 1. These trajectories correspond to the slow
regimes.

With a < e/4 the stable part S? of the curve S, consists of two separated
branches and the system’s trajectories, having reached the jump point at the tempo
of the slow variable along S7, jump into the explosive regime.

Due to the continuous dependence of the right-hand side of (8.59), (8.60) on
the parameter o we can consider that there are some intermediate trajectories in the
region between those shown above in the neighborhood of o = e/4, and a critical
one also. But with a = e/4 the slow curve S5 has a self-intersection point (1,1/2),
and it makes it impossible to apply the approach used in 8.3.4 to this case.

The canard, passing along the stable part of slow curve SJ and then along
the unstable part S¥ at some value of « (see Fig. 8.10), is taken as a mathematical
object to model the critical trajectory in the autocatalytic case. The critical value
of the parameter a* corresponding to this trajectory is found in the form

af =ag+ear +2as + ..., ag= e/4.

The coefficients of this asymptotic series are found from recurrent formulas obtained
by the methods of [15].
The critical value of « is given by

o =e/4(1 — 2v/2e — 49/9¢%) + O(e%).

Note that there is one more trajectory passing along S; . and S;, .. The part
S, of this trajectory plays the same role as a manifold Sy , . in Subsection 8.3.4
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and separates the slow trajectories from transition ones. The value
o = e/4(1 + 2v/2e — 49/922) + O(e?)
corresponds to this trajectory.

1.00

0. 90|

0.80| a”

0. 70 a///
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Figure 8.10. Canard trajectories of system for e = 0.05, o' = 0.659941603,
o’ = 0.659941646, o’ = 0.659952218

The transition trajectories between S; . and Sg . correspond to the interval

(a*,a**). The canard corresponding to a* is given by the formulas, see [15, 16]

n=H(0,¢e)=Hy0)+cH:(0)+....

1 /1
H()(e) = 5 + Z — 04096_9,

(a1 Hy + ap)
H0) = Fra— s

0 (a1 H{ + asHY) + H HZ e + Hy (1 — HY) (1 — 2Hy) €?
H{(1 —2Hy)e? '

Hy(0) =

8.3.5 Canard travelling waves

In this subsection we shall consider the problem of thermal explosion in the case
of an autocatalytic combustion reaction taking into account heat conductivity and
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diffusion of the reacting substances ([13, 16, 62]). We suppose for simplicity that
B =0, i.e. we shall investigate the system

o0 0 020
Ea—n(l—n)e —a9+68£2,
on _ 9%n

0
o = en(l—mn)e’ +u (8.61)

0z

The goal of this subsection is to study travelling wave solutions of (8.61) con-
necting the steady states O(n = 0,0 = 0) and P(n = 1,0 = 0). Analyzing the
corresponding boundary value problem we will show that it is possible to choose
the parameters in such a way that the projection of the associated heteroclinic
trajectory onto the 6, n—plane is located in a small neighborhood of the canard tra-
jectory characterizing the occurrence of a critical regime. We call the corresponding
travelling wave solution a canard travelling wave solution.

Note that combustion waves have been extensively studied over the last three
decades (see [6, 8, 12, 13, 31, 39, 50, 49, 51, 59, 61] and references therein). Most
research has been focused on the adiabatic case for first order combustion reactions
(for n-th order reactions see [6, 8]). The non-adiabatic case for a first order reaction
has been studied in [60]. In the present subsection we investigate the non-adiabatic
case (a > 0) in case of an autocatalytic reaction.

We are interested in travelling wave solutions of (8.61) with constant speed
¢ and which connect the steady states O and P. That means we are looking for
solutions to (8.61) of the type

0(t,&) = 0(E+ct) = 0(x), n(t.&) =€+ ct) = n(x) (8.62)

satisfying
lim n(z) = lim 6O(x) =0,

r——00 r— —00

li =1, lim f(x)=0

Jim n(r) =1, lim 6(x) =0,

and where © = £ + ct is the phase of the wave. Such solutions correspond to a
one-dimensional flame propagating to the left with speed c.

Substituting (8.62) into (8.61) we get

2
Ecﬁ =n(l—n)e’ —ab+5 470 ,

dx dx?

p s (8.63)
o= en(l —mn)e” + P

At first we consider the case of a travelling wave solution with speed ¢ = v/e
where v does not depend on €. Since ¢ is a small parameter we are looking for
travelling waves with a high speed. In that case, (8.63) takes the form
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d26

o —n)el —ah+5

Y ix (1 =me’ —ab+ dz?’
dn o, d’n
o1 - bl

v en(1—ne o

This system is equivalent to the system

dn

%_6p7

ﬁ—q

qu” ; (8.64)
2 — g —n(l —

6dx vg—n(l—n)e” +ab ,

d
uﬁzw—n(l—n)e"-

Introducing the new independent variable s by s = ez (¢ # 0) we obtain

dn

E—]%

d@_
Eg—q7

(8.65)
5(5% =vg—n(1 =)’ +ab ,
s

dp
e =vp—nl—ne’ .

Since ¢ is assumed to be small, (8.65) is a singularly perturbed system with
the slow variable n and the fast variables 0, p,q. We are interested in a solution of
(8.65) satisfying the boundary conditions

lim 7n(s)= lim p(s)= lim 6(s) =0, lim q(s) =0,

§— — 00 85— — 00

sEI-‘Poon(s) =1 sggloop@) - 61}5{1006'(5) =0 SETOO q(S) =0,
that is, we are looking for a heteroclinic trajectory of the singularly perturbed
system (8.65) connecting the equilibria O and P.
The degenerate equations of (8.65) read

0 = gq,
0 = vg—n(l—n)e +ab,
0 = vp — 77(1 - n)ea y
or, in more convenient form,
0 = q,
0 = —n(1—n)e +ab, (8.66)
vp = ab .



240 Chapter 8. Black Swans and Canards in Laser and Combustion Models

The system (8.66) defines the slow surface S, of the system (8.65) in R*. Tt is
easy to see that S, is a differentiable curve located in the plane ¢ = 0,p = af/c and
that its projection onto the 6, n-plane coincides with S, introduced in the previous

subsection (see 8.3.4). S, represents the set of equilibria of the so called layer
subsystem

@ _
ar D

(5@ =vg—n(1—n)e’ +ab , (8.67)
dr
dp

It can be checked that for v < 0 the slow surface S, consists of stable (unsta-
ble) equilibria of (8.67) in the region 6 > 1 (8 < 1).

We now find the critical value of the parameter a = a*(¢)
&* = a9 +ear +2as+ ...

corresponding to the canard trajectory of (8.64) (see Fig. 8.11), which can be
approximated by the asymptotic series

n = H(6,e) = Ho(0) +cHi(0) + 2 Ha(6) + ... ,
qg = Q(9 5)*5621( )+52Q2(9)+-~ )

under fixed values of v, §, u. For this purpose we shall use the usual technique [17].
To calculate the coefficients of the asymptotic expansions we substitute these
series into (8.65) and equate the coefficients of the same power of €. We get

2 /5
Gg =g, G1 =a1, G =« +e— —6—
0 0, 01 1, 02 et 53\ 3 )
Hy = Hy, Hy = Hy,

where «; and H; are defined in 8.3.4.
We return to system (8.63). In what follows we assume

§ = kp, (8.68)

where x is some positive constant.
Introducing the new variable z by x = —cz we get from (8.63), taking into
account (8.68),

df d20
767:77(1777) 0+I€M ’
dz c? dz?
i s (8.69)
€1 =en(1 —n)e’ + 22
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Figure 8.11. Projection of canard trajectories of the system (8.64) for
e = 0.05, o =0.66022803, o = 0.66024835, o’ = 0.66025281

From now on we set
£:=p/c?
and assume ¢ (dimensionless) to be small, that is, we assume that the quotient of

the diffusivity and the square of the velocity is small. System (8.69) is equivalent
to the singularly perturbed system

dn _ _
dZ - p)
ﬁ = —q
% (8.70)
ke — = —e 4+ qn(1 —n)e? —ab ,
dz
d
€ diz) = —ep +en(l —n)e.

Assuming « > 0, the system (8.70) has the equilibria Oy :=(p=qg=n=0=
0) and Py := (p=¢ =6 =0,7=1) which do not depend on any parameter.
The corresponding degenerate equations are

0=ceq—n(l—n)e’ +ab ,
0=p—n(l—-ne,
and their solution set S, can be represented in the form

g=c"'(n(1—n)e’ —ab) ,
p=n(l—mne’.
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Figure 8.12. O-profiles of the canard travelling wave solution of system
(8.61) for e =0.05,a = 0.58443,§ = p =1

It is easy to check that S, contains no jump point. According to a fundamental
result of the geometric theory of singularly perturbed differential equations [11, 58],
there exists, for sufficiently small e, a smooth invariant manifold S, . of (8.70) which
is close to S,, it contains the equilibria O; and P; and can be represented in the
form

qg=¢(n,0,e) =e ' |nl —n)e’ —ab +ep1(n,0) + O(e?)],
p=1v(n,0,e) =n(1 —n)e’ +e1(n,0) + O(?) .

On S, ¢, the system (8.70) can be written as

d
L= (1= me’ + 1 (n,6) + O(?),

0
e =nl- ne’ —ab +epi(n,0) + O(?).

With o = &* the system (8.61) has a canard travelling wave solution con-
necting the equilibria O and P [40]. The canard value a*(e) separates two types of
waves corresponding to the slow combustion regime and to the thermal explosion
(self-ignition) one, respectively. As in 8.3.4, the case & > a*(g) corresponds to slow
combustion profiles, while the case o < &*(g) characterizes self-ignition profiles.

The value &* permits us to write the asymptotic expansion for the speed of
the travelling wave solution ¢ = ¢ for a fixed value of the parameter o which differs
from a*(e) by A = 0(¢?),i. e. A = a — «a*. For

5
we have
2 —oret = & 35+ o)
C TV T oA TH '
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Figure 8.13. n—profiles of the canard travelling wave solution of system
(8.61) for e =0.05,a =0.58443, 6 = p =1

The speed of the travelling wave solution satisfying the inequality ¢? < & (¢? > ¢2)
corresponds to the slow combustion (self-ignition) travelling wave solutions.

Figures 8.12, 8.13 show numerical investigations of the travelling wave solution
of the system (8.61) in the case of the critical regime.

8.3.6 Gas combustion in a dust—laden medium

We now consider models of combustion of a rarefied gas mixture in an inert porous
or in a dusty medium. We assume that the temperature distribution and phase-to—
phase heat exchange are uniform. The chemical conversion kinetics are represented
by a one—stage, irreversible reaction. The dimensionless model in this case has the
form [3, 14]

€0 = U(n)exp(©/ (1 + 4O)) — a(© — ©,) — 50O,
7.0, = a(® - 0,),
1= ¥(n)exp(®/ (1+0)),

n(0) = no/ (1 +mn0) = 7o, O(0) = O.(0) = 0.

Here, ©® and O, are the dimensionless temperatures of the reactant phase and
of the inert one; 7 is the depth of conversion; 7 is the criterion of autocatalyticity;
the small parameters 3 and e characterize the physical properties of a gas mixture.
The terms —60 and —a(© — O,) reflect the external heat dissipation and phase-
to-phase heat exchange. The parameter . characterizes the physical features of
the inert phase. Depending on the relation between values of the parameters, the
chemical reaction either changes to a slow regime with decay of reaction, or into a
regime of self-acceleration which leads to an explosion. So, if we change the value of
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one parameter with fixed values of the other parameters we can change the type of
chemical reaction. Thus, it is possible to consider this problem as a special control
problem. For example, if we take a heat loss from the gas phase as a control action,
we consider ¢ as a control variable. If the control variable is . it means a regulation
of the dust level in the reactant vessel.

The following cases are considered:

U(n) = 1—mn, first-order reaction (19 = 0)
= n(l —n), autocatalytic reaction.

Autocatalytic reaction

Let us consider the combustion model for the case of autocatalytic reaction (¥(n) =
n(l —n)).

In the absence of external heat dissipation (§ = 0) the system of differential
equations possesses a first integral

€O + 7.0, —n = 7o,

and therefore we obtain dimy = 0 in (8.1). The dependence of the slow curve S,

n(l—mn)exp(©/(1+£0)) —a(O© — (n—1jo)/7c) =0

on the relation between parameter values gives different forms, as in the case of the
classical model (see Subsection 8.3.4).

In the first case each set S and S} of S, consists of a single connected
curve. Hence the system has an stable integral manifold S;, . and a unstable integral
manifold S§ . near S, and Sy, respectively.

Since the initial point (0, 7) belongs to the basin of attraction of the set S, ,
after a short time the trajectory follows the stable slow integral manifold S;, . and
tends to the equilibrium P as t tends to oo. This behavior corresponds to the slow
combustion regime.

In the other case, each set S2 and S consists of two different components and
the system has an stable integral manifold S;, . (unstable integral manifold Sy _)
near each component of S2 (S%). For e sufficiently small and after a short time,
the solution will follow the component of S . to the breakdown point. After this
time, O(t) will increase rapidly. This behavior characterizes the explosive regime.

The transition region from the slow regime to the explosive one exists due to
the continuous dependence of our system on the parameters a and 7. (7. > 0). In
this special case the slow curve has an intersection point. Here the system has an
stable integral manifold S, . (unstable integral manifold Sy .) near each component
of the slow curve S5 (S%).

We can observe the existence of canard solutions which describe the following
regime: the temperature increases as high as is possible but without explosion, and
that may be the aim of a technological process. We note that this regime is critical,
and it corresponds to a chemical reaction separating the domain of self-accelerating
reactions and the domain of slow reactions.
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If we take o as a control parameter we can find the canard solution and
corresponding value of a by following asymptotic expansions

af =g +eag +2as + ...,

1(0,¢) = Ho(©) + cHy(0) + e2H () + ... .

In this case, the asymptotic expansion of the canard value of parameter «
is [55, 57] (we take the zero—approximation term with order O(3) and the first—
approximation term with order O(g))

* 1-— ﬁego e@og

1 1
af = ———2— I 7;2+%‘1(2+\/4+%‘2>+
2+V4+7:° (2 2

/ 1
+4/4+ 72 2+\/4+%—2> ,@00=2<%1+\/4+%—2>.

In the case § # 0 we can observe the analogous situation in R3.

Let us consider v, as a control parameter and recall that it means a regulation
of a dust level in the reactant vessel. In this case we construct a special type of
feedback control.

We find the critical function 7.(©,¢) and the black swan ©, = O.(n, 0, ¢) in
the form of asymptotic expansions:

Ye = To(O) +el'1(0) + O(?),

@c = Po(’r], @) + €P1(7’], @) + 0(62).

It should be noted that we use the black swan for the following reasons. We con-
struct the canard modelling the critical regime with fixed initial point (or gluing
one). However during a chemical process perturbations are possible. Due to the
perturbations the trajectory of the system deviates from the canard and as a result
a qualitative change of system behaviour is possible.

Using the method of integral manifolds we obtain (to simplify the calculations
we ignore the small parameter ()

Po(1,0) = o™ H(a + 6)© — (1 — n)e®],

0P, 0P,
Pu(0,0) = [a(@ = R) (1 = m)e®) G0 far G2,
Io(6) = ala+6—00) ’
(v +6)1/e29 — 4e®(a + )
0P, OP,
aPy +Tg [n(1 - 77)6@—1 +aP =
an 00
r(e)=- 5P
(1-n)e®——
n an
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First-order reaction

The case of the first-order reaction (¥(n) = (1 — 7)) is studied now. For simplicity
we introduce the dimensionless concentration 7 =1 — 7.
In the absence of external heat dissipation (6 = 0) the system

€0 = 7jexp (0/ (1 + O)) — a(6 — O,),
7.0, = a(@ —0,),

n=—nexp(©/(1+ 30)),

with initial conditions

possesses a first integral
59+’7c@c+77: 17

and we obtain dimy = 0 in (8.1).
The slow curve S, is defined by the equation

exp (©/ (1+60)) —a(0 =77 (1 - 7)) =0.

With different relations between values of the parameters «, § and ~. we can
observe the following chemical regime types:

— the slow combustion regime;

— the classic thermal explosion;

— thermal explosion with delay [3, 14].

The last regime consists of three stages: fast initial, slow (delay) and explosive,
see Fig. 8.14. This regime is characterized by a rather long induction period and a
significant time for reactant conversion before a thermal explosion.

It should be noted that there are two types of slow regimes: the slow regime
with essential initial heating (EIH, see Fig. 8.15) and the slow regime with nonessen-
tial initial heating (NTH, see Fig. 8.16).

Thus, in this case there are two critical regimes which separate fast explosive,
explosive with delay and non-explosive regimes, see Fig. 8.17. The first criti-
cal regime takes place when, after a short time, the trajectory reaches the jump
point and then follows the unstable slow integral manifold. This trajectory and the
corresponding value of the control parameter can be found by Mishchenko—Rozov
asymptotics [33], and if we take o as a control parameter we get [17]

of = (1 —6)e—52/390me [14—5 (1+ 3(4%_1)” +

1—7et

4 1 1
+-eln-e(l—7.") +O(ﬂ+aln>.
9 € €
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Aﬁ

Figure 8.14. The slow curve (the dashed line) and the trajectory (the solid
line) in the case of thermal explosion with delay

An

=
®V

Figure 8.15. The slow curve (the dashed line) and the trajectory (the solid
line) in the case of slow combustion regime with essential initial heating

The second critical regime is modelled by a canard, see Fig. 8.18. The
asymptotic expansion of the canard value a** is [14, 17]

-1
*k Ve —1 —1
" =exp| ——7 ) e =2+ +B(A-2v"))] +o(e+p).
(2= be < )

If we investigate the system in a more general case (4 # 0) we can construct a
black swan which consists of canards simulating the second type of critical regimes.

Let us take 7.(©,¢) as control function. Then it and the black swan ©, =
0.(77, ©,¢) have asymptotic expansions of the form:

Ye =T0(0) +eI'1(0) + O(e?),
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Figure 8.16. The slow curve (the dashed line) and the trajectory (the solid
line) in the case of slow combustion regime with nonessential initial heating
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Figure 8.17. The domains of parameters and the associated types of com-
bustion regimes

Oc = Py(7,0) +ePy(77,0) + O(e?),
where
Py(77,0) = (60 — 77e®) Ja + O,

Py(77,0) = —607e° /(a4 6 — 6O),
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Figure 8.18. The slow curve (the dashed line) and the canard (the solid
line) in the case of second critical regime
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In the case when ¢ is a control function (it means that we control the com-

bustion process by regulating the external heat dissipation) we get the following
asymptotic expansion for and 4 [46]

F0(®) =«

r'y(e)=-

Gflnoz’yc’lfl)e@Jra’y;l_F

aye !t —e®

te(ay;t =€)+ 0(62)}

5=5(0,c)=0" [a(

corresponding to the black swan O, = ©.(7, ©, ¢) of the system.

For the fixed point ©® = ©* of the breakdown curve we can find the value
0* from the last expression which corresponds to the canard of the system. This
trajectory passes through the point ©* of the breakdown curve and simulates the
critical regime. It should be noted that the choice of the gluing point ©* is equivalent
to the choice the starting point ©(0) of the trajectory. For example, with ©(0) = 0,
Ye =1/6, e = 0.01, o = 2.34 the critical regime corresponds to 6* = 1.10797.
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Chapter 9

Multi-Scale Analysis of
Pressure Driven Flames

V. Bykov, 1. Goldfarb, and V. Gol’dshtein

The present paper considers and examines the evolution of asymptotic tools
applied to the problem of pressure driven flames in inert porous media to deal
with the growth in the level of the complexity of the mathematical models of the
phenomena.

It was shown recently that the hydrodynamic conditions of gas flow through
a porous medium filled with flammable gas may play the crucial role in the deter-
mination of the flame speed. A number of models of combustion waves driven by a
local elevation of pressure in inert porous media filled with a combustible gaseous
mixture were suggested and analyzed. To study a typical problem a number of
steps are made. The original complex system of PDEs is reduced to a system of
ODEs by introducing the automodel time-like coordinate. The introduction of new
auxiliary variables permits the derivation of a system of ODEs, which correspond
to a singularly perturbed system of ODEs. To determine these new variables, one
divides the flame front into two distinct sub-zones (preheat and reaction) and de-
rives approximate laws of conservation (energy and momentum) within each of the
sub-zones. The new variables are defined as deviations from the laws of conserva-
tion. The dynamics of the singularly perturbed system is then analyzed using a
novel mathematical technique, namely, a geometric version of the method of inte-
gral (invariant) manifolds (MIM). This approach permits us to explore analytically
the fine internal structure of the reaction zone, to derive explicit formulae for the
parameters of the burnt products, and to obtain an explicit formula for the flame
speed. To check the accuracy of the analytical results obtained from the analysis of
the model, a series of direct numerical simulations are performed, and these are in
a good agreement with theoretical predictions.

The paper also presents the most recent results in the development of the
asymptotic tool. A solution of a model example is given to exhibit the essence of
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the suggested improvement.

9.1 Introduction

We begin with a short history of, and a motivation for, the present work. The
study of pressure driven flames in porous media was initiated some years ago by
some intriguing experimental results obtained by Prof. Vyacheslav Babkin and his
group [1]. They showed that a dynamical picture of possible regimes of propagating
flames in porous media is complex, and that it contains both low- and high-speed
combustion waves. Their results and numerous discussions with Prof. Babkin drew
our attention to the fact that the effect of pressure is possibly underestimated and
that the problem of flame propagation through porous media should be revisited.

Traditionally the study of premixed gas flames in an open space ignores pres-
sure perturbations. This is because the flame propagation velocity is significantly
less than the speed of sound. This assumption is well founded in many scientific and
engineering problems. It means that pressure disturbances leave the reaction zone
and do not influence the intensity of the thermal processes. In this research we deal
with gas phase combustion in inert porous media. The distinguishing feature of such
a medium is the well-known fact that under specific conditions the speed of pres-
sure perturbations may be significantly lower than the sound velocity in open space.
Under these conditions a local elevation of the pressure may lead to the formation
of a self-sustaining combustion wave controlled by pressure diffusion. In works pub-
lished as a result of numerous considerations [3, 4, 5, 14], a new physical model of
the phenomenon was suggested and analyzed. In one of the key publications on
this theme [14], a new mechanism for flame spreading through porous media was
advanced and a corresponding physical model was developed and analyzed for the
isentropic approximation. The main idea of the proposed mechanism is that under
certain conditions the propagation of a combustion wave is governed mainly by the
diffusion of pressure in porous media. Using the J-function approximation of the
reaction zone (high activation energy assumption) the authors demonstrated that
the flame velocity may be significantly higher than that in open space (caused by
the conventional thermal conductivity). Later the existence of the travelling wave
solution was proved in [3] under the additional simplifying assumption of weak heat
release. The detailed analysis of the internal structure of the flame was presented
in [3] and the transition from low velocity regimes (governed by the conventional
thermal conductivity) to high velocity regimes (controlled by pressure diffusion)
was analyzed.

Later there were a number of attempts to adapt the method of inner and outer
asymptotic expansions to the problem (under the high activation energy assump-
tion). Our colleagues and we intended to investigate the fine structure of the flame
front and to derive analytical formulae for the wave velocity. To our surprise all
these attempts failed and our joint attempts to obtain the results along the lines of
the conventional machinery adopted in the field were not successful. While analyz-
ing the possible reasons for this, we concluded that our troubles were conceptual.
The study of a new type of combustion problem may lead to new mathematical
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models, and may demand new mathematical approaches as well.

We (a group of applied mathematicians at Ben-Gurion University of the
Negev) continued to look for an appropriate mathematical approach to the prob-
lem. As a result of our research we suggested a new formal basis for asymptotic
methods in the mathematical theory of combustion, namely, the theory of integral
(invariant) manifolds. This technique is different from the conventional machinery
used in the field. We have found a way to apply this technique to the problem
of pressure driven flames in porous media. The mathematical formulation involves
a multi-scale problem, but the corresponding system of ODEs is not written as a
singular perturbation system (SPS).

To reach the desired results we exploit the data of the preliminary analysis of
the problem under investigation along the lines of well-known Zel’dovich method
[23]. The classical Zel’dovich approach allows us to single out the preheat and reac-
tion sub-zones within the flame front. The fine structure of these sub-zones and the
relations between the main parameters of the reaction (temperature, pressure and
concentration) within them are subject to analytical investigation. In addition, the
Zel’dovich approach allows us to detect approximate laws of conservation which are
valid within the sub-zones. To reformulate the mathematical problem and rewrite
the set of ODEs in the form of the SPS of equations, we introduce new auxiliary
variables, which are defined as deviations from the appropriate conservation laws
(partial integrals). Due to the method of choice, it is reasonable to expect that their
rates of change will be slow (compared to the rate of change of any other variable).
Further detailed analysis confirms our expectations and gives us the possibility of
applying a modified MIM (geometrical version) to the reformulated problem. The
approach we develop allows us to investigate the fine structure of the flame front
and to get analytical formulae for the main flame characteristics. Direct numerical
simulations of the original set of equations are also performed and these results are
in a good agreement with theoretical predictions.

In the present work we demonstrate how the asymptotic tools evolved as
a function of the complexity of the models describing the phenomenon of flame
propagation through a porous medium. Additionally, we present new results on
combustion waves in porous media driven by the local pressure elevation and suggest
a prototype of a novel asymptotic tool (our final results), which is currently in the
very early stages of its development. This latter elaboration allows us to solve the
problem under investigation without the subdivision of the flame front into two
sub-zones.

The structure of the paper is as follows. Section 2 contains the formulation
of the generic problem of the pressure-driven flame propagation in porous media.
Section 3 exhibits briefly the chosen asymptotic tool - the method of integral mani-
folds (MIM). Section 4 demonstrates how the simplest problem (non-inertial, linear
friction force - an approximation of the original system of ODEs) is solved along
the lines of Zel’dovich’s classical approach. The same problem is solved in Section 5
using a modified version of the MIM, developed especially for this problem. Section
6 includes a solution of a more complicated problem (non-inertial, the friction force
being proportional to the square of the local gas velocity). The full original system
described in Section 2 is analyzed in Section 7, where we demonstrate the current
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version of the asymptotic tool and its successful application. The last Section, Sec-
tion 8, summarizes our results and formulates directions for further research. An
Appendix contains our most recent work on improving the asymptotic method we
have illustrated here.

9.2 Problem Statement - General Description

We describe the main assumptions of the generic model. We restrict ourselves to
a one-dimensional approach as it is sufficient to give us conceptual qualitative in-
formation about the dynamics of the process. The porous medium is considered
as a set of evenly spread parallel capillaries of the same inner radius (the so called
capillary model of solid foam), filled with a premixed combustible gas mixture (the
solid matrix is inert). The natural assumption is that within all the capillaries the
same processes take place and the flame propagates under the same conditions and
at the same velocity in all the capillaries (the cell model). The capillaries may be
considered as thermally insulated (the detailed justification of this assumption may
be found in a recent paper of the authors [9] devoted to the problem of thermal
runaway in solid foam, where the capillary model of solid foam was considered).
The conventional one-temperature approach and cell model is applied. The rela-
tionship between the inner capillary radius and the gas mixture viscosity may lead
to the appearance of so called creeping flow of the reactant mixture. This regime
corresponds to low Reynolds number flow.

To elucidate the impact of the pressure effect on the wave characteristics (the
front structure, propagation velocity, etc) and to make the problem tractable an-
alytically, some additional assumptions are made. In particular, the conventional
mechanism of the combustion wave propagation (thermal diffusion) is excluded
from our consideration. With the above assumptions, the generic system of govern-
ing equations includes six equations: the energy equation (9.1), the concentration
equation (9.2), the momentum equation (9.3), the continuity equation (9.4), the
equation of the state for the ideal gas (9.5), and the Arrhenius reaction rate of
chemical reaction (one-step, bimolecular reaction of the first order) (9.6).

: (p (u-D) (ch + ;zﬂ) +pu) —Qw, (9.1)
2 (plu—D)Cy) = W, (9.2)

d
L pw-D)+p)=F (9.3)
L (ptu—D)) =0, (94)
P="LRT=(c,—c,)pT, (9.5)
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W = ACypexp (—;;) . (9.6)

The expression for the friction force F can be taken as proportional to the
first power of the gas velocity (Darcy’s law, subscript D) or the multiplication u |u|
(Forcheimer’s law, subscript F)

Fp=—Kppulul; Fp=—Kppu. (9.7)

The following notation was used: T - temperature (K); P - pressure (Pa); E -
activation energy (J/kmol); D - velocity of the flame front in the laboratory system
of coordinates (m/s); Cy - concentration of the deficient reactant; c - specific heat
capacity (J/kg/K); u - gas velocity in the laboratory frame of reference (m/s); @
- combustion energy (J/kg); W - reaction rate (kg/(sm3)); p - density (kg/m?);
K - permeability of the medium (m?); p - kinematic viscosity (m?/s); A - pre-
exponential (frequency) factor (1/s); R - universal gas constant. Subscripts mean:
f - combustible component of the gas mixture; p - under constant pressure; v -
under constant volume; 0 - undisturbed state; b - burnt (behind the combustion
wave front), F' - related to the case of quadratic dependence of the friction force
on gas velocity. The system (9.1)-(9.7) is subject to boundary conditions (fresh
mixture far ahead of the flame front)

T(z — +o0) = Tp; Cp(x — 400) = Cyo, 9.8)
Pz — +0) = Py; p(x — +00) = po. '
The system (9.1)-(9.7) together with the boundary conditions (9.8) are a math-
ematical description of the problem.
To simplify our further analysis we introduce the following dimensionless vari-

ables
T 1 RTO
f__DAeXp<_26>’ ﬂ_f’
LG, MT-Ty L 1P-R
Cro B8 Ty B8 R

where 60, II, n are dimensionless temperature, pressure and concentration, respec-
tively, £ is a dimensionless coordinate, and 3 is a reduced initial temperature.
Further dimensionless parameters which will be used are

c
- S (-3)s eamow (),
€1 < 1; g2k 1, sincef < 1. (9.9
_ 1. _ ¢
The initial conditions are

0(§ — —00) =6y =0; n(§ — —00) =n9 =1; II(§ - —00) =Ilp =0.  (9.10)
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9.3 Method of Integral Manifolds (MIM) —
Asymptotic Method of Analysis

The theory of integral manifolds was developed for nonlinear mechanics in a number
of works [2, 7, 17, 18, 22]. This approach was adopted for problems of chemical
kinetics and combustion in [15]. It has been developed for problems of gaseous
combustion [15], mechanics and non-linear control theory [20, 21, 22], self-ignition
in multiphase media [10, 11, 12], and flame propagation in porous media [9].

Suppose that the initial value problem can be rewritten as a singularly per-
turbed system with the small parameter € in general form as:

dY
dt

y
dt

_F(X.V.0), (9.11)

=G(X,Y,e), (9.12)

X (to) = Xo; Y (to) = Yo.

Here X € R, Y € R", t € (=00, 400), 0 < € << 1. The functions F :
R™x R*"— R™, G: R™ x R — R™are supposed to be sufficiently smooth for all
X e R™, Y e R", ¢ is a small parameter, and the values F()T())7 370)7 £), G()To)y 570, €)
are assumed to be comparable to unity for small values of the parameter

A smooth manifold (surface) in the phase space M € R™ x R™ is called
a global invariant manifold of the system (9.11)-(9.12), if any phase trajectory
(X (t,e), Y (t,€)) such that (X (t1,e), Y (t1,€)) € M belongs to M for any ¢ > t;.

It is possible to define a local integral manifold in a similar way. The proposed
approach deals mostly with a special class of invariant manifolds, which leads to
considerable simplifications in the analysis of the system. More specifically, the
system (9.11)-(9.12) is considered as a multi-scale system with the small parameter
e, with ‘slow’ and ‘fast’ subsystems. By setting € = 0 into (9.11)-(9.12) we obtain
so-called degenerate system:

=F(X,Y,0), (9.13)

dy

dt

Equation (9.13) determines the so-called slow (quasi-stationary) surface. It is
assumed that equation (9.13) has an isolated smooth solution X = ho(?)7 so that

the surface has the dimension of the slow variable Y. It is also assumed that all the
eigenvalues /\1(?) of the matrix Fy(ho(?), Y, 0) have a non-zero real part.

=G(X,Y,0).

Points on the surface determined by the Eq. (9.13) can be sub-divided into
two types: standard points and turning points. A point (X,Y) is a standard point of
the slow surface if in some neighborhood of this pomt the burface can be represented
as the graph of a function X = ho(?) such that Xo = hO(YO) Points where this
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condition is not satisfied are turning points of the slow surface. The slow surface
has the dimension of the slow variable Y .

The theory of integral (invariant) manifolds states that the system (9.11)-
(9.12) has a unique integral (invariant) manifold M := {(Y, ?) : X = h(?,e)},
that can be represented as

WY .e)=ho(Y)+ > e'hi(Y). (9.14)

I>1

In the generic case, all eigenvalues A; of the matrix Fy(ho(?), ?, 0) are not

zero. If, moreover, the eigenvalues A; satisfy the condition Re()q(?)) <a<0
for all Y € R™, then the invariant manifold is stable, in the sense that it attracts
the trajectories. Otherwise the invariant manifold is unstable, i.e. it repels some
trajectories.

Note that the slow surface X = ho(?) is an O(e) approximation of the slow
invariant manifold, except at the points at which the assumption on the eigenvalues
does not hold (so-called turning points). We remark that the asymptotic series
in (9.14) is not to be confused with the time-dependent asymptotic series. The
invariant manifold (9.14) is called the invariant manifold of slow motions (or slow
invariant manifold). The system dynamics on this manifold are described by

dj =G(h(Y,e),Y,¢). (9.15)

If )_/')(t7 €) is a solution of (9.15) then the pair ()_()(t, €), ?(t, €)) with Y(t, €)=
h(?(t, €),¢€) is a solution of the original system (9.11)-(9.12),
trajectory on the invariant manifold.

Thus, the analysis can be considerably simplified by reducing the dimension
of the system to the dimension of the slow variables. In the O(e) approximation
to the slow invariant manifold, the analysis of the original system can be reduced
to the analysis on the slow surface X = ho(?). On the slow surface the changes
of the slow and fast variables are comparable (i.e. fast and slow processes are
balanced). Beyond the slow surface the slow variables are fixed (quasi-stationary)
(to an O(e) approximation). The system behavior can be described by the typical
system trajectories. Each trajectory can be decomposed into ‘fast’ parts (which
are beyond the slow manifold) and ‘slow’ parts (which are on the slow manifold).
The ‘fast’ and ‘slow’ parts of a trajectory can follow each other. The main types
of system trajectories can be predicted by the use of the slow invariant manifold.
The slow surface might consist of several branches: stable and unstable, in the
sense that they attract or repel trajectories. In a generic case the “turning line”
separates the stable branch from the unstable one. In the O(e) approximation
of the slow invariant manifold, the turning line indicates (for typical situations)
the end of the ‘slow’ part and the beginning of the ‘fast’ part of trajectories. In
explosion problems, physically that means a transition from the slow process to the
fast explosion. The slow motion on the slow manifold describes delay phenomena
before the final ignition event. The time during which the trajectories stay on

since it determines a
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the slow surface gives a delay time before the final explosion, which is extremely
important from a practical point of view.

We note that for systems with a complicated hierarchy (i.e. when there are
several characteristic rates of change), the invariant manifold approach can be ap-
plied iteratively.

9.4 Linear Friction, No Inertia - Zel’dovich’s
Approach

One of the main goals of the present paper is to demonstrate the evolution of the
asymptotic tools in line with the growth of the complexity level of the problems
under investigation. The present section is devoted to the beginning of this process
of matching mathematical tools to new problems.

At some stage of our research on the phenomenon (pressure driven flames in
inert porous media) we were compelled to recognize the fact that existing methods
applied to the problem failed to provide us with the desired information concerning
the flame front (its structure, velocity, stability, etc).

While looking for a new line of attack, we applied Zel’dovich’s [23] well-known
approach to the analysis of the problem under investigation. We successfully applied
this general approach to our specific problem. Moreover (and this is much more
important) - the way in which we applied Zel’dovich’s method prompted a direction
for further development of the asymptotic tools we had used. Therefore, we will
present a solution of the simplest version of the full problem (9.1) - (9.8) along
the lines of Zel’dovich’s approach as it was done initially in 1997, and give the
conclusions of this work [9].

To focus on the essence of the approach, we start from the simplest version
of the original system of PDEs (9.1)-(9.8) describing the phenomenon under con-
sideration. We assume that the impact of the inertia effects is negligible and the
friction force is proportional to the first power of the gas velocity (9.7). Non-
dimensionalization and suitable integration allow us to re-write the original system
in the form of the three ODES

9 -9 1+ BII 0
—:AQ .1
a1y T 1+ﬁeeXp<1+ﬁ9>’ (9.16)
A, -0
7 T P14 pe
dn 1+ BII 9
de 211 po eXp<1+60>’ (9.17)

where the dimensionless parameters €1, €2, 3, o are given by Eq. (9.9), and the
initial conditions are determined by the Eq. (9.10). The expression for the flame
velocity reads

D? 1
A =K
Pe,T,A pToA (25)
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The system (9.16)-(9.17) is adiabatic, and therefore the energy integral exists
and can easily be derived. It reads

n—1+§—2(9—an):0. (9.18)
1

Using the high activation energy assumption, we single out two distinguish-
ing sub-zones within the flame front: the preheat sub-zone and reaction sub-zone.
The preheat sub-zone is characterized by a low reaction rate and the terms of
the exothermic chemical reaction are negligible with respect to others. Hence, we
can neglect all the reaction terms in the preheat sub-zone. Vice versa, within the
reaction sub-zone the situation changes sharply. This sub-zone is typified by the ex-
tremely high reaction rate and the reaction comes to dictate “the rules of the game”
in the system. All the non-reaction terms (except Arrhenius ones) are negligible
here.

Therefore the original system of differential equations (9.16)-(9.17) may be
significantly simplified in each of the specified sub-zones. For convenience in the
further analysis, we introduce the point £ representing the boundary between the
preheat and the reaction sub-zones. It is helpful here to use the following notation

0(§ =&q) = bq; 1§ =&q) = ng; 1L(§ = &q) = lg.

9.4.1 Preheat sub-zone

Taking into account the above reasoning within the preheat sub-zone (£ < {g) we
can reduce the original system of governing equations (9.16)-(9.17) to the following
form

do m—0
—:AQ .1
d¢ P14+ 6° (9.19)
dIl , -6

dn

il — 21

A first glance at the equations (9.19)-(9.21) allows us to conclude that the
system is effectively decoupled: the equations (9.19)-(9.20) do not contain any re-
minder about the combustible gas component concentration, and the relation (9.21)
does not include any trace of the pressure and temperature. Thus, the system is
naturally separated and the last of these equations (9.21) shows that the concen-
tration in the preheat sub-zone does not change. This variable conserves the initial
value (n = 1) which it has within the fresh unburned mixture (—o0). Further analy-
sis shows that the growth of the dimensionless pressure should forestall the increase
of the temperature because the coefficient in the right hand side of the equation
(9.20) is greater than that in the equation (9.21).
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Having excluded the dimensionless automodel variable 1 from the equations
(9.19)-(9.20), we can integrate and derive the dependence of the temperature 6 on
the pressure II in the preheat sub-zone

— oIl = 0. (9.22)

Focusing on the point {p, which separates the preheat sub-zone from the
reaction sub-zone, we relate the values of the temperature g and the pressure Ilg
at the inter-zone boundary

0g = ollg.

Note here, that a sub-zone of preliminary heating of the mixture at the head
of the flame should be more precisely called a “pre-pressure” zone, because thermal
diffusion is excluded from our consideration and heat is transferred due to pressure
diffusion. Therefore, the term “preheat” is used conditionally to some extent.

9.4.2 Reaction sub-zone

The reaction sub-zone is characterized by the opposite hierarchy between the terms
on the right hand side of the equation (9.16). The heat release terms are dominant
in this sub-zone and the others are negligible. This permits us to rewrite the system
(9.16)-(9.17) in the form

do 1+ pI0 0

e~ Ty e eXp(1+ﬂ0)’ (9.23)
d1l

dn 1+ pI0 0

diﬁ__@nl%—ﬁﬁ exp<1+ﬁe>. (9.25)

We note firstly, that the equation (9.24) implies no pressure changes within the
reaction zone. We can conclude that the equality II(€) = II, is valid for £ > g i.e.,
the pressure value II(§) within the reaction sub-zone equals the pressure I, behind
the flame front (pressure of the reaction products). This means, in particular, that
in the framework of this model the gas mixture pressure reaches its final value II,
within the preheat sub-zone and does not changes within the reaction sub-zone.

The pair of equations (9.23), (9.25) in the reaction sub-zone allows us to es-
tablish an explicit functional relation between the temperature and the reactant
concentration in this sub-zone (the pair have a first integral). To derive the inte-
gral, we multiply Equation (9.23) by 2, sum the result with the expression (9.25),
and integrate both right and left hand sides and use the boundary conditions. In
accordance with our assumptions, the reactant is completely converted within the
reaction sub-zone and its content behind the flame front is equal to zero. This
means that when the temperature 6 reaches its final value 6, the concentration 7
has vanished. Hence, the first integral reads
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n+ 29 = Const = 1+ 201L (9.26)
&1 €1

The existence of the first integral of the pair (9.23), (9.25) can be physically
interpreted in the following way: within the reaction sub-zone oxidation comes to
be the single dominant mechanism. In particular, there are no significant energy
losses in the reaction sub-zone (compared with the heat release) and the process is
almost adiabatic (heat sinks are negligible). In turn, in such an approximation our
physical system has an approximate conservation law - the energy integral (9.26).

This gives us the opportunity to connect the concentration and the tempera-
ture values at the inter-zone boundary point £g, and to derive values of the variables
at the point &g

HQ :Hb; HZO'HQ; nQ = 1.

Comparing the energy integral (9.18) for the full system of equations (9.16)—
(9.17) with the other relations ((9.22) and (9.26)), each is valid in the appropriate
sub-zone of the flame. Thus, one can conclude that each of these relations represents
an approximate conservation law within its domain of validity.

9.4.3 Flame velocity

The above analysis provides us with the internal structure of the flame front only.
It does not answer one of the main questions of combustion theory - what is the
velocity of the flame front. A formula for the propagation velocity can be obtained
by introducing an additional assumption, which has been widely used in the theory
of laminar flames [4]. The addition, which helps to determine the unknown flame
speed, is the continuity of the heat flux at the point £ separating the preheat and
the reaction zones. We recall here that the essence of the approximation (the sub-
division of the actual distributions of the pressure, temperature and concentration
into two sub-zones) employed in the present study is as follows. The gas charac-
teristics in the preheat zone are determined by the local pressure elevation due to
peculiarities of the hydrodynamic conditions (the exothermal oxidation reaction is
unimportant here). Vice versa, in the reaction zone the combustion terms govern
the behavior of the solution. To study the fine structure of the flame front we as-
sumed that all the variables of the problem (temperature 6, concentration n and
pressure II, and, correspondingly, the local gas velocity u and the density p) are
continuous through both the preheat and reaction zones.

The assumption that the heat flux at the point £g (inter-zone boundary) is
continuous means that in addition to the continuity of the variables we demand
the smoothness of the temperature 6(£). According to the conventional definition,
the heat flux is proportional to the derivative of the temperature with respect to
the corresponding coordinate (the automodel coordinate in our case). Hence, in
the dimensionless variables used here the right hand sides of the equations (9.19)
and (9.23) represent the heat fluxes in the preheat and reaction zones, respectively.
Equating these two terms requires the equality of the two heat fluxes at the inter-
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Figure 9.1. Typical structure of the flame front. The system parameters
are: 8 =0.0295; v = 1.3; &1 = 6.43 x 1076, ey = 4.35 x 1078, The dimensionless
flame velocity is Ap = 1.42, and the dimensional velocity is D = 72.1m/s

zone boundary, and consequently, the smoothness of the temperature profile 6(¢).
The result is

-0 14 Al 0
AQDW le=co= €1U(9an)m exp (HﬁG) le=¢q - (9:27)

Bearing in mind that at the point {g, separating the two zones, the temper-
ature is 6, the pressure is IIg and the concentration is g = 1, (9.27) allows us
to derive the expression for the flame propagation velocity Ap as a function of the
temperature of the reaction products 6,

14 410 0
2 _ Q Q
Ap =& pp— exp<1+69Q). (9.28)

The formula (9.28) completes our study of the flame propagation in this frame-
work.

9.4.4 Comparison with numerics

Typical results of the direct numerical simulations of the original system of equa-
tions (9.16)-(9.17) (time histories) are depicted in Fig. 9.1. The graphs (showing
the dependence of the dimensionless temperature 6, pressure Il and concentration
7 on the coordinate ¢) permit us to easily distinguish two different parts of the
flame front. The first one, where 6 changes up to approximately the value 50, cor-
responds to the preheat zone. The gas pressure reaches its final value here, whereas
the concentration almost does not change. The second part of this graph, where 6
changes from 50 up to 200, matches the region of the fast motion (reaction zone).
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Figure 9.2. Projection of the system’s real trajectory on the planes (6,1I).
The system parameters are as in Fig. 9.1

The graph of II(§) allows us to see that the pressure IT almost reaches its final value
within the preheat zone. The function 1n(£) shows that the concentration n of the
combustible gaseous component hardly changes in the region of slow motion and al-
most full conversion occurs within the reaction zone. The fine structure of the flame
is depicted in the Fig. 9.2. Fig. 9.2 presents analytical (dashed lines OQ and QS)
and numerical (smooth solid curve OWS) solutions for the dimensionless pressure
IT as a function of the dimensionless temperature €. Fig. 9.3 compares analytical
(dashed lines OQ and QS) and numerical solutions (smooth solid curve OWS) of
the dimensionless concentration 7 as a function of the dimensionless temperature 6.
One can see that the approximations obtained with Zel’dovich’s classical approach
describe with great accuracy both functions n(#) and II(6) at any value of the tem-
perature. The single exception is the narrow interval on the temperature scale near
the point Q (separating the two sub-zones).

9.4.5 Conclusions

It is worthwhile to emphasize here, that there are two main conclusions. Firstly, we
conclude that the pressure-driven flame is subdivided into two distinct sub-zones.
Behind this subdivision of the flame front into two sub-zones there are rather deep
physical principles (conservations laws). Within each of these sub-zones, the original
system of governing equations can be simplified and reduced to a form which allows
analytical solutions. The second conclusion is the existence of partial integrals
within these sub-zones (each sub-zone is characterized by its own partial integral).
Due to the approximate character of the subdivision, we can interpret the existence
of the two partial integrals as the existence of approximate integrals of conservation
(conservations laws). In other words, each sub-zone is characterized by a specific
combination of variables which remains almost constant, while the phase trajectory
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Figure 9.3. Projection of the system’s real trajectory on the planes (6,n).
The system parameters are as in Fig. 9.1

of the system (9.16)-(9.17) belongs to the corresponding sub-zone.

From our point of view, these outcomes were of critical importance. They
showed us the way forward and we used them to determine new auxiliary variables.

If we consider in detail either one of the sub-zones, the original system (9.16)-
(9.17) or (9.29)-(9.30) of governing ODEs can be approximated within the selected
sub-zone by a simpler one, which takes into account the peculiarities of the chosen
sub-zone. The approximate system of ODEs provides us with the so-called partial
integrals of the system (f — oIl = 0 in the preheat sub-zone, n + 829 = const
in the reaction sub-zone), which are evidently distinct from the energy integral
of the original full system (9.1)-(9.8). The integrals, which are exact within the
appropriate sub-zone of the flame, represent the approximate integrals of the original
full system. The two approximate integrals are valid in distinct sub-zones of the
flame. An expression “almost constant” means that the variable or a combination
of the variables (6 — oIl = 0 or oIl = const ) changes slowly with respect to the
other parameters involved in the problem. This slow change permits us to conclude
that an expression representing the partial integral can be interpreted as a new
variable, whose rate of change is known in advance - it is slower than that of any
other variable in the problem. In other words - we found a way to determine a slow
variable for each of the sub-zones.

9.5 Linear Friction, No Inertia - MIM Approach

The observations made during the process of looking for solutions of the original
full system of ODEs along the lines of Zel’dovich’s classical approach, revealed how
we can rewrite the original system in the form of a singularly perturbed system of
ODEs (recall, that the ODEs are not in the conventional SPS form). To implement
this reformulation, we introduce new variables whose definitions are based on the
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outcome of the previous section. In what follows we present this approach, which
was our first attempt [6] to modify the basic version of MIM [15] so that we could
analyze the given system of ODEs. We return to the non-inertial, linear friction
approximation (9.16)-(9.17) of the original full system (9.1)-(9.8) considered in the
previous section. The dimensionless parameters of the system (9.16)-(9.17) are
defined by the relations (9.9), the initial conditions are given by (9.10). The original
system of three equations may be reduced to a system of the two ODEs due to the
existence of the energy integral (9.18):

do Im—6 1+ p1 0
— =AL II 2
%~ by tene T e (1 ) (9.29)
dIl Im—6
= A2 (9.30)

o— = .
d¢ P1+p0
We will exploit the existence of the approximate conservation laws within the

sub-zones to determine new auxiliary variables and will proceed with our analysis
in these variables.

9.5.1 Singularly perturbed system - SPS

Despite a significant difference in the characteristic times of the processes involved,
the system (9.16)-(9.17) and the reduced system (9.29)-(9.30) do not represent a
singularly perturbed system of ODEs in the conventional form. To make the reduced
system of ODEs tractable to the chosen asymptotic approach (MIM), it is helpful
to subdivide consideration of the problem into the two stages corresponding to
the two distinct regions in the phase plain (6,11). As we will see, the suggested
subdivision follows naturally the structure of the flame front as can be obtained
from Zel’dovich’s approach and represents an advance of the accepted approach,
see [9].

In accordance with Zel’dovich’s approach, we can single out two qualitatively
different sub- zones within the flame front - preheat and reaction ones. Within the
preheat zone the energy of the system (60 — oIl ) is almost constant and conserves its
initial zeroth order value (due to the negligible impact of the exothermic chemical
reaction at low temperatures in this sub-zone), whereas the system’s momentum
(oTI) changes significantly. Therefore, an approximate integral § — oI = 0 exists in
the preheat sub-zone and a variable u, defined as u = # — oIl , can be interpreted as
a deviation from the approximate law of conservation. As a result, we expect that
the rate of change of this variable will be less than that of any other variable. Thus
we introduce two new auxiliary variables (recall, the third one, say concentration,
can be excluded due to the existence of the energy integral) in the following way
(the meaning of the second variable will be discussed later)

u=460-—oll; v==60— 201l (9.31)

The variable v has a simple physical interpretation. The RHS of the definition
of v in (9.31) represents the difference between the two heat fluxes governing the
dynamics of the temperature 6 (see the RHS of the Eq. (9.16)). It will be shown
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Figure 9.4. The slow curve RPQ and two different stages of a trajectory
for different values of flame velocity Ap. ON - stage of the initial fast motion, @ -
point of intersection between the asymptotically fast motion ON and the slow curve
RPQ, TU - the second stage of the trajectory (fast). Shape of the curve RPQ and
location of the point Q) depend on the unknown flame velocity Ap

that the point where these two fluxes are equal plays a highly important role in the
determination of the system dynamics.

The variables (9.31) allow us to rewrite system (9.29)-(9.30) in the conven-
tional form of a singularly perturbed system of ordinary differential equations and
to apply the appropriate methods of asymptotic analysis. Thus, the system of
governing equations (9.29)-(9.30) now reads

Al%jz — Hpp (6(u,0), TT(u, 0)) + Al%HRD (8, v), T(u, v)) (9.32)
Zig — Hrp (0(u,v), Il(u,v)) | (9.33)
where
Hep 01 = T2
Hpp (0,11) = e1 (6, 10) iggemp (1 +969> .

9.5.2 Application of MIM

The system (9.32)-(9.33) represents a singularly perturbed system of ODEs, where
the reciprocal of the square of the flame speed serves as a dimensionless small
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Figure 9.5. The slow curve RPQ and two different stages of a trajectory
for different values of flame velocity Ap. ON - stage of the initial fast motion, Q -
point of intersection between the asymptotically fast motion ON and the slow curve
RPQ, TU - the second stage of the trajectory (fast). Shape of the curve RPQ and
location of the point @ depend on the unknown flame velocity Ap

parameter. This makes an application of MIM legitimate. The singular character
of the system implies that, at least initially (in the region of small temperatures 6 ,
where the inequality Hpp (v, u) >> Hprp(v,u) is valid), Eq. (9.32) describes the fast
process, whereas the second equation (9.33) describes the slow one. Hence, we have
the fast variable v and the slow variable u. Making use of MIM, one can subdivide
an arbitrary trajectory of the system (9.32)-(9.33) in the phase space into fast and
slow parts. The fast stage is characterized by a constant value of the slow variable u,
where the slow part is located within a é - neighborhood of the integral manifold.

The exact location of the integral manifold of the system (9.32)-(9.33) is unknown
and its resolution represents a separate complicated problem which is beyond the
scope of the present work. Nevertheless, the general theory of integral manifolds
[7], [15], [22] allows us to determine the zeroth order approximation (with respect
to the small parameter é) to the exact integral manifold. Such an approximation

is called the slow curve (see Section 3 for additional details).
The slow curve of Eqs. (9.32)-(9.33) is found by equating the RHS of Eq.
(9.32) to zero, i.e.

1
Q(u,v) = Hpp(u,v) — EHRD(U,U) =0. (9.34)
Due to the definitions of the variables v and w, the initial point O (in the
(v,u) plane ) coincides with the origin (Figs. 9.4). Recall that the exact location of
the slow curve RPQ (Figs. 9.4, 9.5, 9.6) depends on the unknown parameter Ap.
The trajectory starting at the origin moves along the v-axes (the slow variable u
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Figure 9.6. The slow curve RPQ and two different stages of a trajectory
for different values of flame velocity Ap. ON - stage of the initial fast motion, @ -
point of intersection between the asymptotically fast motion ON and the slow curve
RPQ, TU - the second stage of the trajectory (fast). Shape of the curve RPQ and
location of the point @ depend on the unknown flame velocity Ap

conserves its initial value u = 0). The branch RP of the slow curve is repulsive,
therefore the trajectory moves in the negative direction (part ON, Fig. 9.4). We can
show that this initial stage of the system dynamics is characterized by the constant
value of the concentration 7, which conserves its initial value ng = 1. Therefore, this
part of the trajectory can be interpreted as the preheat zone of the flame, where
only the temperature and pressure change, and the concentration is constant.
Asymptotically, the fast motion ON continues until the intersection with the
attractive branch PQ of the slow curve. The location of the intersection point Q
depends on the position of the slow curve RPQ which, in turn, depends on the value
of the dimensionless flame speed Ap, and may vary (Figs. 9.4, 9.5 represent slow
curves with various values of Ap). In accordance with the general approach (MIM)
just after the intersection with the slow curve RPQ, the trajectory begins to move
in close proximity to the slow curve and the slow part of the trajectory begins. This
does not happen in this model! The explanation is intriguing: the system under
consideration is unique (with respect to the numerous models analyzed earlier [9],
[17]) and does not contain the conventional slow motion. The uniqueness of the
slow curve RPQ resides in the following fact. When the trajectory (fast part ON)
approaches the vicinity of the branch PQ, the value of the variable v becomes
comparatively large (it can be about 20-40 depending on the parameters). These
values of the variable v drastically affect the relation between various terms in the
Eq. (9.34): they become closer and the distinction in the difference of rates of the
two variables (v and v) is lost. As a result, the trajectory deviates from the v -
axis and does not adhere to the branch PQ of the slow curve after intersection.
In other words, the slow curve RPQ loses its important attractive properties and
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Figure 9.7. Asymptotic trajectory OQS and real one OWS (data obtained
as a result of a direct numerical simulation of the initial system of the governing
equations). The system parameters read: (3 = 0.0295; v = 1.3; 61 = 6.4x107%; &5 =
4.35x 1078; ¢ = 5.66. The dimensionless flame velocity (used for dashed trajectory,
numerical data) is Ap = 1.42 the dimensional one is D = 72.1m/s

ceases to be a real slow curve when the trajectory approaches it. Hence, just after
intersection with the slow curve the trajectory begins the second stage of the motion,
approaching the straight line TU (the equation of the line TU can be easily derived
and is u — v = 06p). From the physical standpoint, the part TU represents the
reaction zone of the flame and the point S describes the burnt mixture with the
parameters 6, I, and 1, = 0 (far behind the flame front) and the coordinates in
the (u,v) plane vy = (1 — 20)0, and up = (1 — 0)6.

To find the desired trajectory in this situation we should match the two differ-
ent parts. The natural way to perform the matching is to suggest that the slow curve
RPQ, the fast motion ON and the line TU have a single joint point Q (coincides
with T, Fig. 9.6). Matching in this way permits us to determine the coordinates of
the point Q, which are

€1

. =1
(1_0_)777Q )

HQ :O'HQ; HQ = Hb =
&2

(9.35)

and to uncover the internal structure of the flame. The point Q serves as a boundary
between the preheat and reaction zones of the flame front. Fig. 9.7 presents a
comparison between the asymptotic trajectory OQS, computed from MIM and the
curve OWS, which is the result of the direct numerical simulation of the system. One
can see that the approximation is reasonable and the main difference is observed in
the neighborhood of the point Q.
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9.5.3 Flame velocity

To derive an analytical expression for the wave velocity Ap, we assume additionally
that both the temperature and its first derivative are continuous functions. This
assumption means that we demand continuity of the heat flux across the flame
front. The approximate trajectory (solution) consists of two stages (OQ and QS).
The single point where the continuity might be problematic is the point Q. Equating
the two terms on the RHS of the Eq. (9.29) at the point Q (with coordinates (9.35))
allows us to provide the smoothness of the temperature profile within the flame.
Once this is done, we derive an analytical expression for the flame velocity Ap

14 41 0
2 _ Q Q
ADean_eQexp<1+ﬁ9Q), (9.36)

which coincides with the formula obtained earlier (9.28). This lent credence to the
accepted modification of MIM and encouraged the authors to extend the region of
its applications.

One can see that the structure of the expression (9.36) resembles the well
known formula for the flame speed for the gaseous combustion suggested in [23],
where the flame velocity is proportional to the square root of the Arrhenius expo-
nent. The power of the exponent is determined by the temperature at the point Q
serving as a boundary between two sub-zones of the flame front.

0.6 Non-linear Friction, No Inertia

We return now to the original full system (9.1)-(9.8) and consider the approximation
characterized by an absence of the inertia effect but including the quadratic depen-
dence of the friction force (9.7) on the velocity of the gaseous mixture. Thus, the
present problem differs from the previous one only by the inclusion of the friction
force. Then, we may rewrite the original full system (9.1)-(9.8) in the form:

do_ .y (1=0)[1—0] 1+ BII 9
@& Fassearpn  YM1ype (1+ﬁ0>7
U@:A% (n_9)|n—9|7
dé (1+ B9)(1 + A1)

dy 1440 0

In this simplified version of the original problem we use the following definition
of the flame speed Ap (subscript F emphasizes the fact that the friction force is
proportional to the square of the gas velocity)

(9.37)

5 _ e BD° 1
AFKFCpTerXp<2ﬁ>' (9.39)

The system (9.37)-(9.38) is adiabatic, and therefore the energy integral exists
and is derived easily to be
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n—1+22(0 - oll) = 0.

€1

The adiabatic point (state of the burnt gas behind the flame front) is easily
calculated to be

€1

=0;0, =1, = ———.
m = U; oy b= -0

The observations made above and our experience helped us to find an elegant
way to determine the new auxiliary variables, which allows us to rewrite the original
system in the classical form of a singularly perturbed system of ODEs and to give
a physical explanation. We present this approach below, see also [6].

9.6.1 Singularly perturbed system - SPS

The system (9.37)-(9.38) can be reduced to two ODEs by eliminating the dimen-
sionless concentration 7. To make the reduced system of ODEs tractable to the
chosen asymptotic approach (MIM), it is helpful to subdivide the consideration of
the problem into the two stages corresponding to the two distinct regions in the
phase plane (#,1II). To perform this subdivision, it is useful to introduce two new
pairs of auxiliary variables, which are based on Zel’dovich’s approach (Section 4):

u=0—oll; v=20—20IL (9.40)

The physical rationale lying behind such a choice of variables u and v was
explained in detail in Section 5. The variables (9.40) allow us to rewrite system
(9.37)-(9.38) in the conventional form of a singularly perturbed system of ordinary
differential equations and to apply the appropriate asymptotic method of analysis.

The system of equations within the preheat sub-zone is

/\éflz = —Hprp (0(u,v), I(u,v)) + A1%HRF (0(u,v),I(u,v)), (9.41)
L | 42
dif - RF ( (u’ U)7 (u7 ’U)) ’ (9 )

where the following notation is used

(IT (u, v) — 6 (u,v)) |H(u, v) — O(u,v)|
(1480 (u,v))(1 + BIl(u,v))

Hpp (u,v) = (9.43)

Hprr (u,v) =e1n (0 (u,v), I (u,v)) 11—:_%1;((5’;)) exp (1 _f/g;’&) v)) . (9.44)
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9.6.2 Application of MIM

The system (9.41)-(9.42) represents a singularly perturbed system of ODEs, where
the reciprocal of the cube of the flame speed serves as the dimensionless small
parameter.

The slow curve of the Eqs. (9.41)-(9.42) is found by equating the RHS of Eq.
(9.41) to zero, and reads

L HRF(U,U) =0. (945)

Quu(u,v) = —Hpp(u,v) + e
F

Now, since the present system differs from the previous one by only the friction
term,the reader might refer back to the analysis which was performed in the case
of linear friction. Accordingly, the same phase picture can be obtained (see Fig.
9.6), and the approximate trajectory (asymptotic solution) consists of the two parts
(0Q and QS Fig. 9.6). Matching made in this way permits us to determine the
same coordinates of the point Q see (9.35) and to reveal the internal structure of
the flame. The point Q acts as a matching point, distinguishing the preheat and
reaction sub-zones of the flame front.

9.6.3 Flame velocity

To derive an analytical expression for the wave velocity A, we follow the procedure
used for the derivation of formula (9.36). The point Q belongs to the slow curve
(9.45); therefore, substituting the coordinates of the point Q (9.35) into (9.45), one
readily gets an analytical expression for the flame velocity Ap:

5 (1 + Allg)? o
AF = Elmexp (]%> . (946)

As before the physical rationale for (9.46) is rather simple. The condition that
the point Q belongs to the slow curve (9.45) means that we demand continuity of
the heat flux within the flame. Equating the two terms on the RHS of the Eq.
(9.37) at the point Q (with coordinates (9.35)) allows us to provide the smoothness
of the temperature profile within the flame.

The structure of the expression (9.46) resembles the well known formula for
the flame speed for the gaseous combustion suggested in [23] where the flame veloc-
ity is proportional to the square root of the Arrhenius exponent. Unlike Zel’dovich’s
formula, the expression (9.46) gives an unusual cube root dependence of the flame
velocity on the Arrhenius exponent, where the exponent is determined by the tem-
perature at the point Q serving as a boundary between two sub-zones of the flame.

It is worthwhile to compare our prediction (9.46) with the results obtained in
[16] on the basis of a very complicated modification of the conventional multi-scale
approach. In the notation of [16] the flame velocity D determined by (9.46) can be
re-written in the form

1 ¢, TpA E
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1 QCYo T, —To
T =Ty — —(Tp - Tp); Ty = Tp + —L2; g = =220,
+ b 7(b 0); Ty o+ o i q T
One can show that the dimensional equivalent of the formula (9.46) can be
transformed into a form which coincides with the corresponding relation derived in
[16]. This is further justification of our method.

9.6.4 Theory vs numerics

We can represent the trajectory analyzed in Section 5 in another way. Fig. 9.8 gives
the flame velocity Ag as a function of the parameter «, and compares the theoretical
prediction (9.46) (estimate of the flame velocity Ar) and numerical data. The speed
of the flame grows with increasing . The accuracy of the analytic prediction can
be estimated by the formula

Atheor — Anum
%100, (9.48)
F
where A¢°" is the theoretical prediction (9.46) for the flame velocity and A™ rep-
resents the result of the numerical simulations. We can see that the accuracy of the
theoretical predictions depends significantly on the chosen parametric region. For
our specific set of problem parameters, the relative error of the analytical formulae
is about 4-5% and grows slowly when + increases.

Fig. 9.9 graphs the flame velocity Ap versus the parameter 8 (reduced initial
temperature of the system) and compares the theoretical prediction (9.46) with
numerical data. The speed of the flame increases sharply in the region of small
values of § and tends to some constant value when 3 increases. The accuracy
(9.48) of the explicit expression (9.46) in our parameter region is about 3-7%. Note
that the absolute error of the prediction (the difference between the asymptotic
estimate and numerical data) looks almost constant and shows little dependence on
0.

Fig. 9.10 graphs the flame velocity Ap versus the dimensionless parameter ¢
(see Eq. (9.47)) and compares the theoretical prediction (9.46) and numerical data.
The speed of the flame increases in the region. Both the absolute and relative values
of disagreement grow with q. The accuracy of the explicit expression (9.46) in the
parameter region used for the numerical simulations is within 2-6%.

0.7 Inertia

The most complex problem, which has been solved to date using the modified
version of MIM, is the problem of inertia effects on the propagation of the pressure-
driven flames in porous media. We note that by taking into account the inertia of
the gaseous fluid we are no longer restricted to the sub-sonic region of the flame’s
velocity. The original system also describes supersonic flames (of both detonative
and deflagrative natures).
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Figure 9.8. Theoretical prediction of the flame velocity dependence on the
dimensionless parameter v versus results of numerical simulations. Upper figure (a)
- flame velocity dependence on the parameter v, solid line - formula, black squares -
numerical data; Lower figure (b) - relative error of the theoretical prediction, which
is calculated according to the expression (9.46). Other system parameters: q=5.66,
0 = 0.0295

In what follows we present an application of the current version of the MIM
to the problem described above i.e. pressure driven flames in porous media, the
friction force being proportional to the square of the gas velocity, and the inertia
effects are accounted for.

The corresponding dimensionless system of equations reads

do (1 - ginertw> A:;):'HF (07 H) + (1 - 5ine'rt((1+7ﬁe)) Hpg (97 H)

- = (1+5H)3‘7 1+BH)QUB
d B (1+86) ’
g (1= Sinere 57
(9.49)
-0 inert
@ _ (1 — Einert (1(_,'_[31-1))2) A%HF ((9, H) — (1E+BH)5HR (9’ H)
* (1 = mere it
dn €2
D _ZHg(0,1). 9.50
d¢ €1 R( ) ) ( )
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Figure 9.9. Flame velocity Ar dependence on the dimensionless parameter
B. Upper figure (a) - dependence of the flame velocity on the parameter 3, solid line
- theoretical prediction, black squares - numerical data. Lower figure (b) relative
error of the theoretical prediction, which is calculated according to the expression.
Other system parameters: ¢q=5.66, v = 1.3

Here the functions Hp and Hp are given by (9.43)-(9.44). In addition to the di-
mensionless parameters (9.9) a new dimensionless factor €;,¢,+ appears (responsible
for the inertia effects)

3 pD?

&, = =
wnert CpTO

<1, (9.51)

where D is defined in (9.47). The system (9.49)-(9.50) is subject to the same initial
conditions (9.10).

The energy integral can be derived as a result of an appropriate combination
of the equations (9.49)-(9.50) and further integration. It reads:

[Sp) Einert (H - 9)2
-1+ =(0—oll — ) =0
g o > (L4 pme)

Equality between the dimensionless temperature 8, and pressure I, behind
the flame front and the natural assumption that the reaction has been completed in
this region (n, = 0) allow us to determine the main characteristics of the medium
at the stationary point of the system:



282 Chapter 9. Multi-Scale Analysis of Pressure Driven Flames
parameter q
2.5 -
2
2 < E
K9
1.5 >
: L

4.5 5 5.5 6 6.5 7

parameter q

5.5 .
5 X
N

4.5 5
-

4 (0]
3 ©
2.5 °

4.5 5 5.5 6 6.5 7

Figure 9.10. Flame velocity A dependence on the dimensionless parame-
ter q. Upper figure (a) - dependence of the flame velocity on the parameter q, solid
line - theoretical prediction (9.46), black squares - numerical data. Lower figure (b)
- relative error of the theoretical prediction (9.46), which is calculated according to
the expression (9.48). Other system parameters: § = 0.0295, v = 1.3

€1

Op =1l = ——.
b b 52(1—0')

The number of equations can be reduced due to the existence of the energy
integral (say, concentration, 7, can be excluded, as above). The expression for n
reads

o &2 Einert (H*G)z
MO = 1= 220 — Tl = =5 s

).

9.7.1 Singularly perturbed system - SPS

In order to reformulate the equations (9.49)-(9.50) in the form of SPS and to make
them tractable to the MIM, we need to introduce a pair of new variables instead
of 6 and II. The new variables should allow us to emphasize the difference in time
scales.

All previous arguments could be repeated. Following the proposed algorithm
for the determination of the new auxiliary variables, we define two new variables in
the form:
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Einert (H - 9)2

v==0-—oll - > (L1 A (9.52)
_ Einert (H - 9)

Here the variable v can be interpreted as a deviation from the approximate law
of energy conservation (in the absence of reaction - preheat sub-zone), whereas u can
be understood as a deviation from the approximate law of momentum conservation
(reaction sub-zone). Having determined the new variables (9.52), (9.53), we expect
a slow variation within the relevant sub-zones.

With the introduction of variables u and v we rewrite the system (9.49)-(9.50)
in the form

dv

& = Hg (6(u,v),I(u,v)), (9.54)
;l—z = A3 Hp (0(u,v), TI(u,v)). (9.55)

To successfully perform an asymptotic analysis of the system (9.49)-(9.50) we
divide the physically interesting region of the phase plane into the corresponding
two sub-regions. The asymptotic solutions obtained separately in these sub-regions
are then to be matched. We now introduce a new additional variable, w, defined by

Einert (H - 0)2 Einert (H - 0)
2 (14pm2 B (1+40)

The new variable w has a distinguishing feature - it is a fast variable within
both of the sub-zones. Indeed, in the region where an input of the chemical reaction
is considered as negligible (the preheat sub-zone), the term Hpg is exponentially
small and the inequality Hr << Hp is valid. Therefore, the rate of change of the
variable v is much slower than that of w. One can conclude, that the variable v can
be interpreted as slow, whereas the variable w is fast. Within the reaction sub-zone
the relation is the opposite. The heat release term Hpi becomes dominant and the
inequality Hr >> Hp becomes valid. Hence, the rate of change of the variable u
is much slower than that of w. A natural conclusion is that the variable u can be
treated as slow, whereas the variable w is again fast.

Thus, the current system of governing equations decouples into two different
singularly perturbed systems of equations within the appropriate sub-zones of the
flame front. Both of the systems contain one of the pair of equations (9.54) or
(9.55), and a differential equation for the new variable w

w=v—u=0-—20ll —

d
M Hp— A3 Hp. (9.56)
dg
Thus, there is good reason to consider a flame configuration within the pre-
heat sub-zone governed by the pair of the equations (9.54), (9.56) (v - slow, w -

fast), whereas the combustion wave structure within the reaction sub-zone would be
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better described by the pair (9.55), (9.56) (u - slow, w - fast). This decomposition
permits us to rewrite the original system (9.49)-(9.50) as two separate systems for
the different sub-zones of the flame. Each of these systems has the conventional
form of SPS of ODEs, which makes a direct application of MIM legitimate.

9.7.2 Flame front structure - sub-zones

We now turn to the analysis of the possible dynamical scenarios of the solutions of
the reduced system derived from (9.49)-(9.50). We catalogue the different possibil-
ities according to the criteria mentioned above.

A. Preheat sub-zone. The variables (v, w) are the most suitable ones to analyze
the dynamics in the preheat sub-zone. Here w is a fast variable and v is a slow
variable. For these variables the reduced version of the system (9.49)-(9.50) can be
rewritten as the following:

‘fiig = Hp (000, W), TI(0,0)) — A Hp (0@, w), (v, w)),  (9.57)

d
Y Hp (00, w), (v, w)) .
dg
The slow curve of the singularly perturbed system is derived by equating the
RHS of the equation (9.57) for the fast variable (w) to zero. Hence, for the preheat
sub-zone the slow curve for the current system is given by the equation:

Quo = Hr (0(v, W), (v, w)) — ALHp (0(v, w), (v, w)). (9.58)

We note again that the exact form and location of the slow curve depend on
the value Ap of the flame velocity, which serves as an unknown parameter of the
problem (to be determined).

The slow surface can consist of stable and unstable parts, in the sense that
they attract or repel trajectories. For the initial point P;, the branch Ry,Sy., of
the slow curve, €, is attractive and the trajectory Pj,Q., moves towards it (Fig.
9.11). The trajectory moves in such a way, that the value of the slow variable v
conserves its initial value while the value of the fast variable w changes rapidly. We
can readily show that this initial stage of the system dynamics is characterized by the
constant value of the concentration 7, which conserves its initial value ng = 1. This
outcome justifies our assumption that this part of the trajectory can be interpreted
as the preheat zone of the flame, where the temperature and pressure change while
the concentration remains constant.

B. Reaction sub-zone. The variables (u,w) are the most suitable to analyze
the dynamics in the reaction sub-zone. Here w is a fast variable and u is a slow one.
For these variables the reduced version of the system (9.49)-(9.50) can be rewritten
as

Ccli% = Hg (0(u,w), (u,w)) — AL Hp (0(u, w), T(u,w)), (9.59)
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Figure 9.11. The possible slow curves and trajectories. The slow curve
RiyySwe and the fast part P;, Qe of the trajectory in the plane (v, w)

d

diéf = A3 Hp (0(u, w), T(u, w)). (9.60)
The slow curve of the set (SPS) of equations (9.59)-(9.60) is derived by equat-

ing the RHS of the equation (9.59) for the fast variable (w) to zero. The slow curve

for this zone coincides with slow curve for the preheat zone:

Quu = Hr (6(u, w), (u, w)) — A3 Hp (6(u, w), I(u, w)) . (9.61)

For the initial point Q of this part of trajectory the branch R, Sy, of the
slow curve Q,, (9.61) is repulsive and the trajectory QP moves away from
it in the direction of the final point Pj;,, that corresponds to the burnt mixture
(6p, 1) (Fig. 9.12). Using the definition of w given by (9.53), the slow variable u is
constant and equal to its final value. As in the previous stage, the value of the fast
variable w is fast changing.

C. Entire trajectory. We note that the same equation for the slow curves (9.58)
and (9.61) represents the same curve for two different systems of coordinates: €,
- in the (v,w) plane, and Q,, - in the (u,w) plane. Hence, the points Q.. (Fig.
9.12) and Q. (Fig. 9.11) should represent the same point Q in the original (6, IT)
plane. In other words, the final point @, of the first part P;,Qu, (Fig. 9.11) of
the trajectory should serve as the initial point @, for the second part QuuPrin
(Fig. 9.12) of the trajectory (the points Q. and Q.. coincide with the point Q).

Summarizing the previous analysis and combining the two dynamical scenarios
we can give an approximation of the entire trajectory of the system in the plane
(0,1I) in the following way (Fig. 9.13). Starting from the initial point P;,, the
approximate trajectory P;,Q; (i=1, 2, 3) of the system moves toward the attractive
branch R;S; (i=1, 2, 3). This part of the approximate trajectory matches the
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Figure 9.12. The possible slow curves and trajectories. The slow curve
RyuSwu and the fast part QuuPrin of the trajectory in the plane (u,w)
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Figure 9.13. The possible slow curves and trajectories. Presentation of
various trajectories in the plane (0,11): Q(R;S;) (i=1,2,3) - possible locations of the
slow curve (due to various values of the flame velocities Ap ), PinQ1P1, PinQ2Pfin,
P, Qs Ps - possible trajectories, Pi,Q2Prin - the single trajectory approaching the
final point Py,

part of the approximate trajectory shown in Fig. 9.11 (preheat sub-zone) and
it is characterized by the constant value of the system energy (the variable v is
asymptotically constant in the (v, w) plane).

We recall that the location of the slow curve, the position of the matching point
Q dividing the phase plane into sub-zones and the choice of coordinate systems in
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sub-zones all depend on the value of the flame velocity Ap. In Fig. 9.13 we show
the slow curve, the matching point and approximate trajectory for three different
values of the flame velocity Ap. The existence of a number of slow curves R;S;
(i=1, 2, 3) and matching points @; (i=1, 2, 3) reflects this fact (different values of
the index i correspond to various values of the flame velocity).

The trajectory can reach the singular (final) point Pp;, (with coordinates
O, =11, = #ﬂg)) only for a special value of the flame velocity Ag. In Fig. 9.13
this trajectory is depicted as P;, Q2 Py (i=2). This special trajectory contains two
parts. The first part has a starting point P;,. On approaching the point @2, the
trajectory changes its behavior. The part of the trajectory starting at Q2 moves to
approach the singular (final) point Pf;,. All other trajectories (such as P;,, Q1P
or P;,,Q3P3) move above or below the final point Pf;,. This situation is illus-
trated in Fig. 9.13 by (P;,, Q1P or P;,Q3P5). It would make sense to say that the
part Q2 Py, of the second trajectory Pj,Q2Pri, is compatible with the trajectory
QuwuPrin presented in Fig. 9.12 (reaction sub-zone) in the (u,w) plane. Its distin-
guishing feature is an approximate conservation of momentum (geometrically this
means that the variable u is a slow variable in the (u,w) plane).

9.7.3 Matching point

The location of the final point Py, does not depend on the flame velocity Ar and
has a fixed position in the phase plane. Therefore, the only way to find the desired
trajectory (Pi,Q2Pfin, Fig. 9.13) is to vary the slow curve in such a way that the
matching point Q)2 belongs to it. To determine the location of the slow curve we
must match the two different parts of the trajectory P;,Q2Py;y, but first determine
the location of the point ()5. In fact ()2 serves as a matching point between the two
parts of the approximate trajectory that corresponds to the preheat and reaction
sub-zones of the flame front. Performing the matching, we remember that at the
point Q)2 the variable v has the same value that it has at the starting point P;, of
the trajectory P;,Qu. (Fig. 9.11). Like the variable v, the variable u at Qo has
the same value that it has at the singular (final) point Pf;,. Hence, we have the
following system of equations for evaluating the coordinates of the point Q)o:

HE (0g,11q) — AHr (6q,11g) = 0, 962)
UQZUQZO; UQ:’Ufm:Ub:O'Hb, .

where 6g and IIg are coordinates of the point Q2 in the (6,II) plane.

We note that the first equation of the three in (9.62) guarantees that the point
Q2 belongs to the slow curve, and the last two are obtained from the asymptotic
analysis of the system trajectory. The last two relations of (9.62) can be rewritten
in the form

Einert (H —6 ) —
UQ:Ufin:O—Hb JHQ—Tﬁ—Unb
< inere (No—09)° 0 (9.63)

UQZUOZO QQ—O'HQ— 5 W—
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The system (9.63) can be solved analytically as was done in the simpler case when
the impact of the inertia was neglected (see Section 6). In this model, the unknown
values IIg and ¢ represent explicit functions of the parameter 8¢ (&inert) describing
the impact of the inertia.

We do not give these functions here because we plan to use a further asymp-
totic expansion of 0g(€inert) and Ilg(einert) as functions of the small parameter

Einert-

9.7.4 Flame velocity

An analytical expression for the flame velocity Az can be determined in the following
manner. We consider first the functions ¢ (ginert) and g (€inert) in (9.63). As a
second step we derive the relation between the flame velocity Ar and the inertia
parameter ;4. Finally, we substitute all these relations, as functions of the inertia
parameter €;pert, into the first of (9.62). This equation means that the matching
point Q2 belongs to the slow curve ). The final equation is

AgF (5in67't) (HQ (5in67't) - HQ (gine7't))2

o (e (9.64)

— &1 (1+ Blg(Eimert))” exp (%) =0.
Using the connection between €;y,¢r+ and D in (9.51), we get an approximate formula
for the flame velocity D. We return to the functions g (€iners) and g (Eimert),
which were derived as a solution of the system (9.63). As the flame velocity is
subsonic, the value of the parameter €;,.+ responsible for the inertia is relatively
small (with respect to unity). Therefore, the functions 8¢ (inert) and Ig(€inert)
can be expanded with respect to the small parameter €;y.;. For our purposes we
get

HQ = AO + EinertAl;

GQ = Bo + €inertB1; (965)
3/2
A%‘ = Ogiréerﬁ

with
1/2

(1—0o)I; K cpT 1 .

Ao =10 Ar = Z5rpm,ys €= 74 ( TP (B)) ’

_ (o), 1 (1—0)*
Bo = olly; B1 = 5a55m,) — 2 aepm)® -

Referring back to the parameter definitions for e;,e+ and Ap, (9.47) and
(9.51), we note that the parameter €;,.r+ is proportional to the square of the di-
mensional flame velocity D (9.51), whereas, the dimensionless flame velocity Ar is
directly proportional to the dimensional flame velocity D (9.39). Hence, within the

framework of this model there is a simple connection between A% and the inertia
3/2

. A3
parameter €ipert: A ~ €507 L.
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This relation and the expansions (9.65) can be substituted into the equation
(9.62) (the slow curve equation). After simplification the equation (9.64) can be
written as

3/2
inert

Do+ €inertD1 + € + 5?7437':‘,D5/2 =0, (966)

where the coefficients Do, D1, D32, D5/ are given by

Dy =¢e1(1+ BAo)* exp (HBﬁ) ;
Dy =11+ 040) (2641 + (o 1) exp (25 )
D3/2 = (AO — Bo)2c; D5/2 = 2(140 — BQ)(Al — Bl)C

The equation (9.66) is an equation for the inertia parameter €;,¢,+ and can be solved
numerically. Exploiting the definition (9.51) of the parameter €;,.,+ responsible for
the inertia impact, one can get a relation between €;,¢,+ and the dimensional flame
velocity D

D2 Einer Einer
Einert = /CBPTO = D*= cpdy 3 b= (7 — 1;ﬁ (967)

9.7.5 Theory vs numerics

To check the accuracy of the theoretical formulae, a number of direct numerical sim-
ulations have been performed. The Cauchy problem for the system of dimensionless
equations (9.49)-(9.50) has been solved numerically for some typical combinations
of the parameter values, and we present a comparative analysis of the theoretical
predictions and the numerical simulations.

Figs. 9.14 - 9.15 allow us to get a visual impression of how well the approx-
imation based on the asymptotic approach (MIM) describes a real trajectory in
the phase space. The figures are a projection of the real trajectory in the three-
dimensional space (0, I, ) onto the (0, II) plane (Fig. 9.14) and the (6, n) plane (Fig.
9.15). The smooth solid curve P;, W Py;,, represents the result of direct numerical
simulation, whereas the dashed lines P;, Q2 and Q2 Py;, result from the asymptotic
approximations (MIM, within preheat and reaction sub-zones). The approximation
P;,,Q2 of the preheat sub-zone corresponds to the stage P, Qv (Fig. 9.11) and
to the component P;,(Q2 in Fig. 9.13. In turn, the approximation Q2Py;, of the
reaction sub-zone relates to the component Q. Prin (Fig. 9.12) and section Q2 Pfsr,
in Fig. 9.13.

One can see that within the preheat sub-zone (6 in the interval 0-35) the energy
of the system is almost constant - the difference between the two curves (theoretical
and numerical) hardly visible. Visually the pressure II is strictly proportional to
the temperature . The origin of this proportionality can be found in the expression
(9.52). As mentioned above, within the subsonic flame velocity region the parameter
Einert 18 small; and the relation (9.52) reads as v = 6 — oIl. Taking into account the
fact that the variable v is slow within the preheat sub-zone one can easily understand
the reason of the proportionality 6 ~ II. The coefficient of the proportionality (o) is
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Theorem 5.5 (Euler—Maclaurin). Let f(x) be a function with2m+~+2 continuous derivatives
in [xo, xn]. Then, given the compound trapezoidal rule for n intervals T,(h), (5.12), we
have

f " fx)ydx = T,(f) + Ru()), (5.31)

where the truncation error admits the expansion
By 21 (-1 _ fQ@-bh
R.(f) = Zm)"’ (F@ D x0) = fH D (xn)

B2
(2m + 2)!

for some £ in[xy, x,]. By are the Bernoulli numbers. The first few numbers with even index
are By = 1, By = 1/6, By = —1/30 (see §11.2 for further details).

(5.32)
( —x )h2m+2 f(2m+2) ({)

The Euler-Maclaurin formula provides an expansion of the error term in powers of h.
Observe how for the case m = 1 this theorem is related to (5.20).

Notice that as more derivatives of f are equal at a and b, the trapezoidal rule pro-
gressively improves in accuracy if 4 is small enough. This explains the exceptionally fast
convergence in Example 5.3, where the integrand is analytic and periodic on the real line
and the integral is taken over a full period. We can take any m in (5.32) and all terms in
the series vanish. Only the last term (depending on some ¢) survives. In fact we have the
following result.

Theorem 5.6. If f is periodic and has a continuous kth derivative, and if the integral is
taken over a full period, then

IR/ =0(n""), n— 0. (5.33)

Because for the Bessel function in Example 5.3 (5.33) is true for any %, we can expect
that the error may decrease exponentially (as we already know). The same happens when
we have a C*™-function with vanishing derivatives of all orders at a and b. For example,
the trapezoidal rule for the integral

1

f T dx (5.34)

-1

is again exceptionally efficient. The integrand can be continued as a periodic C*°-function

on the real line with interval of periodicity [—1, 1] and Theorem 5.6 also applies in this case.
Even more important (at least regarding the computation of special functions), also

for infinite range integrals

/OO f(x)dx, (5.35)

the error of the trapezoidal rule decays very fast under certain analyticity and fast decay
conditions for f(x). As we will see in §5.4 and §5.5, one can take advantage of this for
computing a good number of contour integrals defining special functions. Also, considering
special changes of the variable of integration, one can transform other types of integrals and
put them into a form suitable for the trapezoidal rule (see §5.4.2).
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Figure 9.16. Typical time histories of the flame front. The system para-
meters - see caption to Fig. 9.1

are presented in Fig. 9.16 and should be compared with the analytical predictions.
In the Fig. 9.16, one can see that the pressure Il and the temperature 6 begin to
change in the preheat sub-zone (the pressure II rises faster than the temperature
6), while the value of concentration n looks constant (the energy of the system - the
variable v - is asymptotically constant). Pressure rises and at some point reaches
a value higher than the final one. Then the temperature # and the concentration
7 begin to change quickly while the pressure II remains constant (the momentum
of the system - the variable u - is asymptotically constant within this sub-zone).
In accordance with the theoretical predictions, the pressure rises faster than the
temperature and it reaches its final value (pressure of the reaction products) at the
point close to where the temperature jumps. This is the point )2, which separates
the two sub-zones of the flame (reaction and preheat). Note here, a comparison
between Figs. 9.1 and 9.16 (time histories) shows the inertia effects even in the
region of the sub-sonic flames.

The dependence of the dimensional flame velocity D on the small parameter
0 for different cases and the accuracy of the theoretical predictions are presented in
the Figs. 9.17 - 9.18. The solid curves in the Fig. 9.17 depict the results of numer-
ical modeling, whereas the dashed lines give the theoretical predictions. The odd
numbers correspond to the non-inertial case, whilst the even numbers (2, 4) relate
to the model with inertia taken into account and compare theoretical predictions
(9.46) (non-inertial approximation of the flame velocity Ap (9.67)) and numerical
data. The speed of the flame grows with increasing (.

The accuracy of the analytic prediction can be estimated by a formula similar
to (9.48):

theor num
AF — AF

100 (9.68)
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Figure 9.17. Theoretical prediction (9.67) of the flame velocity dependence
on the dimensionless parameter B versus results of numerical simulations. Dimen-
stonal flame velocity D versus parameter 3. Solid lines - numerical simulations,
dashed ones - theoretical predictions; the odd numbers (1, 8) - non-inertial model,
the even numbers (2, 4) - inertia is accounted for

where A" is the theoretical prediction (9.67) for the flame velocity and AR“™
represents results of an appropriate numerical simulation. In Fig. 9.18 the results
of the comparison are plotted. The curve 1 presents the relative accuracy of our
approximation for the non-inertial model (relative difference between the lines 1
and 3 in the Fig. 9.17), whereas the line 2 depicts the result of an application of the
formula (9.68) to the model with the inertia mechanism accounted for. Fig. 9.18
illustrates how the accuracy of the asymptotic formulae (9.67) and (9.46) changes
as the parameter § increases. Both calculations were performed with respect to a
numerical simulation of the model with the inertia mechanism accounted for. In
fact, the curve 1 in Fig. 9.18 presents a relative difference between the lines 2 and
4 in Fig. 9.17 (relative error is and remains positive), whereas the curve 2 in Fig.
9.18 depicts a relation between the curves 2 and 3 where the relative error fast
becomes, and remains, negative. The analysis of the relevant numerical simulations
shows that the accuracy of the theoretical predictions depends significantly on the
parameter region. For the specific set of the problem parameters, the relative error
of the analytical formulae is about 4-6% and grows slowly within this interval as
the parameter § increases. The discrepancy between the analytical formula and the
results of the numerical simulations is rather small.

9.8 Conclusion

We now summarize the basic results of the present work. The general problem
of combustion in porous media has been under detailed investigation by a large
number of researchers over the last decades and there are thousands of scientific
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Figure 9.18. Theoretical prediction (9.67) of the flame velocity dependence
on the dimensionless parameter 3 versus results of numerical simulations. Relative
accuracy of the theoretical formulae versus dimensionless parameter 3. Digits des-
ignate: 1 - relative accuracy of the approzimation (9.46) compared with numerics
for the non-inertial model (relative difference between the lines 1 and 3 in the Fig.
9.17); 2 - relative accuracy of the approzimation (9.67) compared with numerics for
the inertial model (relative difference between the lines 2 and 4 in Fig. 9.17)

papers devoted to the problem. Despite this the phenomenon of a combustion wave
driven by a local pressure elevation through the inert solid skeleton filled with a
combustible gaseous mixture represents a relatively new class of problems in the
mathematical theory of combustion. The problem is new from both the conceptual
and technical standpoints. The conceptual novelty lies in a conclusion that pressure
diffusion through a porous medium (so-called “barodiffusion”) plays the leading
role in the determination of the system dynamics. Recall that the pressure does
not affect open flames. The technical novelty of pressure driven flames in porous
media consists in a significantly higher level of mathematical difficulty. The present
paper is devoted to the detailed investigation of a series of problems of pressure
driven flames in inert porous media. A step-by-step growth of the complexity level
of the models of the phenomenon is illustrated and the corresponding evolution
of asymptotic tools developed for their solution. The new models represented a
challenge to researchers dealing with flame propagation problems. We developed
an original mathematical technique for this class of combustion problems. The
technique is based on two main sources:

(1) The Zel’dovich idea regarding the possible sub-division of the flame front
into a number of sub-zones with significantly distinct properties,

(2) The method of integral (invariant) manifolds (MIM), in its geometrical
version adapted to combustion problems.

The asymptotic tool can be briefly described in the following way. The origi-
nal complex system of PDEs is reduced to the system of ODEs by introducing the
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automodel time-like coordinate. The introduction of new auxiliary variables trans-
forms the original system of ODEs to a corresponding singularly perturbed system
of ODEs. To determine these new variables one divides the flame front into two
distinct sub-zones (preheat and reaction ones) and determines approximate conser-
vation laws within each of the sub-zones. The new variables are defined as deviations
from the laws of conservation. The dynamics of the singular perturbed system is
then examined using the novel mathematical technique, namely, the geometrical
version of the method of the integral (invariant) manifolds (MIM). This approach
permits us to explore analytically the internal fine structure of the reaction zone,
to derive explicit formulae for the parameters of the burnt products, and to obtain
an explicit formula for the flame speed. To check the accuracy of the analytical
results obtained from the model analysis, a series of direct numerical simulations
is performed. A comparison of the asymptotic results with the direct numerical
simulations was performed for each one of the models presented here. The com-
parison showed good agreement, suggesting that the asymptotic tools capture some
of the essential physics associated with flames driven by local pressure elevation.
Additional physical effects, such as supersonic flames and combustion waves in the
vicinity of Chapman-Jouguet point, require further investigation. Curiously, it was
found that a naive application of the Zel’dovich approach to the simplest version
(Sections 4) of the generic model gives exactly the same results as the asymptotic
method. In more complicated problems (Sections 6, 7) a direct application of the
Zel’dovich algorithm becomes impossible and the proposed mathematical technique
plays a critical role in our search for the problem solution. The authors would like
to underline that, at the current stage of development of the proposed asymptotic
tool, it represents an empirical algorithm which lacks a rigorous justification.

9.9 Appendix - Recent Results

The present Appendix contains our most recent results. Due to the nature of the
material, the presentation will be brief.

Let us return to the original full model (9.1)-(9.8). Consider its approxima-
tion, characterized by (1) linear dependence of the friction force Fp (9.7) on the
gas velocity and by (2) an absence of the inertia effect. Performing a suitable in-
tegration and substituting the dimensionless variables determined by (9.9), we get
the dimensionless system (9.16)-(9.17) subject to the initial conditions (9.10). To
demonstrate the essence of the new proposed approach (which is still under devel-
opment), let us additionally assume the Frank-Kamenetskii [8] approximation and
put 8 =0 in the set (9.16)-(9.17). The simplified system reads:

do

€ A(II—0) +emexp (0), (9.69)
dll
i A(II-9), (9.70)
d
d—g = —eamexp (6). (9.71)
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The system (9.69)-(9.71) has an energy integral:

€
n—14 =2(0—oll) =0,

€1
which permits us to determine the parameters of the burnt mixture (behind the
flame front):

€1

=00, =1 = ———.
m = U; Oy b= -0

In addition, the existence of the energy integral allows us to reduce the number
of governing equations by one. The resulting system reads

Z—Z:A(H—Gﬂ—el (1 - 2(9—011)) exp (0), (9.72)
dIl
T —A(II—¥). (9.73)

This system is subject to initial conditions

0(0) = £ < 1; H(O):§<<1,

where the choice of the form (9.73) eliminates the so-called cold-boundary problem,
at the initial stage, in the burned gas. The chosen boundary conditions allow us to
avoid the cold-boundary problem and find the burning-rate eigenvalue A because the
system is underdetermined. Before proceeding with the analysis it is worthwhile to
estimate some characteristic values of the system parameters: 0.1 < ¢ < 0.3, 1076 <
g9 < €1 < 107%. Hence, the characteristic value of the adiabatic dimensional
temperature and pressure has the order of magnitude ~ 102. Note also, that the
singular (stationary) point of the system (9.72)-(9.73) is a saddle. This means, in
particular, that this point is reachable along a single direction (separatrix) and an
arbitrary trajectory of the system approaches its final point along this direction.

Consider the system (9.72)-(9.73), and construct an approximate solution in
the vicinity of the stationary (adiabatic) point of the system. The trajectory be-
haviour of the system in the phase plane (0, 1I) is determined by the solution of the
following equation:

do €1 (17%(970’1_[))

an =t T Am—o)

The Eq. (9.74) can not be solved straightforwardly. Nevertheless, it is possible

to simplify this equation and obtain an approximate solution. Recall that any

system trajectory must approach a saddle along the separatrix. This direction can
be readily written:

exp (9) . (9.74)

do o€
Tl 0—e, =0 TAexp()= 1+T26XP(96)7

HHHb
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where the coefficient A is evaluated in the following way (an exponentially small
term is omitted):

A=(1-o0)exp(—0)) + — ~ —.

Thus, the simplified solution can be easily found from Eq. (9.74)

/(l—l—sj\"’dt;a(ﬁ)):a/dm

and, after integration, yields

0 —In (1 + %2 exp (9)) = oIl + Const.

The constant of integration is determined by the values of the variables at the
stationary point. Thus

14 &2 0
0— 0, —1In (+€AeXp(>> = o(Il —1I).
1+ % exp (0p)

Now, expanding the approximate solution up to the initial point and taking
the limit € — 0 one obtains

1422
—1 A ) =9 (1 —0).
“<1+6:exp<9b>) (1 =)

Finally, an estimate of the parameter A is obtained as
(1 —exp(—obh))
(1 —exp (=(1—0)bs))

Comparison with (9.36) shows that these estimates coincide to an exponentially
small order of magnitude ( 6, > 1).

A =ceqexp (o) /2 g exp (o) .

A= ﬁ exp (06p) = ez exp (o0p) . (9.75)

Formula (9.75) finalizes the solution of the problem (9.69)-(9.71). We under-

line that the relation (9.75) was derived without subdivision of the flame front into

two distinct sub-zones, as we did in this paper. It is our intention to explore this
aspect further.
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Chapter 10

Split-Hyperbolicity and
the Analysis of Systems
with Hysteresis and
Lang-Kobayashi Equations

A. Pokrovskii, O. Rasskazov, and R. Studdert

We explain the opportunities which are provided in the areas of analysis of
systems with hysteresis and computer-aided analysis of chaotic behavior by the
machinery of split-hyperbolicity, as suggested in [26]. In particular we present some
sufficient conditions for the robustness of the unstable oscillations in nonlinear ODEs
with respect to small hysteresis perturbations. We also apply split-hyperbolicity
to study the dynamics of the truncated Lang-Kobayashi equations that describe
the behavior of semiconductor lasers with feedback. For particular values of the
parameters we rigorously prove that the system has chaotic behavior in the Smale
sense: some power of a suitable first return map is topologically conjugate to the
left shift operator in the set of symbolic sequences. The proof is computer assisted,
with all errors estimated and taken into account.

10.1 Introduction

In the recent years there has been rapidly growing interest in the influence of small
hysteresis perturbations on the dynamics of physical systems, see [8, 9, 10] and
references therein. In [3] it was shown that the properties of exponential asymptotic
stability are robust with respect to small hysteresis perturbations under natural
technical assumptions. To analyze the robustness of complicated, quasi-chaotic
behaviour one needs similar properties concerning hyperbolic, but not exponentially
stable, solutions of the ODE without hysteresis. This work uses the notion of split-
hyperbolicity to obtain one of the first results of this kind.

The machinery of split-hyperbolicity was suggested in [26] as a refined ver-
sion of semi-hyperbolicity [6]. This concept is applicable to Lipschitz continuous
maps in metric spaces and ensures that a map under discussion has all the main

299
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properties of hyperbolic maps, including topological conjugacy to the appropriate
symbolic dynamics. It should be noted that the usual hyperbolicity theory cannot
be applied here, as the hysteresis operators are non-smooth and must be considered
as operators in metric spaces. General definitions are given in Section 10.4.

In Section 10.4, we apply split-hyperbolicity to the general area of computer-
aided rigorous analysis of chaotic behavior. The most important point is that
the verification of the split-hyperbolicity is reduced to establishing a few simple
inequalities; thus it can be done numerically.

In Section 10.5, we apply this technique to the rigorous analysis of the chaotic
behaviour in the Lang-Kobayashi model of lasers with an external cavity, a topic
commenced in [31]. Put simply, a laser with an external cavity is a device as shown
in Fig. 10.1. The dynamics of a semiconductor laser with an external cavity can be
reasonably well described by the so-called reduced Lang-Kobayashi equations, which
are a system of three ODEs including some physical parameters. For particular
values of the parameters the reduced LK system demonstrates some features of
chaotic behavior and this behavior is qualitatively and quantitatively consistent
with experimental results. Further details are given in Section 10.5.1.

Finally, Appendix 10.6 is devoted to the details of the computer-aided proof.
In particular, we estimate the global integration error for a 4th order Runge-Kutta
method applied to a system of twelve ODEs. A simple algorithm is offered to
establish split-hyperbolicity of the numerically constructed Poincaré map.

10.2 Split-Hyperbolicity in Product-Spaces

Let J € Z be a set, possibly infinite, of consecutive integers. Let M, M} where
n € Z be complete metric spaces with metrics pJ,, py. Suppose that the non-empty
balls in M, and in M} are connected, i.e. they cannot be represented as a disjoint
union of two nonempty sets each of which is both relatively open and relatively
closed.

Elements from the Cartesian product M, = M, x M} are treated as pairs
x = (z°,2%). The spaces M,, are endowed with the usual metric

A
pn(,y) = max {p; (z°,9°), pp (=", y")} .

Let f denote the bi-infinite sequence {f;},., of continuous maps, which may be
partially defined, from M, to M,i1: fo(z®, %) = (f3(x® z"), f¥(z®, z")) where
fo i M x MY — My and fi: My x My w— M2, .

Let the sequence X = {z,},; of the elements x,, € M, be fixed, such that
the images f,,(z,) are defined for all n € J. Denote by B;[r] the closed r-ball in
M centered at xf € M3; the balls BY[r] for 2% € MY, r > 0, are defined in a
similar way. Let 6°,d" be some positive constants. Denote U, = B:[6°%] x BX[6Y].
Let D,, be the set of those y € U,, which satisfy f,(y) € Up41.

A four-tuple s = (A%, A%, ®, u*) of non-negative real numbers is called split if
A <1< A" and A(s) = (T=X)(A* = 1) — p*u™ > 0.

Definition: The sequence f of the maps f,, is said to be split (s-) hyperbolic
in the (0°,0%)-neighborhood of the sequence X if it satisfies the following three
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conditions:

C0 D, is closed for all n € J, and, for each boundary point y of D, either
y belongs to the boundary of U,, or f(y) belongs to the boundary of U, 41
(whenever n+1 € J).

C1l Foralln,n+1¢€ J and all y,z € D, the following inequalities hold

Pr1(fa()s f2(2)) < Npp(y%,2°) + 1 py (", 2),
Pt (W), fr(2)) = —u"py (y%, 2%) + Ao (y*, 2).

C2 The map w — f¥(v,w) is open as a map from B}[6%] to By [6"] for each
v € B3[0%], in the sense that the image f*(v,U) of an open subset U of B¥[§"]
is relatively open in By, [0"] (whenever n,n +1 € J).

Conditions CO and C2 are technical and intended for use in some complicated
situations. We offer the following simple lemma without proof.

Lemma 10.2.1. Let f, be defined on U, and let M* = R%. Then conditions CO
and C2 from the definition of split-hyperbolicity hold.

For a given sequence X = {z,}necs and a given f the discrepancy D(X;f) is

defined by the formula: D(X;f) £ max, nt+ies Prnt1(fn(Zn), Tny1). We introduce
the numbers
s A A =1+ p° WAL=+t

A Y T T AR)
One of the main tools in the investigation of split-hyperbolic systems is the Shad-
owing Theorem given below, see [26].

a

Theorem 10.2.1. (Shadowing Theorem) Let the sequence f be split-hyperbolic
in the (6%,8%)-neighborhood of the sequence X = {Z,}nes and let the discrepancy
D(X;f) satisfy the inequality D(X;f) < min {Z—Z, 2—2, 5“} . Then there exists a tra-
jectory X = {xn}, o, of £ satisfying

pi(ah, ) < a* D(X:E) and pli(ath, #2) < a" D(X, ).

n»’'n

Corollary 10.2.1. Assume that X is a sequence satisfying Theorem 10.2.1 and X
a corresponding trajectory. If n is an initial time, then T3, = x5. If n is a final time
point, then Ty = xp.

Various properties of split-hyperbolicity were investigated in [30].

10.3 Main Result

Let f(t, ) : Ry xIR? be T-periodic in time ¢ and Lipschitz continuous in @: |f(¢,z)—
f(t,y)| <ly|lz —y|. Consider an ordinary differential equation

a = f(t,l‘),
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with z € R%. Suppose that this equation has a T-periodic solution with 2(0) = xr.
Let £(t) : R — IR? be continuous and let F(x,£(+)) be a time T shift operator along
the trajectories of the perturbed equation

o' = f(t,z) +£(t)

with the initial condition (0) = «.
Let RY = R% x R% and let the coordinate decomposition of F = (F* F*);
F5:RY— R%, F*: R? — R satisfy the inequalities

[ (21,(:)) = F* (22, ()]

2 Mt — 23] = e max [£(t) — n(t)], (10.1)
[F* (1, €()) = F*(z2,n())]
< Nlet — 23| + e max [£(t) (D), (10.2)

for 0 < A\° < 1 < A%, for 1,29 such that |x1 — z7|, |z2 — 27| < d. and for small
perturbations of the original system: |£(t)|, |n(¢)| < e.. Note that F(z) = F(«,0)
is split-hyperbolic as a map from some neighborhood of x7 to R% x R% with the
split (A%, A", 0,0), see Lemma 10.2.1.
In particular, inequalities (10.1) and (10.2) hold for a hyperbolic flow after an
appropriate change of variables.

Now we consider an extended system that involves the output of a hysteresis
nonlinearity:

' = f(t,x), z(t) = (T[zo0] L) (t). (10.3)

Here L : R — RR™ is a linear map with the Euclidean norm estimate ||L|| < I;
I'[z0] is an operator which transforms functions v : Ry — R™, R4 = [0, 4+00), to
functions z : R4 — Z, where Z is a complete metric space equipped with a metric
p2; the argument zy represents initial memory. As usual, the notation (I'[zo]u)(¢)
refers to the value of the function z = I'[zp]u at the time t. We require I" to be a
normal nonlinearity (as introduced in [3]).

Let W' be the Banach space of absolutely continuous functions w : [0,t] —
R™, equipped with the standard norm

t
s = w0) + [ o5l

We define Wh! = {u: R" — R™, ujjo,4 € Wty

loc

A nonlinearity T : W,o! x Z — C(R_;R™) is called a normal nonlinearity

with threshold h > 0 if it satisfies the Volterra property

u(s) =wv(s), 0<s<t, implies
(T[z0]u)(t) = (T[zo0]v)(t), forall ¢ >0,

the semigroup property

(PI(T[zoJu) (t1)]v) (t2 — t1) = (T[z0]u)(t2),
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where v(t) = u(t — t1), the Lipschitz condition (N1) and the contraction property
(N2) below:

(N1) There exists a constant 7, > 0 such that for every zy € Z, every t > s > 0 and
every u,v € W} the inequality p.((I'[z0]u)(s), (D[z0]v)(s)) < Yallu — UHW,“
holds. ‘

(N2) There exists a continuous and bounded function ¢ : R4 — R4 with g(a) < 1
for aw > h such that

p=((T[z0]u)(t), (T[z1]u)(t)) < gloscru)p=(20, 21)

holds for all t > 0, all zp,21 € Z and all u € th’l. Here osciu is defined as
SUPg<r o<t [u(T) — u(o)].

Although the definition seems to be complicated, numerous hysteresis nonlin-
earities are in fact normal nonlinearities. As examples we have the so-called stop
or von Mises nonlinearity, see [17, 19], and certain modifications of the Preisach
nonlinearity, see [29].

It is possible to show that system (10.3), where T" is a normal nonlinearity,
satisfies the conditions of split hyperbolicity. Let M*® = R% x Z and M* = R%.
Introduce new metrics

ps((21,21), (21, 21)) = K] — 23] + p2 (21, 22),

pu(xlllvxg) = |£L'1f - $g|a

where K = % Let z(t) with 2(0) = xr be the periodic orbit with the period
T and let the oscillation satisfy oscpLx > h where h is a threshold of the normal
nonlinearity I'.

Consider (10.3) with the initial conditions z7, zp where zp € Z and denote
zr, = z(kT) = (T[zk—1]Lx)(T) for all integer k > 1. Condition (N2) implies that

ps(2rs1s 2zk) < q(osera)pa, zu-1) < ¢"(osera)p(z1, 20).

Since g(oscrLxz) < 1 and Z is a complete metric space there exists z; such that
21 = (Tlzf|La)(T).

Let us choose the neighborhood of ((2%, zf), %) such that the T-shift is de-
fined for ((z°, z),2%) € U = B¥((x%, 2f); 0°] x B*[z%:; 6"] and such that oscr(Lx) >
h for all z(t) with the initial condition z(0) € B*[x%; %] x B¥[z%; %], 0 <t <T.

Proposition 10.3.1. A T-shift along the trajectories of (10.8) is split-hyperbolic
in the (6°,0") neighborhood of ((x%, z¢), ¥).

Let g : RY x Z — R be a global Lipschitz continuous function with the
Lipschitz constant A\g: |g(z1,21) — g(22, 22)| < Agler — x2| + Agp(21, 22). Consider a
small perturbation of (10.3) in the form

2= f(t,x) +eg(x,2), =z(t)=(T[z0]Lx)(t). (10.4)
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Theorem 10.3.1. There exists €9, 0%,0° > 0 such that for every 0 < € < &g, the
shift operator along the trajectories of the perturbed system (10.4) for a time T is
split-hyperbolic in U = B®[(z5., zy); 6°] x B¥[z};6"].

Corollary 10.3.1. There exists €1 such that for all 0 < & < €1, the time T shift
operator along (10.4) has a unique fized point in U.

Proofs of Proposition 10.3.1, Theorem 10.3.1 and Corollary 10.3.1 can be found
in [29].

10.4 Split-Hyperbolicity in the Analysis of Chaotic
Behavior

10.4.1 Maps strongly compatible with topological Markov chains

For any positive integer m, let us denote by (m) the totality of all bi-infinite
sequences w = {w; }~ _ with w; € {0,...,m} for ¢ = 0, £1, +2, ..., and denote
by 0 = oy, the (left) shift on Q(m) given by op(w) = ' = (..., W 1, wf,wl,...)
where w, = w;y1. Let A = (a; ), 4,5 =0,...,m, be asquare (m+1) x (m+1)-matrix
whose entries are either zeros or ones, and introduce the set

Qa4 ={weQm):aww,, =1,i=0+1,+2,...}.

The set €4 is shift invariant and the restriction o4 of o, to Q4 is a topological
Markov chain with the matrix A.

Let f : M — M be a continuous map in a complete metric space M with
the metric p. A trajectory of f (or, to be more precise, of the dynamical system
generated by f) is a sequence x = {z;}3°_, satisfying ;41 = f(z;), for i = —i_,
..., 0,1,2 ..., where 0 <i_ < co (note that i = i_(x) depends on the particular
trajectory x). Let oy be the left shift map naturally defined on the set Tr(f) of
bi-infinite trajectories of f. It is convenient to endow the sets Q24 and Tr(f) with

the usual metrics:
oo

jwi — wj]
dw W)=Y =t

and
n_ ZOO p(@i, ;)

Let X = (Xo,...,X,,) be a finite family of compact connected subsets of M.
A continuous map f is strongly (X, 4)—compatible if for any w € 24 there exists a
unique trajectory x = ¢(w) € Tr(f) satisfying x; € X,,.

Lemma 10.4.1. Let f be strongly (X,o04)-compatible. Then the map ¢ has the
following properties

(i) A shift of w € Qg4 induces a shift of the trajectory p(w): poa = orp;

2005,
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(ii) if w € Q4 is p-periodic, then the trajectory x = ¢(w) is also p-periodic;

(iii) the map ¢ is continuous.

Proof: This assertion is well known. We supply a proof only for the reader’s conve-
nience.
(i) Let x = gw. It will suffice to prove that

OFX = PO AW. (10.6)

Then obviously y = oyx satisfies y; € Xo,,, = Xo,0,- On the other hand z =
p(oaw) is the only trajectory satisfying z; € X, ,., and (10.6) follows.

(i) If x is not p periodic, then ox satisfies ox = pofjw = pw, and is different
from x; this contradicts the definition of strong compatibility.

(iii) Suppose that w®) converges to w, but p(w™®) does not converge to p(w).
Then, since the set of all bi-infinite trajectories x satisfying x; € X; is compact in
the metric (10.5), there exists a limit point y # ¢(w) of the sequence p(w®)). By
construction, this limit point is a bi-infinite trajectory of f and satisfies y; € X,,.
This contradicts the definition of strong compatibility. The lemma is proved. 0O

By this lemma, a strongly (X, o 4)—compatible map f is (X, 04 )—compatible
in the terminology of [27].

The (X, 04)-compatible maps have some features of chaotic behavior if A has
many ones, and if sufficiently many sub-families of X have empty intersections. For
instance, from the definitions we have:

Proposition 10.4.1. Let (", X; = 0, and the matriz A be k-transitive, in the
sense that its power AF has all positive entries, see Definition 1.9.6 [16]. Then the
topological entropy E°P(f) is positive, and moreover,

21n(1+%)

£ (f) 2 =,

where In(-) denotes the natural logarithm.

Proof: We prove the inequality
1
EPP(fF) > 1In <1 + m) : (10.7)

Let I be some subset of {0,...,m}; we say that this subset is mazimal if X; =
Nicr Xi # 0, but X; N X; = 0 for any j € {0,...,m}\I. The family of all maximal
sets will be denoted by Z. By the compactness of the sets X;, i € {0,...,m}, there
exists a positive € such that the inclusions

€ XryeX;

imply p(z,y) >cforany I € Z, j & I.



306 Chapter 10. Split-Hyperbolicity, Hysteresis and Lang-Kobayashi Equations

Now, for a given n we will construct a set Tr(n) of n-trajectories
x= (Z‘O’ Ty = fk(xo)v T2 = ka(Z‘o), ceey Tpn—1 = fk(n_l)(x0)>

of the system f* such that

max 1,0(931'7%‘) >¢e, x,y € Tr(n).

1=0,...,n—

We prove the following estimate for the number of elements in Tr(n):

card(Tr(n)) > (1 + ;)n . (10.8)

The inequality (10.7) will then follow from the definition of topological entropy [16]
and (10.8).

Let €2,,, denote the set of all sequences w = {wi}?:_ol with w; € {0,...,m}. Let
us choose any sequence w®) € €,,,. Then, since the matrix A is k-transitive, there
exists a sequence x° € Tr(n) satisfying

2} eX o, i€{0,...,n—1}.
We now choose any sequence

10 =, 1), 1Verz,

1 n—1

satisfying the additional property wgo) € IZ-(O) for i =0,...,n — 1. Finally, denote
by Q© the set of sequences w € €, satisfying

wel® i=0,... n-1

Suppose now that the sequences x* and the sets Q) are constructed for 0 < ¢ < &,
for a non-negative integer k, and that

K

GIUREVS

=0

Now we choose a sequence w1 € Q. which satisfies

K
wkt) ¢ U 0w,
t=0

and then construct the sequences x*+1 € Tr(n), I**1) and Q*+1 as before. We
proceed as long as possible.

Since
m

X, =0
i=0
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by supposition, each set Q) contains not more than m” elements. On the other
hand, the size of the set of all sequences w of the length n is (m + 1)™. Therefore,
we can construct at least (1 4+ 1/m)" sets Q). The sequence has the necessary
properties and (10.8) follows. Thus (10.7) is proved.

To complete the proof of the proposition it remains to prove the formula
EtoP(fF) = kEP(f); see Property (3) in Proposition 3.1.7 [16]. The proposition is
proved. 0O

We note in passing that if the matrix A is k-transitive for some positive integer
k then it is also (m? + 1)-transitive; this is a reformulation of the well known
Wielandt theorem, see further references and improvements in [12, 24]. Thus, under
the conditions of the previous proposition, the universal estimate

In(1+ 1)
top m
E(f) 2 m2+1

is also valid.

The topological conjugacy of two maps f : A — A and g : B — B means
the existence of the homeomorphism h : A — B such that g = h=fh ([16], p.68).
(Loosely speaking, f and g can be treated as ‘the same map in different coordi-
nates’.)

Under simple technical conditions a suitable restriction of an (&X', 0 4 )-compatible
map is topologically conjugate to o 4. For instance,

Proposition 10.4.2. Suppose that the map f is invertible in the sense that the si-
multaneous relationships f(x) = f(y), z,y, f(z) € X imply x = y. Suppose that for
any two different symbolic trajectories w™M,w? € Q4 the equality X, m ﬂXw@ =
holds at least for one i. Then there exists a set K C U = |J X, such that the re-
striction |k is topologically conjugate to the topological Markov chain o 4.

Proof: 1t is sufficient to define the homeomorphism A by

We also formulate an analogue of the above proposition for non-invertible
maps. Recall that the one-sided topological Markov chain o§QZ — QZ is defined
by

Jﬁ(wo,wl,wg, v = (wr,we,ws, . . .),

where QF is the one-sided space of symbolic sequences
Off = {w = (wo, w1, wo,...) tw; €{0,1,...,m} fori=0,1,2,...},
with the metric

o |wi —wi|
dw,w) = > =g
=0

2005,
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Proposition 10.4.3. Suppose that for any different symbolic trajectories w™,w?) €
Qa, for at least one i the equality X o) ﬂXw@) = () holds. Suppose also that in
each column of the matriz A there is ‘at least one 1. Then the restriction of the
map f to a suitable f-invariant set K C U = |J X; is topologically conjugate to the
one-sided left shift oft. Moreover, the inclusions

Filpw)o) € Xuyy, weQF

are satisfied.

Consider specifically the case when the union set & = (J X; has ¢ > 1 con-
nected components Uy, ..., Up_1.

Proposition 10.4.4. Let the union setU = |J X; have ¢ > 1 connected components
and let the matriz A be k-transitive. Then the restriction f*|x of the iterated map
f* to a suitable f invariant Cantor set K C U is topologically conjugate to the
one-sided left shift ol |. Moreover, the inclusions

fki(<p(w)0) € UUJi? w e QZRfl
can be satisfied and the estimate of topological entropy E1°P(f)
EP(f) > n(0)/k (10.9)

holds.

If additionally the map f is invertible, in the sense that the simultaneous
relationships f(x) = f(y), x,y, f(x) € U imply x =y, then there exists (another)
Cantor set K1 C U such that the restriction f*|x, is topologically conjugate to the
shift op_1.

Proof: Again this statement is well known. First we consider the case when the map
f is invertible.
Let there correspond to any i, 0 < i < £—1 a number I(7) satisfying X;(; C U;.
With any pair (4,7), 0 < i,j < £ — 1 we associate a sequence s*7) of the

form s((f’j) = I(i),sgi’j),sg’j),...,s,(j’j) = I(j) such that a i o =1 for n =
no 9Sp4q
0,...,k — 1. Such a sequence exists because the entries of B = A* are strictly

positive, and (by induction) an entry b; ; of B coincides with the number of possible
sequences s(49)
Finally, there corresponds to a sequence w € Q(¢ — 1) the extended sequence

R(w) € Q4, which is defined by R(w)g.i+; = sgwi’wi“) for an integer 7 and 0 < j <
kE—1.

This new sequence, by definition, belongs to 4. Thus the element ¢(R(w))o
is well defined for each w € Q(¢ —1). Now we define

K ={¢p(R(w)):weQ(l—-1)} (10.10)

and
h(w) = p(R(w))o for w € QL —1). (10.11)
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This map is an homeomorphism, because the simultaneous relationships

f(x) :f(y)v x,y,f(x) eu

imply z = y, and K is compact. Thus the proposition is proved for an invertible f.

In the general case it is sufficient that there corresponds to a sequence w? €
QF(¢ — 1) the sequence R(w) € Q4 where w; = w* for i > 0 and w; = 0 for i < 0.
Then we can again use the formulas (10.10) and (10.11).

It remains to establish (10.9). Indeed, by the invariance of the topological
entropy with respect to the topological conjugacy, £°P(f*) > In(f) (see Proposition
3.2.5 [16]). We also note the formula EP(f*) = kE°P(f) from Proposition 3.1.7
[16]. The proposition is proved. 0O

10.4.2 Split-hyperbolicity in the analysis of strong compatibility

To simplify applications we introduce a new notation and reformulate the results
presented in Section 10.2 in a more convenient form. Let M“,MS,M“,MS be
complete metric spaces with metrics p“, p°, p*, p° respectively. The product space
M = M" x M?* is endowed with the usual metric

px,y) 2 max {p° (2°, %), p"(z*,y")} .

The product space M with the metric p is similarly introduced.

Let V =V“x Vs,V = V*xV* be some closed product sets in the correspond-
ing spaces. Recall, that a split is a four- tuple s = (A¥,\%, u*, u®) of nonnegatwe
real numbers for which A* <1 < A* and A(s ) (IT=X)(A%—1) — p*u™ > 0.

The map g : V — M is said to be s- -hyperbolic over (V V) 1f it Satlsﬁes the
following two conditions.

C1. The inequalities

P°(9°(2),9°(v)) < A°p°(2°,9°) + p’p* (2", y*) (10.12)

and
P (9"(2),9" () = —p"p° (2%, y°) + A“p"(2", y") (10.13)

hold for y,z € V, g(y),9(z) € V. X ) )

C2. The map v — g*(v,w) is open as a map from V* to V* for each w € V¥,
in the sense that the image g*(U, w) of an open subset U of V* is relatively open
in V*.

Let M be a metric space, let f: M — f(M) C M, and let zg,..., Ty € M.
Let us choose m + 1 metric spaces M; = M} x M7 and homeomorphisms h; : M; —
M. Suppose that the elements y; = (y¥,y;) = hi_l(xlv) are well defined. Denote
by B[] and B7[d] closed d-balls centered at y¥ and y; respectively; denote also
B;[0%, %] = B¥[6"] x Bf[6*].

We introduce the numbers

uAlf)\S+p 11—+
Als) (=AW =1) — popum
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and
asé/\“—l—i—us_ A =14 p®
As) - 1) —

Let 6%, 5" be some positive numbers. Let A be a square m+ 1 x m + 1-matrix whose
entries are either zeros or ones.

Theorem 10.4.1. Suppose that the nonempty balls in the metric spaces M7, M}
are connected, i.e. cannot be represented as a disjoint union of two nonempty sets
each of which is both relatively open and relatively closed. Suppose that g;; =
h;lfhl- is s-hyperbolic on B;[6", 0], B;[6%, 6°] whenever a; ; = 1. Suppose also that

- . [6% 6,
p;(9i,5(i), §;) < min {a el } (10.14)
whenever a; j = 1. Then f is strongly (X, 0.4)-compatible, where

Proof: Let
W = (...,w_l,wo,wl,...) €0y

be a given sequence. To prove the proposition we show that there exists a unique
sequence x satisfying

Tit1 = f(ﬂii), x; € Xwi, fori=0,4+1,£2,.... (1015)
Consider the sequence of maps

9i = h_l fhwl :Mwi = M,

Wi41 i+1°

The sequence
y=0(-¥-1,%91,--.), ¥ €M
satisfies
Yit1 = 9i(yi),
if and only if the sequence z; = h;(y;) satisfies x;11 = f(z;), which is the first of

the relationships (10.15). Similarly, the inclusion y; € B, (6%, %) holds if and only
if ; = h;(y;) belongs to X,,,. Thus, it remains to prove the following assertion

Lemma 10.4.2. There exists a unique sequence y satisfying

Yi+1 :gl(yz)7 Yi € Bwi[duaés] for 1:07:&17:&27

Proof: Let us fix some w. The sequence g is s-hyperbolic in the (§*, §%)-neighborhood

of the sequence
z = {ZZ};);—OQ = {yw,};}i_w
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in terms of [26]: the conditions C1, C2 from [26] for the sequence g follow from
C1, C2 above, whereas CO from [26] holds because each g; is defined over the whole
(6, 8%)-neighborhood of z;. Also the discrepancy

D(z,g) = sup pit1(9i(2i), zit1)

—00< i< 00

aS

au

satisfies the inequality

by (10.14).
The result now follows from the shadowing theorem for split-hyperbolic maps,
see Theorem 4.3 in [26].

Theorem 10.4.2. (Shadowing theorem)
Suppose that the nonempty balls in the metric spaces M}, M; are connected. Let the
sequence of functions g be s-hyperbolic in the (6°,0%)-neighborhood of the sequence

z = {2, }2 _ . and let the discrepancy D(z,g) satisfy the inequality

D(z,g) < min{é, 5,5“} .
aS

au

o0
n=—oo

Then in the (6%, 5™)-neighborhood of z there exists a unique trajectory x = {x,}
of g satisfying

pr (27, 75) <a® D(z,g) and  py(z;,,7,) < a" D(z,8).

10.5 Application to the Truncated Lang-Kobayashi
Equations

10.5.1 Lang-Kobayashi equations

External cavity semiconductor lasers present many interesting features for both
technological applications and fundamental non-linear science. Their dynamics has
been the subject of numerous studies over the last twenty years, see for example
[15] and references therein. Motivations for these studies vary from the need for
stable tunable laser sources, for laser cooling or multiplexing, to the general under-
standing of their complex stability and chaotic behavior. A typical experiment is
usually described by a set of delay differential equations introduced by Lang and
Kobayashi [20]:

E=r(1+4ia)(N=1)E+~e ¥FE(t—1),
N =—y (N —J+|E|?N). (10.16)
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Laser —~ _
semi-transparent

feedback mirror

Figure 10.1. Laser with a semi-transparent mirror

Here F is the complex amplitude of the electric field, N is the carrier density, J is
pumping current, « is the field decay rate, 1/ is the spontaneous time scale, « is
the linewidth enhancement factor, v represents the feedback level, ¢( is the phase
of the feedback if the laser emits at the solitary laser frequency and 7 is the external
cavity round trip time. A typical setup is shown on Fig. 10.1. Numerical simulations
of these equations have successfully reproduced many experimental observations,
such as mode hopping between external cavity modes [23] and a period doubling
route to chaos [22]. However there are few analytical results since delay equations
are nonlocal.

This model was recently reduced to a 3-D dynamical system describing the
temporal evolution of the laser power P = |E|?, carrier density N and phase dif-
ference n(t) = ¢ (t) — ¢ (t — 7). This was achieved by assuming P (¢t — 7) = P (¢)
together with the approximation ¢ = n/7 + 1/2. This expression remains valid
when the phase fluctuates on a time scale much shorter than the re-injection time
7. Under these approximations the Lang-Kobayashi equations (10.16) reduce to:

P=2(k(N—-1)+~cos(n+ o)) P,
N =—v (N —=J+PN),

1
N = —?n+2na (N —1) —2ysin(n+ ¢o) -
S
This model was successfully used to describe low frequency fluctuations commonly

observed in semiconductor lasers with optical feedback, but its behavior for a low
feedback level has not yet been investigated.

10.5.2 Poincaré map

To improve some estimates crucial for the numerical computations and to somehow
center the graph of trajectories while keeping all parameters as rational numbers it
is convenient to introduce new scaled variables:

eM =mP, 2 =5N-97/20, 2 =5(n+2)/16.

Choosing numerical values for the parameters in line with [31] we can rewrite
the system under investigation as

dz™) 3 2 3 16
—_ 2 2.2 4 2 1 — 23
dt 5 57 +25COS< 5 )
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Figure 10.2. v =0.03, ~ =0.06

dz® 609 3 3 Lm (97
_ _ 3 o3 k0 (9T 10.17
4t 2000 1000  100° <20 T ) ’ (10.17)
dz® 7 3 1 3 16
T 3o e 3 (1-8.e)
dt 160 87 50" T ( 5 )

We will use the vector notation © = F(z) for the system (10.17) (where
T = (m(l),x(2),x(3))). For the elements of the plane 2 = 0 we will use the
notation z = (z(M, () as a synonym for z = (), (2, 0). Note that the condition
of transverse intersection with W, z(3) # 0, is broken only for the set of W defined
by

@_ 7 _ 3 G0 = 2@
Y =T 1o sin(1) =z,

Let us denote by S the half-plane 2z = 0, z(® > :r;?). Since S is, by
definition, transversal to trajectories of the system, we can introduce the Poincaré
map ®, which is defined as a (partial) map from S to itself, obtained by following
trajectories from one intersection with S to the next.

Let us denote by II the union set of two parallelograms R;, Ry C S given by

Ry = {(0.32,0.43) + (—0.3675,0.3255)r + (0.039,0.039)5 : ov, B < 1}
Ry = {(—0.04,0.83) + (0.075,0)a + (0,0.1)8 : o, B < 1}.

Theorem 10.5.1. The Poincaré map ® is defined for all y € Il and ®(II) C II.
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Figure 10.3. Geometry of the Poincaré map on the set I = Ry | Re

The geometry of the map ® on II is illustrated by the numerically constructed
Figs. 10.3(a), 10.3(b) and 10.3(c). On the naive level, Fig. 10.3(c) provides a “proof”
for the proposition above. However, the detailed justification of this figure is cum-
bersome. It requires a rigorous proof of continuity of the Poincaré map ® as well
as estimates of the accuracy of discrete computer arithmetic and estimates of the
precision of the numerical method. A rigorous computer assisted proof of Theorem
10.5.1 was given in [31].

10.5.3 Main theorem

Consider the set X* consisting of nine parallelograms X, i = 0,...,19 given by
X ={x; + pia+qB: |al,|8] < 0.00002}. (10.18)

Here the coordinates of the center points x; = (zgl), IEQ)

and the coordinates of p; = (pgl),p§2)> , Qi = (qfl),qz@)) , are given in Table 10.2.

) are given in Table 10.1

Fig. 10.4 graphs these parallelograms together with Ry, Rs.
We introduce a 20 x 20 matrix A, = (a;;) 4,7 =0, ..., 19 given by

aiit1 = 1; for all 0 <4 <18,
aigo =1; az2 =1, (10.19)
a; ; = 0; if pair (7, 7) is none of above.

Theorem 10.5.2. The Poincaré map ® is strongly (X*,04,) compatible.

By definition the union set &* = | J X has 15 connected components U, ..., Uty
(see Fig. 10.4). Since ® is an homeomorphism, Theorem 10.5.2 together with Propo-
sition 10.4.4 imply the following corollary.
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Table 10.1. Vectors x;

i 0 1 2 3 4 5 6 7
:c<1) 0.019587 0.020515 0.020479 0.020479 0.020482 0.020475 0.020492 0.020453
T§2) 0.66699 0.66915 0.66906 0.66907 0.66907 0.66907 0.66906 0.66910

i 8 9 10 11 12 13 14 15
:c<1) 0.020545 0.020328 0.020842 0.019627 0.022516 0.015729 0.032140 -0.0048159
a‘s2) 0.66900 0.66923 0.66869 0.66996 0.66695 0.67407 0.65706 0.69655

i 16 17 18 19
Tgl) 0.092305 -0.074542 0.44510 0.042707
122) 0.59933 0.79970 0.30273 0.72057

Table 10.2. Vectors p;, q;

i 0 1 2 3 4 5 6 7
pgl) 0.69432 0.69432 0.69432 0.69432 0.69432 0.69432 0.69432 0.69432
pf2) -0.71967 -0.71967 -0.71967 -0.71967 -0.71967 -0.71967 -0.71967 -0.71967
q{l) 0.39613 0.39613 0.39613 0.39613 0.39613 0.39613 0.39613 0.39613
q@) 0.91820 0.91820 0.91820 0.91820 0.91820 0.91820 0.91820 0.91820

7 8 9 10 11 12 13 14 15
p(l) 0.69432 0.69432 0.69432 0.69432 -0.75835 0.79844 -0.92879 0.84009
p%‘2) -0.71967 -0.71967 -0.71967 -0.71967 0.78856 -0.84560 0.94270 -0.95290
qgl) 0.39613 0.39613 0.39613 0.39613 -0.36270 0.35310 -0.29803 0.34887
q£2> 0.91820 0.91820 0.91820 0.91820 -0.85146 0.80491 -0.73433 0.74206

i 16 17 18 19
p(l) -1.2827 0.29435 -1.0545 -0.58329
p%.2) 1.1753 -0.73198 0.86816 0.65993
q%l) -0.13304 0.72214 -1.0288 -0.38881
q:@) -0.67436 1.3124 -0.51327 -0.89935

Corollary 10.5.1. The restriction of ®38 to a suitable ®-invariant Cantor set
K C U* is topologically conjugate to the left shift o14. Moreover, the inclusion

B3 (p(w)o) € Uy,, w € Ny
can be satisfied, and the estimate
E°P(®) > In(15)/38 > 0.07
holds.

Proof: We need only mention that the matrix A, is 38-transitive. D

10.5.4 Idea of the proof of Theorem 10.5.2

The theorem will be obtained as a special case of Theorem 10.4.1 above. Let us
specify M = R?, M =M= R', i =0,...,19. We denote by z the points from
M and by y the points from M x M. Let the points z; be given by Table 10.1
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Figure 10.4. Parallelograms R1,Ro

above. Introduce homeomorphisms h; : M* x M} +— M by

e o ORINCY
hi(y",y*) = ( +H-( S)where?-L: k ¢ .
(¥, vy°) 331('2) i\ y i qlg) qlgz)
In particular, all elements y; = h; '(x;) are zeros and all closed balls B;[§%,§°] are

centered at (0,0). We finally choose §* = ¢* = 0.00002 and fix the split
Se = (AL A, pd, pd) = (1.8,0.35,0.32,0.32).

Lemma 10.5.1.
(a) Sets X}, given by (10.18), satisfy X} = h;(B;[0",6°]), i =0,...,19.

(b) For all pairs i, j such that a; ; = 1, the inequality

S u

gi,;(0)] < min i’i’gu holds .
J "
as’ a

S

(c) The map g;; = hj_1<I>hi is s.-hyperbolic over (B;[0%, %], B;[6",d°]) whenever
a; 5 = 1.

Proof:
(a) Follows from the definitions.

b) Straightforward calculations, within the precision 4 - 10~7, give us
(b) g ; P . 8

S 5‘“
max_ 19:(0)] <4.2-107% and 7-107% < min {, ,5“} ,
a® a'

6,j: @i =
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where a®,a" are calculated from s, and the assertion (b) follows.

(c) We consider C1. The inequalities (10.12), (10.13) can be rewritten as

l985(2) — gi'5(y)| = N |z" — y"| — p"]2* — ¢ (10.20)
and

l9; ;(2) — g7 ; ()| < N2 — g + p®[2" — y" . (10.21)

Thus it remains to establish the inequalities above for all 4, j satisfying a; ; = 1
and all y, z € B;[6%, 0%].

Let S, S®) be 2 x 2 matrices with non-negative entries. We say that
s o g2
if and only if

1 2 1 2 1 2 1 2
si) <l sl >y sl > sy > sl

If the four-tuple s(t) = (sﬁ), 392), sglz), séll)) is a split, then the four-tuple

s@ = (5521), Séé)7 sg), 5521)) is also a split; moreover if, under certain condi-

tions, the function f is split-hyperbolic with the split s over (V, V), then it
is also split-hyperbolic with the split s(*).

Lemma 10.5.2. The relationship
AL /
holds for all i,j such that a; ; = 1 and for all y from B;[é",5°].

The proof of the lemma is computer assisted and presented in Section 10.6.
The result of the lemma can be restated as four inequalities

g3,y yt)| < 035=X,
gl (0" Y| < 032=p,
oty y)| < 0.32=p,

a2gt(yhy®) > 18=)Y,
that hold for all 4, j satistying a; ; = 1 and all (y*,y°) € B;[6%,6"].

Now Condition C1 follows from the Cauchy formulas:
i,
05(m) = 925 00) = (5 = 93) | 0, Oun + (1= ) i
0

1
0
ot = 08) [ ga9iOon + (1= M)A
o 9y
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and
'o
at3(n) = at3() = (0 = 93) [ st an + (1= X)) A
0

1
B
+(ui' —yé‘)/ Dou —gi;(Ay1 + (1 = Nyz) dA.
o 9y

Taking the absolute value and using the triangle inequality we obtain

)

0 9
1983 (1) = 92 (w2)l| < i — o max | 572075(2)) + [yt = o | max |5 2915 (2)

and

.| 0 0
ok ) = oy 0m)| > It = 9§l omin 57,2 = 197 = o | 2]

where min, max are taken over all z € B;[6%,0°].

The inequalities (10.21), (10.20) follow from the formulas above and the esti-
mates given in Lemma 10.5.2. Thus the condition C1 is verified.

Finally, since the Poincaré map @ is continuous on II, inequality (10.20) im-
plies strict monotonicity of g; ;(y*,y®) in the second variable for all 4, j satis-
tying a; ; = 1 and all (2%, 2°) € B;[6%, 6°], and the condition C2 follows. Thus,
the assertion (c) is proved, and so is the lemma.

Theorem 10.5.2 follows from Theorem 10.4.1 and Lemma 10.5.2.

To conclude this section we explain how the maps h; were chosen. Firstly,
we considered a pseudo orbit of length 20 that has elements in a small vicinity of
a pseudo fixed point and elements that are far away from it. Both orbit and fixed
point were constructed using the broken orbits method [28]. Thus we obtained the
sequence of x;, i =0,...,19 (see Table 10.1).

Secondly, we found the approximate eigenvectors for the ®2° shift at the points x;
and used them as the first approximations for p;,q;. Then the vectors p;,q; were
stretched or compressed to make the eigenvalues of g; ; = h; 1‘1)hj approximately
the same for all 7, j such that a; ; = 1.

Finally, we chose 0%, ° to satisfy the inequality for the discrepancy. Since the total
computational time is proportional to §*-§°, those values had to be chosen as small
as possible.

10.6 Proof of Lemma 10.5.2

10.6.1 Auxiliary translation operator

Let ¢(t, z) denote the translation operation for time ¢ along the trajectory of (10.17)
starting at x. Recall that the Poincaré map ®(xg) : II — II is defined as ®(xg) =
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©(T(x0), o) where T'(x¢) is the time of the first intersection with II. Thus
0o oL
dr " 0x
and Py, is the matrix of the projector to II along the vector f(p(T(zo),x0)). Note
that the matrix g—f(t, xg) = J(t, xo) satisfies the matrix differential equation

(T($0)7$0) (10.22)

. OF
T = 5 (elt.20) 7.

with the initial condition J(0) = I. Thus, J is a part of the solution of the 12-
dimensional system

& = F(x),
. OF
= a—x(x)j, (10.23)
with initial conditions 0
x(0 = o,
70) = 1, (10.24)

where [ stands for the identity matrix. We rewrite (10.23) in vector form. Introduce
the vector

g= (a0, 2@ 2@ jOD GEU G0 02 @D 562 508, 523 09),

where j(#%) i k =1,2,3 are the elements of the matrix 7. Sometimes we will use
the equivalent notation for the components of ¥:

g= ", 59,...,51),

and for the equation (10.23):
dy  ~, .

— = . 10.25
D7) (10.25)

Denote by (¢, §) the translation operator along trajectories of the differential equa-
tion (10.25). Since we are interested in initial conditions of type (10.24), where
J(0) = I, sometimes we will denote the translation operator by @(t, zg) assuming
that zg € S.

To conclude this subsection we define an area of the phase space that is of
interest for further consideration. Let €2 be an open rectangular area given by

Q= (—0.6,1.34) x (—0.6,1.02) x (—0.92,1.14).

k1)

Introduce Q = Q x {J} where J = () satisfies [j(*D] < 4t The matrix

Ji = (jik’l)) is given as:
0.24 0.12 0.2

J.=1 02 01 0.16
0.16 0.08 0.14
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Define the e-inflation and the e-deflation of €2 as
(:2(5) = {Z= (%) :maxi<i<12|% — ¥| < € for some § =
Q(*E) = {5 = (21) ISV maxi<;<12 |§i - gz‘ > ¢ for all g
For convenience we introduce a projector J(g) as
g g 510
J(9) = g(5) g(8) g(ll)
§©® g 502
10.6.2 Lipschitz continuity of the translation operator

In this subsection we will estimate the Lipschitz constant of B(t,7) in § provided
that the corresponding solutions belong to 2.

Proposition 10.6.1. Let $(t,51), §(t, 52) € Q, 0 <t <T. Then
BT, 1) = P(T, G2)| < 1 iy = Gl

Proof: First we introduce an auxiliary definition. Recall that the logarithmic norm
(with respect to Euclidean metric) p(@Q) of a square matrix @ is defined by

o r+hQl -1
= 1
pQ)=, lm " :
where I is the identity matrix and || - || is the operator norm of the matrix.

To prove the proposition we reformulate in our notation the well-known the-
orem that can be found, for example, in [11], p. 60, Theorem 10.6.

Theorem 10.6.1. Let ¢(t,x) denote the translation operator along the trajec-
tories of the differential equation © = F(x). Suppose that we have the estimate
i (%—i(x)) < L(t) for all x from the coordinate interval [p(t,xo),y(t)], and

ly'(t) — F(t,y(@) < (1), |yo — ol < p.

Then for t > 0 we have
t
ot20) (0] < 0 (4 [ 5(5)as). (10.27)
0

with Lo(t) = [} L(s)ds.
To obtain the statement of the proposition we assume that y(t) = @(¢,72)
which leads to §(¢) = 0. Now (10.27) can be rewritten as

s)ds

1B(t51) — B(t, G2)] < pedo K% < Btz — g,



10.6. Proof of Lemma 10.5.2 321

where L = maxo<s<; L(s). This inequality proves the proposition if

oF
supp | ==(2) | < 0.51.
zeQ ( 9y )
This estimate can be obtained using the same technique as in Lemma 3.1 in [31],

c.f. Mathematica program from

http://phys.ucc.ie/~oll /lksplit/ A

10.6.3 Numerical integration

Let J = (") where i,k = 1,2,3. To integrate the system (10.25) we use a
Runge-Kutta method of 4th order given below. Let ,(x¢) denote the numerical
solution of the equation (10.25) with initial conditions z(0) = z¢, J(0) = I. Recall
([11], p. 137) that this method for autonomous ODEs is given by

s (50) = P (0) + 5 (61 0), )+ 2k (), ) +
2k3(13"(560),h) +k4(ﬂn(gj0)7h)) +Wn- (1028)

Here

@) = F@)

ke(3.7) = F(+ 5ka(d,m)),
@) = X

<

= F Q‘F %kQ(gaT))a

k4 (y7 T) = f(g + Tk3 (gv T))a
and w, is the error in the IEEE implementation of the method. The values 7, (xq)
are approximations for the values ¢(nh,zq) of the translation operator ¢ on the
time grid. We will refer to this method as RK4.

The RK4 method provides an immediate approximation to the solution of the
system (10.17) only at the discrete times nh. To approximate a solution between
these discrete times we will use linear interpolation. In other words, our approximate
solution is the function o (¢, x), t > 0, given by

0 0

v(t,x)=(1- E)ﬂk(x) + Eﬂk+1(x)

for t € [kh, (k + 1)h], 6 =t — kh.
Now we can formulate a convenient proposition about the accuracy of the RK4
method. We fix the time step h = 0.001.

Proposition 10.6.2. Let z € IT and v, (20) € Q(—4-10~7) for all nh < 22. Then
the inequality
|G(t, 20) — D(t, 0)] < 4-1077, 0<t<22

is valid and @(t,z0) € Q for all t < 22.

The rest of this section is devoted to the proof of this proposition.
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Local error

The local error e(h, ) for the RK4 method in Q is given by

e(h, Q) = sup{|@(h.§) — 1(§)| : §,71(3) € O},
geEN

where h is the time step, and 71 (9) is the point calculated with the RK4 method.

Lemma 10.6.1. Let § € Q, 0 < h < 0.001 and 0,(§) € Q. Then the local error
satisfies R
e(h,Q) < 0.42h° + w, (10.29)

where w < 10713,

Proof: General estimates of the local error for the RK4 method can be found for ex-
ample in Theorem 3.1 from [11], p. 157, and we reformulate them for our particular
case:

h® (5) RS (@)
e(h Q) < 2 sup B0 (D) + S il sup K@) +w. (1030)
(5)' T€[0,h] ! (4)' ; T€[0,h] !

Here b; are coefficients of hk; in (10.28): by = é, by = %, by = %7 by = %; w is the
error in the computer implementation of the RK4 method; all derivatives are taken
with respect to the system (10.17). For example

K (@7 = 5L @)
K Gr) = o (54 57@) (ﬁ@) +I5 (g)ﬂg)) .

kY@, 7)) <8, §e€Q, 0<7<h, (10.31)
K@, 7)) <8, §e€Q, 0<7<h, (10.32)
kPG, 7)) <8, §eQ, 0<r<h, (10.33)
K@, 7)) <8, §€Q, 0<7<h, (10.34)
6% (r,9) <10, §€Q, 0<7<h, (10.35)

w< 10718 (10.36)

It simply remains to justify the estimates (10.31) — (10.36). The inequalities
(10.31) — (10.34) were obtained via the following scheme. Using Mathematica we
obtain the explicit analytical formulas for k?, and then use interval arithmetic to
estimate the range of change for the variables. Programs can be found in

http://phys.ucc.ie/~oll/lksplit /A
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To estimate @,(55)(7', ¢) we need some additional constructions. Consider the

auxiliary set €(0.08), see (10.26). Let us prove that
o(1,9) €Q(0.08), §€Q,0<7<h (10.37)

Suppose that it is not true. Introduce the distance between the point § and the set
Y as d(§,Y) = infyey|§ — y|. Then there is 7o < h such that 3(r,§) € ©(0.08) for
0 <7 < 7 and (79, 7) € 9Q(0.08). The last inclusion implies that d(Q, $(r0,7)) >
0.08. On the other hand, since g € Q,

d(3(1,9), ) < |@(7,9) — 7] = | (70, §)7| < Frnazh,

where Fpan = SUD;c0(0.08) |ﬁ(g) |. Computations in Mathematica show that Fonas <
15.9 and the last formula is reduced to

d(p(T,7),Q) < 0.08.

We have arrived at a contradiction, and (10.37) is proved.
By the definition of k;

2™(r,5) = K\ (@(7,),0),
which together with (10.37) implies
GO (ol < suwp k(0.
7% €€2(0.08)

Finally, the estimate

sup k(Y (5%,0) < 10
7*€£(0.08)

is proved in a similar way to (10.31).

The inequality (10.36) follows from the description of IEEE arithmetic, and
how trigonometric and exponential functions are realized in PC architecture.

The lemma is proved. 0O

Global Error

Now we can estimate the global error E(nh, o) of the RK4 method, which is defined
for a given ¢ and n as

E<nha ﬂo) = ‘@(nhvg(J) - ﬂn(gO)L

that is, as the absolute value of the difference between the exact solution and the
one obtained by numerical integration at the points of the discrete time grid. Define

E(nh) = (0.83h4 + 2%) (eo.smh ~1).
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Lemma 10.6.2. Let 3(,30), (o) € Q for all t € [0,nh] and all k < n. Let
0 < h<0.001. Then
E(nh,go) < E(nh).

Proof: We can use Theorem 3.4 from [11], p. 160, to obtain a global error estimate
E(nh) for the RK4 method. Here we reformulate it for our situation.

Theorem 10.6.2. Let y(t) be an exact solution belonging to Q and [0,nh] be a
numerical integration time. Assume that h is small enough so that the numerical
solution remains in Q. If the local error is estimated as e(h) < Ch® +w in Q and
the logarithmic norm satisfies u(%—i) < L in Q, then

E(nh,y(0)) < (CZL + j.i"h) (elmh —1).

Supplying the values C' = 0.42 and L = 0.51 from Lemma 10.6.1 and Propo-
sition 10.6.1 we obtain the statement of the lemma. 0O

~ Now we finalize the proof of Proposition 10.6.2. Let us assume that @(t, zo) €
Q for t < 22. Let k satisfy t = kh + 6 where 0 < 6 < h. Then we define

§(0) = (1 = 0/h)@(kh, xo) + (6/h)@(kh + h, xo).
By the triangle inequality:
@(t,20) — Dt 20)| < [5(8) — Dt 20)| + | B(t,x0) — §(6)]. (10.38)

Now we estimate the terms on the right-hand side. For the first term, recalling
the definitions for §(6) and D(t, z¢), we obtain

[9(0) — o(t,2o)| < (1 — 6/h)(&(kh, z0) — Ui (w0))|
+|(@(kh + hyz0) — D41(20))0/ R
< (1—0/h)E(kh) + (0/h)E(kh + h) (10.39)
< E(kh + h),

since the global error estimate E(t) increases in time. The second term can be
rewritten as

|B(t, z0) =g (0)] = |(P(t; x0) — B(nh, x0)) + (@(nh, x0) — G(nh+h, 20))0/h|. (10.40)

We use Taylor expansions of @(t,zg), @(nh,zq) and @(nh + h,xz¢) at the point
kh 4+ h/2. They are similar, so we only write that for @(¢, z):

G(t,wo) = @(kh+h/2,20) + & (kh+ h/2,20) (0 — h/2)
+@" (kh + 01, 20) (0 — h/2)* /2.
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Substituting the expansions into (10.40) we get

|B(t, 20) — §(0)] = (&' (h/2)0 — §" (02)h* /8 + " (61) (0 — h/2)?/2)
+H(=@' (h/2)h + §" (02)h* /8 — 3" (03)1* /8)0/ ]

or

B(t,m0) — §(0)] < [@"(02)|h* /4 + |&" (61)|h* /8 + |@" (03)|h? /8
<@l h%/2, (10.41)

where @) .. = supg [@"(t,20)|. Substituting (10.39) and (10.41) into (10.38), we

get
2

- - . h
‘(p(t7.’1:0) - Z/(t,ﬂfo)| < E(kh + h) + (p;:w,w?'

As in the case of the fifth derivative of @, with the help of Mathematica we get the
estimate ¢!/ .. < 12. From the conditions of the proposition we know that ¢ < 22,
and by the monotonicity of E(nh)

E(kh+h) < E(22) = ( 0.82h* m 0.51%22 _
(kh+h) < B(22) = (0.82h" + =—— ) (e ).

With the h = 0.001 we get the inequality stated in the proposition for the situation
when @(t,z0) € Q and

|2(t, w0) — (t, o) < 4-107".

Now we assume that there exists ¢ < ngh such that ¢(¢,z¢) does not belong
to Q. Then from the continuity of ¢ there is a ¢ty < 22 such that P(to, o) € 9 and
P(t,xg) € Q for all t < t. Let ko satisfy koh < to < koh + h. By the conditions
of the lemma i, (o) and 7,41 (zo) belong to Q(—4-10~7) and so does (tg, xo),
because Q(—4 - 10~7) is a convex set. Thus d(i7(to, x0), P(to, z0)) > 4 - 1077,

On the other hand for all 0 < t < to, @(t,z0) € Q and d(o(t, z0), p(t, o)) <
4-10~7. By continuity of ¢(t, xg) we get d(¥(to, o), @(to, o)) < 4-10~7 and arrive
at a contradiction. This means that (¢, zo) € Q2 for all ¢ < 22 and the proposition
is proved. 0O

10.6.4 Proof of s-hyperbolicity
Preliminary constructions

Suppose we have a dynamical system, a plane in the phase space of the dynamical
system and numerically calculated trajectories that somehow approximate the orig-
inal system. What kind of properties should the numerical trajectory have to allow
us to state a strict proposition about the Poincaré map of the original system? We
will address part of this question.
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We introduce the notation

W ={j:5® =0},
W= ={y:9% <o},

T ={:9% >0}
{7:99 =0, >,
{ ~(2) _ xé?),g(g) =0}.

X7
Note that £ is a boundary of S in the plane W and that for all § € S the inclusion
F (g) € W holds, which means that S is pierced by trajectories of the system
(10.23) only in the direction from W~ to W+.
Let A be a convex set in S, and P, be a parallel projector to W along some vector
7+ € W. Introduce

U
Il
<

o~
Il
<

“={j:PjeAj® <o},
At ={j:P.ge A j5® >0},
= {j:P.gec A}

We define the distance between the point Z and the set Y by d(2,Y) = infzey |2—7].
Let B(g;r) denote an open ball in R'? of radius r centered in .

Let y € S, and suppose that positive integers ni,ns and the real € > 0 meet
the following requirements:

(r1) The inequality |@(t,§) — P(t,7)| < ¢ holds for 0 < ¢ < ngh.

(r2) The neighborhood of the numerical solution 7, (g) stays in Qforall0<n <
na: B(0n(9);€ +0) C Q.

(r3) The numerical solution 7, () satisfies
B(im, (§);e +0) C A7, B(n,();e +0) C AT

and
B0 (§); € + 0) € A* for all ng < n < no.

(r4) There is no 0 < to < nyh such that 7, (to,7) € S.

(rs) The inequality d(i7(t,§),£) > ¢ + § holds for all 0 < t < n;h.

We will then say that the triplet (ny,ns, ) is (A, d, §)-fortunate.

Lemma 10.6.3. Let (ny,n2,¢) be (A, 0d,7)-fortunate and let § € S. Then for all
71 € S such that |§ — 1| < ee”Inzh

o there is the time nih < T(§1) < n2h for which ¢(T(91);y1) € S:

e there is no t € (0; T(41)) U (T(§1); noh) for which o(t;y1) € S;
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e the Poincaré map P is defined and continuous and é(ﬂl) € A.

Proof: We show first that the map ® is correctly defined.

Firstly we show that ¢(t,41) C Qforall0 < t < nyh and all 71 € B(y; eg’L”Qh).

Let us assume the contrary. Then there is tg < nah such that @(¢,71) C Q for all
t < to and @(to,71) C IQ. We estimate the distance between the points of the
actual trajectory and its numerical counterpart at the time #g

|6(to, J1) — (to, §)| < |@(to, ) — P(to, 91)| + |P(to, §) — P(to, 7). (10.42)
From Theorem 10.6.1

B(to, §) — B(to, i) < X0l — | < eelllommalh < ¢ (10.43)
and, by (r1),
|5 (t0, §) — D(to, §)| < 6. (10.44)

Substituting (10.43),(10.44) into (10.42) we obtain
‘@(t()v gl) - ﬂ(t()v g)‘ <94 + ¢,

which, together with (r3), implies G(to, §1) € Q. We have arrived at a contradiction.

Secondly, let us show that ®(B(§; ceL"2")) € A. Let §; be a point in the set
B(§;ee~ L") N S. From the third inclusion of (r3), B(#.(9);e + §) C AF for all
n1 < n < ny. Since AT is convex and #(t,7) is defined as a linear approximation
between points of 7, (), B(#(t,§);8 + &) C A* for all n1h < t < nah. Theorem
10.6.1 with (r1) implies that

G(t,51) € B(@(t,7);€) C B(i(t,§);6 +¢) C AE. (10.45)

From the first part of (r3), @(nih,91) € A~. From the second part of (r3),
@(n2h, 1) € A*. Combining those facts with (10.45), we obtain that there is
only one moment in time n1h < T'(§1) < nah such that ¢(T'(71),91) € ACS.
Finally we show that T'(g1) is indeed the time of the first intersection with S,
ie.
@(t, 1) € S for all t < nyh.

Let us assume the contrary. Then either ¢(¢,9;1) intersects the line g, or the trajec-
tory @(t,g1) makes a loop around the line l (this follows from the piercing properties
of plane W and definition of S).

The former case is impossible because ¢(t,91) € B(¥(t,7);e + ¢) and according to
(r5) this ball can not intersect the line /.

We consider the latter case. In this situation, @(t, §1) must contain the points

11 =p(t1,91) : §§21) = mgg) and gﬁ) <0,

J12 = @(t2, 71) : ?J%) = 955?) and gg) > 0.

In turn, g11 € B(0(t1,9);e +0) = By and 912 € B(0(t2,9);e +0) = Ba.
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Now we will examine the possible positions of 7(t1, ) and D(ta,§) that are the
centers of By and B, respectively. Taking into account (r4), two situations must
be considered.

Case 1: Either v(ty,7) € W or i(ta,§) € W, or both. We consider only the
case when »(t1,3) € W, since the others are similar. We will show that, under
these conditions, BB; intersects /. Now, for Euclidean metrics we have:

(11,01, 9)) — d2((t1,9), 0) > W1 = 201, §)P)? = (o2, 5) )2

Recalling that yg 1) <0, 5(t1,5)® > 0 we get d(o(t1,9),0) < d(5(t1,9),91.1) < e+9,
which implies that 7. € B(i(t1,);e + 6) for §, € £. The last inclusion contradicts
(rs).
Case 2: Now let the center points of By and By satisfy v(t1,7) € W~ and v(ta,7) €
W, In this case the numerical solution (t,§) crossed the plane W before the
moment ¢; (since it began in W), and crosses the plane W at least once in the
time interval (¢1,t2). From (r5) the numerical solution is far enough from ? and one
of intersections must happen with the halfplane S. This contradicts (r4).

Thus nih < T(g1) < ngh is indeed the time of the first intersection with S
and the Poincaré map for § € S is defined as

(Pw (1)) = Pwd(T(51), 1) € S,

where Py is the orthogonal projector to W. The inclusion ®(71) € A was shown
earlier and continuity of ® on B(j1;ee~L"2") N S easily follows from the method of
construction. The lemma is proved. O

Linearization of the Poincaré map

The first step is to compute the approximation gy of ®(hi(y)). The second step
is to construct the linearization Byey = (bx,1)} j—; of hj_lfbhi. Now if

(NS AL By, pE) = 8u = Srep = (b1, b2,2, b1,2, b2,1),

and
A(54, Spep) = min{|by 1| — Ay, AL — |baal, pi — b2, i — 02,11}
is big enough compared with the integration error, then the linearization of h; Lopp,
is s.-hyperbolic in a neighborhood of y. The last step is to estimate the Llpschltz
constants of the maps involved, and to specify a split-hyperbolic neighborhood of
.
For a given y introduce the number
dy (§) = min{g® — g0 50, — 59,

man’ ymaz

~(k)  ~(k)

where ¢,/ , Umaz stand for the minimum and maximum values of 7 over Q. Since
Q is a box with the sides parallel to the coordinate planes, dy(§) is positive if and
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only if g € Q and in this case it measures the distance from 7 to 0.
We introduce the number

\/(~(2) _ ~(2>)2 + (g§3))2 if a <0,

da(§1, 772) = J(yé‘” I+ @2 ifa>1,
\/ @ + @ =537 — 582 + (3 + a3 - §7))2
if0<a<l,
(10.46)
where
~(2 ~(2 ~(2 2 3 3 (3
_ G - i) - i~ i)
@ - 32 + @ - 572

Formula (10.46) gives the distance between the line segment with the endpoints
91, Y2 and the line £. ~
Introduce the map Lin(g) : § € S — 2x2 matrices as

- . 74 5
e —f<g><1>/f<g)(3>) 0 7
Lin(y —( ~ N N 7@ g®

D=0 1 —AweEe® )| T )

Note that for § = ®(z) = @(T(x),z), the matrix Lin(j) is the linearization of
® at z € S since the first matrix in the formula above represents the projection
along the vector F(o(T'(x),x)), while the second matrix is the appropriate part of
2 o(T(z),x); see (10.22), (10.23).

Finally, introduce the number ds(§) : § € S by the formula

=N k) _ R~ ~(k
dy(§) =, _ i (5% = G T = 5,
where y,(,]fz)n,ygfgl are taken from the column of Tables 10.3— 10.5 identified by a
pair (¢, 7). For example, pair (3,3) marks the first one in the Table 10.3. If d3(7) is
positive, then it measures the distance from § € S to the boundary of the rectangular
set Z; = [1}2 1[y£:z)n, ygf()n] c S with yfsz)n = y,(,:fzw =
For the given 2x2 matrix f = {fx.1} k=12 1ntr0duce the notation

Ifllmaz = kr?al S |fk,l|~

Lemma 10.6.4. In the maz norm the Lipschitz constant of Hj_lLin(gj)Hi on the
set Z; is estimated by L; given in the Tables 10.3, 10.4.

Proof: Let §1, g2 belong to Z; and let f(§) = {fk,l}%,lzl = H;lLin(z})Hi. By the
definition of the || - ||;naz norm for the matrices,

1§(51) = £(92)llmae = max |fxi(g1) = fi.1(F2)]-

k,l=1,2
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By the Cauchy formulas,

12 1
~ ~ ~\m ~\m 6 ~(m ~(m
fre i (91) = i (92) = Z(ZA - ))/ Wfk,l(/\yi Y@= 05" da.
m=1 0

Taking the absolute value and using the triangle inequality we obtain

- Ot (3)
. - . . k.l
- < - max ~’ .
[frt(G1) — Fie,0 (2)| < 91 — o m§=1: FeE | B0 ‘
Finally, the estimates
12 -
0
max m fkjl(y) <L
k,i=1,2 geg; | oglm)

are proved with help of a Mathematica package, see the webpage

http://phys.ucc.ie/~oll/lIksplit /A

Coordinate transformation in (10.23)

The original coordinates §(t) provide us with poor estimates for the constant L of
the shift operator. To improve the estimates we introduce a coordinate change. Let

:g:Gga

where G is a 12 by 12 diagonal matrix with the elements {g; ; = 1, i = 1,2,3 and g;; =
95, i =4,...,12}.

It is easy to check that in the new coordinates the equation (10.23) with
the initial conditions (10.24) is equivalent to the equation (10.23) with the initial
conditions

z(0) = =xo,
J(0) = 0.04-1,
where [ stands for the identity matrix. Thus

S(T,91) = G- 4(T, 1), =G .

Here we note that  was chosen with the change of variables already in mind and
all the results hold.
Let | - |mae stand for max;—1 . 12 |gj(i)|. Introduce the function

d5<gagref;rref) = Tref — |G : gref - P*G : g|maz

which, if positive, measures the distance between P, 7 and R**\G~! B(G Tref; Tref)-
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Local split-hyperbolicity algorithm

Here we discuss informally the algorithm that establishes the split-hyperbolicity of

gi,; in a neighborhood of a given point y = (y*,y°) € M} x M?. Consider the

algorithm Alg; (9,1, ) defined by the following 9 steps:

Step 1. Assign 9o = G719, ¢ = d1(§o), n =1, n1 =ng =0, hs = 1, weross = 0.

Step 2. Compute the point g, = P(Jn_1,h). If ( hs- QS’) < 0 ), then assign
hs = —hs, weross = weross + 1.

Step 3. Compute new e: ¢ = min{e, d1(9n), d2(Un, Jn-1)}-

Step 4. If ( wcross = 2 and gf’_)l < 0 ), then Go to 6. Otherwise the algorithm
terminates unsuccessfully.

Step 5. Let n = n+1. If (nh > 22 ), then the algorithm terminates unsuccessfully,
otherwise Go to 2.

Step 6. Assign n; = n — 1. Calculate approximate intersection point g,.; as a
reference point: let o = y(?’) (ny )1 yn ) and grer = afn + (1 — @)Pn—_1.
Let P, be a linear projector to W along F(§). Calculate B,..; = Hj_lLin(G.

gref)Hi = (bk,l)z,za and
’)"ref = min{‘b171| - )\;[:7 )\i - ‘b2,2|7 M:f - |b1,2|7 /‘Li - |b2,1|}/Ll

Step 7. If ( nh > 22 ), then the algorithm terminated unsuccessfully. Calculate a
new e:

5:min{ &, dl(gn)v d2(gnagn—1)a d3(P*Z-,~/n)7 ds(P*ﬂm),
d5(yn1ayrefarref)7dS(ynayrefarref)}~

Step 8. If (¢ > min{ -3, 51 ), then Go to 9. Compute e = e—4-10~7 —10~10
Let ng = n. If (e < 0 ), then the algorithm terminates unsuccessfully
otherwise the algorithm terminates successfully.

Step 9. Let ny =ny — 1 and let n = n + 1. Calculate ¢, = U(gn—1,h). Go to 7.

Lemma 10.6.5. If Alg,(j
1S (Gil . B(G yrefvr76f)7
g,ee 2y S| then CI)( )

,1,7) 18 successfully terminated then the triplet (ny,na, €)
4-1077,G71 - §) -fortunate. Moreover, if x € B(G™! -
S

1

Proof: To simplify notation in the proof below we enumerate values taken by € just
before the increment of n as €, (i.e. at the end of either Step 3 or Step 7). Assume
that the algorithm successfully terminated and denote by ¢, the final value of e.

(r9): By Steps 3 and 7, &,, < d1(§y) holds, which means B(#,,(90);en) C Q. Step 8
ensures that 0 < e, < &,, —4-1077 and takes into account numerical errors.
Thus B(7,(Jo); €« + 6) C Q, and (r2) is proved.
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Table 10.3. Data for projector error estimates, part 1

(3,3) (1,2) (2,3) (3,4) (4,5) (5,6) (6,7)

L; 8.135 8.122 8.135 8.135 8.135 8.134 8.135
gf?n 0.008826 0.008867 0.008826 0.008826 0.008830 0.008823 0.008839
gggn 0.6573 0.6574 0.6573 0.6573 0.6573 0.6573 0.6573
QS:ETL -0.4573 -0.4500 -0.4576 -0.4573 -0.4573 -0.4573 -0.4574
Qyj;n 1.024 1.022 1.024 1.024 1.024 1.024 1.024
g;j?n 1.120 1.114 1.121 1.120 1.120 1.120 1.120
gfzgn 2.172 2.169 2.172 2.172 2.172 2.172 2.172
ﬂsgn -0.6323 -0.6300 -0.6324 -0.6323 -0.6323 -0.6323 -0.6324
gw?én -1.745 -1.740 -1.745 -1.745 -1.745 -1.745 -1.745
{2?7)1 1.045 1.047 1.045 1.045 1.045 1.045 1.045
in:l 0.2907 0.2911 0.2906 0.2907 0.2907 0.2907 0.2906
ﬂfifgl -0.3763 -0.3767 -0.3762 -0.3763 -0.3763 -0.3762 -0.3763
@gr})z 0.03214 0.03218 0.03214 0.03214 0.03215 0.03214 0.03216
gn?sl_b 0.6808 0.6809 0.6808 0.6808 0.6808 0.6808 0.6808
ﬂiﬁgm -0.4144 -0.4072 -0.4147 -0.4144 -0.4145 -0.4144 -0.4145
@(T;:)SLI 1.054 1.052 1.054 1.054 1.054 1.054 1.054
gﬁfgt 1.153 1.146 1.153 1.153 1.153 1.153 1.153
ﬂgzgm 2.215 2.212 2.215 2.215 2.215 2.215 2.215
@(TSSII -0.5966 -0.5943 -0.5967 -0.5966 -0.5966 -0.5965 -0.5966
QSIJZT -1.701 -1.696 -1.701 -1.701 -1.701 -1.701 -1.701
ﬂ;llgj 1.077 1.079 1.077 1.077 1.077 1.077 1.077
@(riii 0.3184 0.3188 0.3184 0.3184 0.3184 0.3184 0.3184
177,1(21)1 -0.3405 -0.3410 -0.3405 -0.3405 -0.3405 -0.3405 -0.3406

(r1): By Steps 5 and 7 n,ny < 22/h hold, and (r1) follows from (r3) and Proposi-
tion 10.6.2.

(r3): Step 7 guarantees that for all 0.5(n1 +ns +1) < n < ng

B(gn;gn)v B(gnlJranrlfn;En) C G_l . B(G . gref; r'ref)- (1047)

The first inclusion in (rs) follows from e, < e,, and (10.47), which implies
B(Yn,;€x) C B(Gref;Trer), and Step 8, from which €, < fyfi). The same logic
works for the second inclusion of (r3). The third one follows from (10.47) and

fact that e, < &, —4-1077. Thus (r3) is proved.

(r5) This property holds, due to Steps 3 and 7 from which

n < i d ta U ) ¢ ’
S gy A 90 O

and Step 8 that states e, <&, —4-107".

(r4) By Steps 2-4 377(1?;) < 0 for all n < n; and there was only one intersection of
v(t, o) with W for 0 < t < nih, and by gy € S it could be only an intersection
from W to W~.

Assume that v(t,3o),0 < t < nih, intersects S. Now if o(t, go) intersects W
then by Proposition 10.6.2 and (r5) it intersects S from W™ to W~ which
is impossible. If o(t, 7o) is in W™ then the continuation of the algorithm
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Table 10.4. Data for projector error estimates, part 2

@5 @9 ©.10) (0,11) 1,12y (12,13 (13,14

L, 8.134 8.136 8.130 8.144 8.111 8.868 8.655
gfi)_" 0.008801  0.008891  0.008676  0.009186  0.007980  0.01085  0.003978
gfjsn 0.6573 0.6572 0.6575 0.6569 0.6582 0.6552 0.6622
175:37,, -0.4572 -0.4576 -0.4565 -0.4591 204530  -0.4674 -0.4336
gifsn 1.024 1.024 1.023 1.025 1.021 1.029 1.010
gfi’gn 1.120 1.121 1.120 1.121 1.119 1.125 1.110
gfjn 2.171 2.172 2.171 2.174 2.166 2.185 2.140
gfffs,n -0.6322 -0.6326 -0.6317 -0.6338 J0.6287  -0.6409 -0.6127
gfj? 1.745 1.746 1,744 1,747 1.740 1,758 1717
772?2 1.045 1.045 1.045 1.046 1.042 1.051 1.030
"".’iiili 0.2907 0.2905 0.2910 0.2898 0.2926 0.2861 0.3010
gffi -0.3761 -0.3766 -0.3755 -0.3780 20.3723  -0.3858 -0.3545
ON 0.03212 0.03221 0.03199 0.03251 0.03128  0.03420 0.02749
gsngz 0.6808 0.6807 0.6810 0.6804 0.6817 0.6787 0.6859
gfjf?w -0.4143 -0.4148 -0.4137 -0.4163 204101  -0.4246 -0.3894
gﬁj?z 1.054 1.054 1.054 1.055 1.052 1.059 1.041
17555; 1.153 1.153 1.152 1.153 1.151 1.157 1.143
1;573?1 2.215 2.216 2.214 2.218 2.210 2.228 2.185
gsff?z -0.5965 -0.5968 -0.5959 -0.5981 20.5930  -0.6050 -0.5760
gsszr -1.701 1,701 -1.700 -1.703 -1.696 1,713 S1.671
510 1.077 1.077 1.077 1.078 1.074 1.083 1.063
gﬁiii 0.3184 0.3182 0.3187 0.3176 0.3203 0.3139 0.3201
g2 -0.3404 -0.3408 -0.3398 -0.3422 -0.3366  -0.3499 -0.3177

will result in negative £ and unsuccessful termination. We have arrived at a
contradiction. Therefore (r4) is proved.

Finally, the estimation of the number of double-precision operations and IEEE
standard show that the computational error for ¢ is less than 10719 and this fact is
addressed in Step 8.

To prove that, if z € B(fj,ce L") N S, then ®(z) € Z;, it is enough to
mention that by Step 7, Py(B(Jn,e+0)) C Z; for all ny < n < ny. The last inclusion
implies that the set (n1,ng,¢) is (5,0, Jo)-fortunate and ®(z) € Z; follows. The
lemma is proved. 0O

Lemma 10.6.6. Let i, j satisfy a; ; = 1 where a; ; is an element of (10.19). If
Algy (9o, 1,7) is successfully terminated with the triplet (ny,na, ) then the relation-
ship

(1) (1)
ooy [ 1212
P . oy oy(2)
2 2
a5 )| e o

|ay<1> \33,(5) |

holds for all y = h; *(x) where x satisfies ‘x - (gj(()l), jj(()z)) < ge~Lm2h

Proof: Let us fix o € S, J(go) = I and choose any y such that z = h;(y) satisfies

x — (g}él), 17(()2)) < ge~Em2h - Since we are looking for a linearization of the Poincaré
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Table 10.5. Data for projector error estimates, part 3

(14,15) (15,16) (16,17) (17,18) (18,19) (19,20) (20,1)

L; 10.06 7.681 15.71 2.701 44.46 6.159 8.416
fiir),n 0.02011 -0.01665  0.07951  -0.08521 0.4328  0.03143  0.008054
f’ifﬁn 0.6450 0.6844 0.5867 0.7880 0.2908 0.7091 0.6554
175:377 -0.5134 -0.3171 -0.7214 0.4288  -0.2570 2.405 -0.6424
ﬂvjsn 1.053 0.9461 1.161 0.5495 0.7840 -0.8635 1.071
gfﬁﬁn 1.143 1.058 1.210 0.6982 0.3107 0.3209 1.286
gfﬁn 2.243 1.998 2.586 1.317 4.025 0.2184 2.248
gffﬁn -0.6817 -0.5230 -0.9126  -0.09787 -1.947 1.066 -0.6851
gizj . -1.816 -1.586 -2.146 -0.9440 -3.565 0.1904 -1.869
@fi?z 1.080 0.9679 1.265 0.8003 2.480 1.711 0.9868
175,1”.1{ 0.2635 0.3455 0.1209 0.4515  -0.8219  0.03324 0.2837
“71(71”22 -0.4315 -0.2562 -0.6954 0.1705 -2.157 0.3669 -0.3590
gf,pz 0.04419  0.007044 0.1051  -0.06386 0.4574  0.05400 0.03113
ﬂggm 0.6691 0.7087 0.6119 0.8113 0.3146 0.7320 0.6786
z‘ﬁ,‘f)w -0.4695 -0.2685 -0.6817 0.4832  -0.1903 2.434 -0.6009
yﬁ,?gbz 1.084 0.9797 1.190 0.5857 0.8298 -0.8195 1.101
gﬁfgm 1.175 1.093 1.238 0.7351 0.3785 0.3487 1.319
ff,z?w 2.291 2.047 2.637 1.363 4.057 0.2456 2.290
gSSLI -0.6435 -0.4844 -0.8711  -0.06221 -1.916 1.097 -0.6511
ggsz -1.769 -1.538 -2.093 -0.8994 -3.526 0.2175 -1.826
55,12 1.114 1.001 1.304 0.8230 2.531 1.732 1.018
gﬁ;j 0.2930 0.3736 0.1544 0.4726  -0.7813  0.06881 0.3103
ggiz -0.3927 -0.2176 -0.6517 0.2025 -2.108 0.3921 -0.3241

map, there is only one § € S that interests us, namely

j=(2M,2,0,1,0,0,0,1,0, 0,0, 1).

By the successful termination of Alg; the inclusions ®(g), Jrey € Z; hold, and by
Lemma 10.6.4
ng/',j(y) - Bref”maw < Li - |p(T(9),9) — gr€f|max-

By Steps 7 and 8 of Algy, e, < Tref_|gref—P*gn|—4~10_7 foralln; <n <mneg
and that guarantees
|95(T(?;)7 g) - ?jref| < Tref,

—Ln2h) - Combining the last two inequalities we get

for all § € B(go;ce
||g§,j (y) - B’r‘ef”max < Lirref,

By Step 6 of the algorithm
/\:‘L + Lirref :u:f - Lirref

S S >_ BT’@ b)
My — Lirref )‘* - Lirref f
which implies
3 u 2,] S 2,J u 2] S
> A, <A <pt, < ub.
Dy (v) oy () oy )| <wn Dy )| <n

The lemma is proved. 0O
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10.6.5 Computations
Let z,p, ¢ be given vectors in S, then the parallelogram R(p,q,x) C S is given by

R={ap+pBqg+z: |a|<1,|6] <1}.

Denote an open ball in the halfplane S with the radius r, centered at &, by B(&;r).
To prove the statement of Lemma 10.5.2 for all § : (), 5®) € R, §©® =
0, J(§) = I we cover R with a finite number of balls such that their radii are
not less than some number and the linearization of the Poincaré map satisfies the
required properties on each ball.
We define the parallelogram grid with the step hy

gR = {f(k7l) = kh9g+ lth+C S S}7 k S [_N17N1]7 l S [_N27N2]7

where N1 = ||g|/h] + 1, No = ||z|/h] + 1 and the operation |-| stands for the
maximum integer that is not greater than number in the “floor brackets”.
Consider the algorithm Algs (i, j, hy):

Step 0. Define R = X and introduce an appropriate grid with step h, on it.
ASSigl’l Mg, = 0 for all k € [—Nl,Nl], le [—Ng,NQ].

Step 1. Choose k and [ such that my; = 0. If there are no such k,[, then the
algorithm is successfully terminated.

Step 2. Calculate Algy(£(k,1),4,7) = (n1,ne,e). If Algi(£(k,1),4,5) terminates
unsuccessfully then so should Algs. Otherwise calculate r = ge~Lm2"/h, —

V2/2.

Step 3. If r < 0, then the algorithm terminated unsuccessfully. Otherwise assign
My, 1, = 1 for all indices k1, [, satisfying

[(ky = K)g /[yl + (L = Dz/]2]] < 7.
Step 4. Go to 1.

Lemma 10.6.7. The successful termination of the algorithm Algs (i, j, hy) implies
that

AU pt ’
(0 %) duw (1045)

holds for all x € B;[0“, 6°].

Proof: Let us consider any ‘successful loop’ of the algorithm above. Let ny,no,e,7
denote values of the corresponding variables at the beginning of Step 3 of the loop.
Note that ® is defined on the whole X} since ® is defined.

Firstly we prove the inclusion

U B [g;\fhg] cB

|€=&(@.5)|<r

£(i,5);rhg + \fhg] : (10.49)
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Indeed, for each ball from the left hand side B[¢; ghg], and for each x belonging
to it, we have

= &G0 )| < o — &l +1€(6,5) = & < 7+ ohy < ee®P1mn,

which means that z € B [E(i,j);rhg + ghg] and (10.49) is proved.
The definition of r in Step 2 and Lemma 10.6.6 imply that (10.48) holds on

every
ht (B lf(i,j);rhg + ?%]) .

Inclusion (10.49) and Step 3 of the algorithm guarantee that for all k, [, such that
my, is set to 1 in the loop, (10.48) holds on h~! (B[f(k‘, 1); %hg])
Therefore it remains to prove that

rRc | Blf;\fhg].

£€EGR

The meshes of the grid are rhombuses with side k4 and a rhombus with a side of
length a can be covered by the 4 closed balls with centers in its corners and a radius
of g,

2

Now we notice that B;[§%, %] = h; '(X}). This proves the lemma. O

K2

Lemma 10.6.8. Algorithm Algs(i,j, hy) successfully terminates for all i,j such
that a; ; =1 in (10.19).

Proof: The proof is given by straightforward numerical calculation.
The algorithms are implemented in C++ and programs can be downloaded
from the site

http://phys.ucc.ie/~oll/lksplit/A.

Although the implementation of Alg; and Algs is straightforward, the computations
could not be performed on one PC within a reasonable time. Pilot experiments
have shown that the mesh size hy in the algorithm Algs should be less then 2- 1077,
Fortunately, the algorithm Algs is data parallelizable. To show split-hyperbolicity
on a given set Y C U;Y; it is enough to show it on each Y;, which can be done
independently on every Y;.

Any reasonable task scheduler on a group of computers could be used to
implement parallel computations since the demand for communications is small.

To avoid the problems of using non-homogeneous networks we have chosen
the PVM library to perform network communications and to implement a simple
scheduling. To simplify the parallelization, each of the original 8 sets X; for which
we need to prove split-hyperbolicity was subdivided into 100 smaller parallelograms.
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